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Preface 


This is a first course in classical electric and magnetic theory. In 
such a course there must always be a compromise between the need 
for presentation of the phenomena of electricity and magnetism and 
the desire to develop and display the remarkable unity of the 
theory, at a level consistent with the experience of the beginning 
student. This compromise has been made on the basis of experience 
with second-year students in physics, engineering, and chemistry 
courses at the Massachusetts Institute of Technology and at the 
University of California. 

The basic laws are related to experimental observations, and 
the theoretical development is connected with experimental phe- 
nomena at many points. On the theoretical side, considerable effort 
has been made to display the remarkable economy of description 
of the basic phenomena of electromagnetism made possible by the 
use of Maxwell’s equations. 

In the development of the subject matter in this course, a 
knowledge of only elementary calculus and of simple vectors has 
been assumed. The more complicated concepts required are built 
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up as the course proceeds. When scalar and vector fields are in- 
troduced, care is taken to introduce the use of line and surface in- 
tegrals and of scalar and cross products. Special sections in the 
early chapters emphasize the connection between mathematical 
descriptions and physical problems. Numerous examples are given, 
both in the body of the text and in selected problems at the ends of 
chapters, to help the student gain facility in applying mathematical 
techniques to physical problems. 

Since most students come to this course with very little or very 
cloudy knowledge of all but the simplest phenomena of electricity, 
practical examples are presented throughout the book. However, 
since this is a course in physics and not in engineering, practical 
or useful devices are discussed only to the extent that they help 
to clarify basic principles. Chapter 13 gives an elementary discus- 
sion of the application of electromagnetic theory to the problem 
of electric discharge in gases and to some simple problems’ in mag- 
netohydrodynamics. 

There are two ways in which this book goes beyond the basic 
goal of displaying the classical phenomenology and theory of 
electromagnetism. The first is the inclusion of some of the essential 
concepts of solid-state physics, where these ideas can aid in the 
understanding of such fundamental electric phenomena as electric 
conductivity in metals and semiconductors. Dielectric and mag- 
netic properties of matter are treated in enough detail to prepare 
the way for later more sophisticated handling in a solid-state 
course. The second is the introduction, by means of selected topics, 
of some of the phenomena that illustrate the impact of quantum 
mechanics on classical electricity and magnetism. In neither case 
can the treatment of these subjects be comprehensive at this level, 
but in both cases the student is prepared to appreciate the basic 
ideas involved. Fuller treatment of quantum-mechanical effects 
will be given in another volume in this series. 

In order to give some of the flavor of the historical develop- 
ment of the subject, a few short excerpts from original papers by 
Coulomb, Ampére, Faraday, and Maxwell have been included at 
appropriate places in the text. 

Rationalized mks units are used throughout the book, but in 
Chap. 15, connection is established between these units and the esu 
and emu systems of units. It seems clear that a single system of 
units should be used in any introductory course, though it is also 


apparent that most students must eventually become familiar 
with both systems. 

The author wishes to express his gratitude to Prof. Alan M. 
Portis for his many valuable criticisms and suggestions throughout 
the preparation of this book. 

A great debt is also owed to the several classes of students 
whose reactions to preliminary editions of this book led to many 
improvements in methods of presentation of the material. 


ARTHUR F. KIP 
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Introduction 


With the great developments in physical science that have occurred 
in the last thirty years, there has come a need for fundamental re- 
vision of the way in which the subject is presented in colleges and 
universities. In spite of the limited total time available in the cur- 
riculum of the four-year course leading to the bachelor’s degree in 
liberal arts and in engineering, there is a growing recognition that 
fundamental physics requires two years, or at the very least three 
semesters, for a presentation that is adequate to the needs of those 
who are going on in any field of science, medicine, or engineering. 
Soon, it is to be hoped, the one-year without-calculus course, which 
has been for too long regarded as good enough for liberal arts and 
premedical students, will be a thing of the past. 

Until recently, those who felt a desire to work out a new, 
modern approach were severely hampered in what they could 
undertake because of the generally low quality of the instruction in 
basic science and mathematics that was being offered in most high 
schools. But this obstacle is rapidly dissolving because of the in- 
tensive effort that has gone into the preparation of a better type of 
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high school physics course through the splendid efforts of the 
Physical Science Study Committée and others; because of anal- 
ogous developments in improving the high school course in mathe- 
matics, chemistry, and biology; because of the large-scale program 
of academic-year institutes and summer institutes sponsored by the 
National Science Foundation for improving the knowledge of 
high school teachers about the subjects they teach; and because of 
the development of organized plans for the improvement of science 
and mathematics teaching at the college level, also sponsored by 
the National Science Foundation. 

Thirty years ago, and even more recently than that, there was 
a sharp dichotomy among physicists between those primarily in- 
terested in research (who were too often deplorably negligent about 
their teaching) and those primarily interested in teaching (who 
were too often deplorably negligent about keeping informed on cur- 
rent developments). And it was the teachers who were low on the 
pecking order of the academic status scale. Fortunately all that is 
changing now. Outstanding research physicists are devoting en- 
ergies to improving teaching, and many college teachers are taking 
a much more active interest in current research progress than 
formerly. 

The new trends, which are still gaining momentum, must be 
reflected in new approaches in the available textbooks. The present 
volume, on electricity and magnetism, by Prof. Arthur Kip, of the 
University of California at Berkeley, is the first in a series of four 
planned as a unit for a modern presentation of physics suitable for 
men and women who expect to play an effective role, possibly as 
scientists or engineers, in a world in which genuine understanding 
of the principles and methods of physics has become so important. 
It is expected that this book will be used in the second semester of a 
three- or four-semester sequence, after a course covering mechanics, 
heat, and the kinetic theory of matter, which will be presented in 
another volume of this set. Going beyond this volume are two 
others: one planned for a one-semester course in optics and wave 
motion and one planned for a one-semester course in atomic and 
nuclear physics. 

Consistently with the improved situation in mathematical 
instruction that now exists, these books make use of basi¢ concepts 
of the differential and integral calculus and also of vector methods 
where needed. Also consistent with the fact that most students 
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probably will not have delved deeply into these subjects, a mini- 
mum use of skill in “‘wangling” special results by such methods is 
made, Instead the emphasis is on the development of good physical 
understanding of physical concepts and the experimental basis 
underlying their acceptance, rejection, or growth by modification. 
It is sincerely hoped that the series will make a genuine con- 

tribution toward helping teachers give their students the kind of 
clear perception of what physics is really about that is so needed for 
life in the world today. 

E. U. CONDON 

Chairman, Department of Physics and 

Wayman Crow Professor of Physics 

Washington University 

St. Louis, Missouri 


a 


‘ Z | 
ithe Amoi dency oral ybpeab beerbbived ten a 
6 Bead dors 4 tiven leinnee “plight >. Oe : 
Lae til Bebg ke iraorqolovaly bt ox: al whedon wth Lareinal 
Veet latorsiesps: at has xtoenon letendg 


ONE 


Electric Charge, — 
Coulomb’s Law 


of Electrostatic Forces 


1.1 Introduction 

A thorough investigation of the behavior of electric charges (or elec- 
trostatic charges) will lead us to the complete theory of electromag- 
netism, and although present theory, as we shall see, tends to place 
most emphasis on rather abstract quantities such as electric fields, 
potential, and lines of force, it is the demonstrable reality of electric 
charges that forms the basis of all our ideas concerning electromag- 
netism. 

In our treatment of electric charges we start with the simplest 
experimental facts and indicate how the present framework of 
ideas and methods of theoretical treatment has evolved. For sim- 
plicity we consider at first the idealized situation as it would occur 
if the charges were in a vacuum. Later we shall study the usually 
small perturbing effects of air and other matter on our simple re- 
sults. The treatment of charges at rest will first concern us, and 
only much later shall we consider the effects of moving charges, 
i.e., currents. The study of forces on currents will be related to the 
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phenomena of magnetism. Finally, we shall show that the propa- 
gation of energy by electromagnetic waves, as in, for example, radio 
waves and light, is to be understood on the basis of the phenomena 
we have already studied. 

The knowledge of the existence of electrostatic charge goes 
back at least as far as the time of the ancient Greeks, around 600 
B.c. We can repeat the observations of the Greeks by rubbing a 
rod of amber or hard rubber with a piece of fur. After this it will be 
found that small bits of paper or other light materials are attracted 
to the rod. No particular advance was made in the understanding 
of this phenomenon until about 1600, when William Gilbert, court 
physician to Queen Elizabeth, began a detailed study of the kinds 
of materials that would behave as amber. These he described as 
electric (from the Greek word for amber, elektron). Materials that 
Gilbert found unable to show this attractive foree he called non- 
electrics. We now call these two kinds of materials insulators and 
conductors. 

The next important step in the development of ideas about 
charges came about 100 years later. Du Fay showed that there are 

, two kinds of electrification. By rubbing various kinds of insulators 
together, he was able to show that under some conditions they repel 
each other. His results could be explained by postulating two kinds 
of charge. Forces between bodies having like charge are found to be 
repulsive, while forces between unlike charges are attractive. The 
quantitative theory assigns a plus sign to one type of charge and a 
minus sign to the other, as was first suggested by Benjamin Frank- 
lin. Which sign is given to which kind of charge is arbitrary (and 
unimportant), but as we shall see, a sign convention allows us to 
make a very concise mathematical formulation of the experimental 
facts. 

We now leave the qualitative discussion of electric charge and 
begin the study in quantitative form. 


1.2 Electric Charge, Coulomb’s Law of Force 
It is remarkable that all the simple phenomena involving charges 
at rest can be described very well by the equation 
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This is one form of the law of electrostatic forces. We owe its 
formulation to experiments by Priestley in 1767 that were repeated 
by Coulomb in 1785. Usually called Coulomb’s law of force, it ex- 
presses the force F between point charges q’ and qi, separated by a 
distance r;. 

Although this is not the most general description possible, it is 
a reasonably complete statement of the ideas about charges. Since 
we are at the moment most interested in the physical ideas re- 
garding charges, we shall not discuss Eq. (1.1) now but, instead, 
shall write down explicitly the facts of interest about charges and 
then show how the remarkable shorthand description above does 
indeed include all the ideas of interest about stationary charge. 
Our discussion at present is limited to situations that involve 
point charges; that is, we shall consider only charges that are con- 
centrated in a region whose dimensions are small compared with 
the distance to other charges. 

The following statements are derived directly or indirectly 
from experiment, though we shall not go into details in all cases. 
They not only give the known facts but also define the point of view 

from which we explain the experimental facts today. 

1. The presence of electric charges is made known by the ex- 
istence of attractive or repulsive forces between them. These forces 
can be large enough in the laboratory to allow quantitative meas- 
urements to be made. 

2. There are two kinds of electric charge. The force between 
like charges is repulsive and acts along the line joining them. Be- 
tween unlike charges the force is attractive and also acts along the line 
joining the charges, which are named positive and negative (quite 
arbitrarily). 

3. The force between a given pair of charges is inversely pro- 
portional to the square of the distance between them. 

4. The force between two charges is proportional to the quan- 
tity of one charge multiplied by the quantity of the other. 

5. The force between any two charges is independent of the 
presence of other charges. 

We shall now examine these statements in some detail. 
Statement 1 is well illustrated by the early experiments with amber 
and bits of paper or other material as performed by the Greeks. 
Statement 2 is a little more sophisticated. The experimental proof 
requires first that we have a method of producing both kinds of 
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charge at will and then that we be able to check the direction of the 
force in the several cases. We shall first describe a way of showing that 
like charges repel each other. Suppose we rub a rod of amber or 
hard rubber with wool or cat’s fur. The effect of this, it turns out, 
is to leave an excess of negative charges on the rod and an equiv- 
alent positive charge on the wool. Because like charges repel, 
as we shall soon show, the excess negative charge will tend to leak 
off onto any object to which the rod is touched. If we then touch 
the rod to a small ball of paper or other material, suspended on an 
insulating thread (to prevent charge from leaking off), some of the 
excess charge will be transferred to the ball. We may then repeat 
the experiment using another ball of paper, so we now have two 
balls with the same kind of charge, and the first crucial experiment 
can be performed. The question is whether the two balls attract 
or repel each other, and we find that they indeed repel. 

If an exactly similar experiment is now performed, this time 
using, for example, a glass rod rubbed with silk to produce posi- 
tively charged balls, we shall again find repulsive forces between 
the charges. The final experiment will involve the use of one ball 
charged with the amber rod and one charged with the glass rod. In 
this case, we find an attractive force, in contrast to the two earlier 
experiments. Further experiments are necessary to demonstrate 
the reproducibility of the effects and to show that all charges can 
be placed in either one or the other category, but the above ex- 
periments are crucial ones for determining the sign of forces, as 
well as for determining that they act along the line joining the 
charges. 

Statements 3 and 4 are the first. ones requiring quantitative 
measurements for their verification. A possible, though perhaps 


Fig. 1.1 Arrangement for 
measuring force of repulsion 
between two equally 
charged pith balls, 
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not very practical, way to verify statement 3 is given next. Later a 
much more satisfying argument will be given. 

A demonstration of the validity of the inverse-square law of re- 
pulsion between like charges. Suppose we have like charges of equal 
magnitude on two pith balls of equal mass, suspended in equilibrium 
on insulating threads of negligible mass as shown in Fig. 1.1. The 
equal charge and mass requirement is not necessary, but is made to 
simplify the calculation. Since the resultant of the electrostatic 
force F and the gravitational force mg must be equal and opposite 
to the tension force T, 


Py 

— = tanh, 

mg 
When we shorten the suspending threads, the system takes up a 
new equilibrium position, with a new angle #2. The new repulsive 
electrostatic force will be given by F2/mg = tan 02. Thus by meas- 
uring 6, and 62, we can get the ratio F;/F2 since mg ‘does not 
change. If we also measure the separations between the charges, 
r; and re, we can relate the ratio of forces to the ratio of separations. 
We shall find experimentally that - = me This result is of course 
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ry 
consistent with statement 3, that 


F 1 
“? 

It is of interest to quote briefly from the original papers of 
Coulomb! part of his description of his quantitative measure- 
ments of the latv of forces between charged particles. Coulomb had 
determined the law of torsion of wires, after which he applied the 
torsion method to the investigation of electrostatic forces. His tor- 
sion balance was arranged so that the force between two charged 
bodies resulted in a twisting of a fine suspension wire. He compared 
the amount of twisting for various separations between the charged 
bodies and from this was able to induce the inverse-square law: 


In a memoir presented to the Academy in 1784, I determined by 
experiment the laws of force of torsion of a metallic wire. . . . 
1 Charles Augustin de Coulomb, Memoires sur I’électricité et le magnétisme, 


Mem. Acad. Roy. Sci., pp. 569ff. (1788). The quotation is from the 1785 volume, 
published in 1788—there were delays in publishing in those days too! 


(1.2) 
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I showed in the same memoir that by using this force of torsion 
it was possible to measure with precision very small forces, as for ex- 
ample, a ten thousandth of a grain. . . . 

I submit today to the Academy an electric balance constructed 
on the same principle; it measures very exactly the state and the elec- 
tric force of a body however slightly it is charged. . . . 

. . we go on to give the method which we have used to determine 
the fundamental law according to which electrified bodies repel each 
other. 

In the third trial the suspension wire was twisted through 567 
degrees and the two balls are separated by only 8 degrees and a half. 
The total torsion was consequently 576 degrees, four times that of the 
second trial, and the distance of the two balls in this third trial lacked 
only one-half degree of being reduced to half of that at which it stood 
in the second trial. It results then from these three trials that the re- 
pulsive action which the two balls exert on each other when they are 
electrified similarly is in the inverse ratio of the square of the dis- 
tances. 


Statement 4 combines the law of interaction between charges 
with the assumption of a kind of charge conservation. That is, it 
_implies that we can keep track of the amount of charge we are 
dealing with and that we can then relate the magnitude of forces 
between charges to the quantities of charges involved. The idea 
is stated much more easily in mathematical terms as follows: Two 
charges at a fixed distance apart exert forces on each other such 
that the force 


Fx M14 


where q; and gp measure the quantity of charge at each position. 
We can think of an experiment involving the measurement of 
pairs of charges by the amount of force exerted between them at 
given distances and the subsequent combining of some of the 
charges in order to test both the additivity (or conservation) of 
charges and the multiplicative law of forces as given above. The 
experimental results are indeed in agreement with these two ideas. 
Charge conservation here includes the effects of the existence of 
two kinds of charge, and we can now see the beautiful simplicity 
resulting from the use of + and — terminology for them. The ter- 
minology exactly fits the fact that equal amounts of + and — 
charges cancel, whereas similar charges add. As regards the law of 
force, we need make only the one convention in the equation 


6 


(1.8) 
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F « qigo that a positive force shall mean a force of repulsion, 
whereupon we find that the equation gives the right kind of force 
for any combination of pairs of forces. There would be no change 
in the predicted direction of forces if we interchanged the names 
of the two kinds of charge. 

It is now possible to combine the last two equations [(1.2) 
and (1.3)] into a single equation: 


41a 


rd 
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It is certainly very satisfying that so many ideas can be so simply 
contained in one equation. Actually there is still another idea, 
which we have not discussed, which is already implied by the 
mathematical terminology. Since a force is a vector quantity, 
Eq. (1.4) is a vector equation. Mathematically this equation says 
that if we choose to look at the force on one charge, say q,, it will 
be the vector sum of the forces due to any number of other charges 
2, 73, etc., at the distances rj», 713, etc. Thus we would write 


Fo (24 + BS +) (vector sum) 
12 T13 

Physically this idea will be correct only if the force between two 

charges is independent of the presence of any other charges. But 

this is exactly the experimental fact given in statement 5, so we can 

accept the mathematical formulation as a complete description of 

the experimental facts. 


Vector notation It is useful to introduce one more kind of mathematical 
terminology that will aid in the description of the physical situation. We 
have noted that (1.4) is a vector equation, since it involves force, which is 
a vector quantity. In order to indicate that the right-hand side of the equa- 
tion is also a vector quantity, we shall introduce the unit vector #, which has 
the direction of the vector (in this case, the direction of the radius vector r 
from q2 to g:) and a magnitude of unity. Thus we rewrite Eq. (1.4): 


F,o sy Vg 
There is no change in the meaning of the equation, but we have made more 


explicit the vector nature of both sides. Similarly, the equation that follows 
(1.4) becomes 


M92 1148, dea 
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(1.4) 


(1.4a) 
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Here the unit vectors f12 and #13 have the directions of the lines from q2 to 
q: and qs to qi, respectively. This relieves us of the necessity of writing 
vector sums after the equation, since the vector nature of the sum is con- 
tained in the mathematical description.* 


We have now only one more task—to replace the propor- 
tionality sign in the equation with the more explicit equals sign. 
The usual method is to write the equation with a proportionality 
factor, which must then be evaluated. Thus our equation 


es aA becomes raKe 


Ff) 
where K is the proportionality factor. The value of K depends on 
the choice of units for F, r, and q. If the units of F and r have al- 
ready been adopted from a study of mechanics (as F in newtons and 
r in meters in the mks system), the value of K then depends solely 
on the choice of the unit of g. In the mks system we define the unit 
of q from totally different considerations based on magnetic forces 
between electric currents; the unit is called the coulomb. In that 
case K becomes a quantity that has to be measured experimen- 
tally. For reasons that become clear later, it is customary to write 
K as (4me9)~1, so the equation becomes 


Thus defined, the g’s are measured in coulombs, and ¢o, called 
the permittivity of free space, is found by experiment to have the 
value 8.85 X 107!” coulomb?/newton-m?. It is convenient to re- 
member the equivalent relationship 1/4) = 9 X 10° newton-m?/ 
coulomb”. The fundamental definition of the coulomb comes from 
the magnetic effect of moving charges, discussed in Sec. 6.4. The 
coulomb is the unit of charge in both the mks system of units and 
the practical system (see Chap. 15). 

1 Another common way of handling the vector nature of equations like (1.4a) is 
to write it as 

Fi ip 


where r is now a vector with the magnitude of the distance r. The r? in thé de- 
nominator has been changed to r® to compensate for this, so the meaning is 
identical with that of Eq. (1.4a). We shall use the unit-vector notation. 


(1.5) 


(1.4b) 
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For the force on g; due to a number of charges, we may write 


1 A 
ee yey (1.6) 


4mreg | re 


which amounts to the same thing as Eq. (1.1). A true under- 
standing of this equation gives insight into a great deal of the 
physics involved in the concept of charges and of the forces between 
them. 

One slight modification allows us to handle situations where 
the charge is spread over a region instead of being concentrated at 
particular points. Suppose we have a point charge q, which is near 
a region of continuous charge distribution, as indicated in Fig. 1.2, 


Fig. 1.2 Calculation of the 
force on a charge qi due toa 
continuous distribution of 
charge- The fields due to 
each element dq at its 
distance r must be added 
vectorially. ¢ points from 
dq to qi, and dF; is the 
contribution of the inter- 
action between q 

and dq to F}. 


where we wish to calculate the total force on q; due to all the other 
charge. As suggested by our discussion so far, we shall need to make 
a vector sum of all the forces due to all the small charges dq distrib- 
uted over the region. Thus we would write 


1 un Ee 2 [Fe 
F, = 1.7 
z Are aye on 


where f is a variable unit vector that points from each dq toward 
the location of the charge qi. 


1.3 Examples 

We give below a few examples of particular situations involving the 
ideas discussed so far. Certain parts of the work are dealt with 
only briefly, since more general methods will be applied to them in 
following chapters. 
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a Force between two point charges Two point charges q; and go 
are separated by a distance r, as shown in Fig. 1.3. Find the force 
acting between them. This is clearly the most elementary case 


Fig. 1.3 Two point charges 
separated by a distance r. ui} a 


possible. In the mks system, we must have gq; and g2 in coulombs, r 
in meters, and F in newtons if we use 
1 
F= Be 9x 10°12 newtons 
dre vr” al 

To define the result completely, we must state that the forces act 
along the line between the charges and are either attractive (nega- 
tive) or repulsive (positive). 


b Force on one charge due to two others For convenience we 
choose a simple right-angle geometry as shown in Fig. 1.4, This 


Fig. 1.4 Resultant force on 
q due to q, and q: obtained by F, 
vector addition of in- 


dividual forces. 4% 


solution follows immediately if we remember the vector nature of 
force (and the implied independence of the force between two 
charges of the presence of other charges). We calculate F; and Fo, 
the forces on q, independently according to Coulomb’s law, as in 
Example 1.3a, and then perform the vector addition. In this simple 
case, F = F, + F, becomes 


F = V|F,?+|F2)? 


The direction of F is given of course by F,/F, = tan@ or 6 = 
tan F,/F. 


c Force due to linear charge distribution Imagine a long, thin 
stick (see Fig. 1.5) with a uniform distribution of excess charge 
on it. Suppose the total excess charge on the stick is Q@. What will 
be the force of these charges on a charge g at a distance a from the 
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stick along a line through the stick? This is a case requiring the use 
of an equation like (1.7), so that we can integrate over the entire 
charge distribution. Thus we must find an expression that allows us 
to sum up each differential piece of Q, keeping track of its distance 


Fig. 1.5 Calculation of 


force on a charge i uf PS 


q due to a continuous linear 
distribution of charge. [i tne andy. aierenth 5 | 


from q. A convenient way is to establish a representative element of 
charge dQ at a distance z from g. The force on q due to this element 
will be 


In order to integrate this, we must somehow relate each dQ to its 
appropriate x. We see at once that the linear density of charge along 
the stick is Q/L, which we might call ». Then the amount of charge 
in our element is » dz if its length is dx. Our equation is now 


which can be integrated. Thus, 


L+a qQ dz qQ L+a dy qQ ¢ 1 ) 
a 4egL x? Awol P zw 4rel\a L+a 


F= 


This simplifies to 


9 1 
F= ee 
se 4reg a(L + a) 


newtons 


The positive sign indicates that the force is repulsive when 
q and Q have the same sign. It is easy to show that this answer is 
reasonable. Suppose we let a >> L; then the forces should approx- 
imate those between two point charges g and Q. But this is just our 
result if we neglect L, as would be justified if a > L. That is, the 
further away we get from the stick the more nearly it acts like a 
point charge. 

Another comment should be made about this problem: We 
have chosen a particularly simple example in which the direction 


ll 
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of the force from each element of charge is the same. This allows us 
to neglect the vector nature of the integration since the sum of a 
number of vectors all pointing in the same direction is just the 
arithmetic sum of their magnitudes. In some later problems we 
shall study the more general case. 


1.4 Electric Charge and Matter 

Electric charges and matter are intimately connected. A short dis- 
cussion of a few of the basic ideas will be helpful later when we 
describe some of the experiments on which our understanding of 
electricity is based. 

Electric charge is basic in the structure of atoms. Around a 
positively charged nucleus are situated the negatively charged 
electrons. One of the important forces in atoms is the attraction 
between the oppositely charged electrons and nuclei. If large 
enough forces are applied to electrons associated with atoms, some 
of them may be removed despite the attractive force of the nu- 
cleus. This is the source of electrons which make up the electric 
current which plays such a dominant role in electricity and mag- 
netism. 

When atoms combine to form solids, it often happens that 
one or more of the electrons normally bound to each atom are lib- 
erated and can wander around more or less freely in the material. 
These are the conduction electrons in metals. When such freeing 
of the electrons does not occur, we speak of the material as an in- 
sulator or dielectric. In such materials the electrons are not free 
to move around, and thus external forces cannot produce currents 
within the material. We shall, however, discuss electrical effects in 
these materials later, when we shall see that since the electric-charge 
centers are not tied down rigidly, their slight motion as they stretch 
their bonds under external forces causes a host of interesting and 
revealing dielectric effects. 

We could establish a third category of solid in which it is 
possible to free some of the bound charges and thus allow current 
to flow within the matter, at least as long as the charge carriers 
remain free. Such a material is called a semiconductor. Bound 
charges can be freed by thermal vibrations within a semiconductor, 
by incident light, or by the application of externally produced elec- 
tric fields. 
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The freeing of electrons from atoms at the surface of solids 
accounts for the charging of bodies by rubbing materials like amber 
and fur together. Of two different materials rubbed together, the 
one from which electrons are most easily separated tends to lose 
electrons and get a positive charge, and the other one becomes nega- 
tively charged by collecting excess electrons. 


1.5 Some Relevant Apparatus 

The electroscope One of the early instruments for measuring the 
presence of charge is the gold-leaf electroscope. Two strips of gold 
foil are connected to an insulated metal rod as shown in Fig. 1.6. 


Fig.1.6 Sketch of a gold-leaf 
electroscope. 


If an excess charge is placed on the rod, part of the charge flows to 
the foils, which are then repelled from each other. The extent of 
the separation of the foils will depend quantitatively on the amount 
of charge on the electroscope. This rather primitive indicator of 
charge is still used in demonstration experiments. 


The electrophorus This early device is one of the simplest for 
obtaining charge separation. A modern form of the apparatus, 


Fig. 1.7 Electrophorus 


apparatus. Induced charge 
produced by charge held on 
insulating plate A can be B 


collected on insulated metal 
phe. a A 


often used for demonstration purposes, is shown in Fig. 1.7. Plate A 
is an appropriate insulator such as sealing wax, which can be 
charged on its surface by rubbing with cat’s fur. B is a metal plate, 
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held by means of an insulating handle. The object of the device 
is to charge the metal plate repeatedly by a suitable cycle of opera- 
tions. After each charging of the plate, all or most of its excess 
charge can be placed on some insulated body, such as an electro- 
scope. The method of operation is as follows: After the charge is 
placed on the surface of plate A, plate B is brought up fairly close. 
Under the influence of the negative charges on A, some of the mo- 
bile negative charges in B are repelled away from its bottom sur- 
face, leaving it with a net positive charge. An equal excess negative 
charge collects on the top surface, since the metal plate is originally 
neutral. At this time, the top of the metal plate is touched with a 
finger. Since the human body is a fairly good conductor, this action 
allows some of the excess électrons on top of the plate to flow off 
through the finger under the forces of mutual repulsion between 
electrons. Plate B now has an excess positive charge that can be 
transferred to any apparatus as desired. (Actually, electrons will 
flow to the metal plate, neutralizing it and leaving the apparatus 
with a net positive charge, but we may perfectly well think of this 
as a flow of positive charge from the plate to the apparatus.) The 
process does not modify the excess charge originally placed on the 
insulating plate A. Therefore the foregoing cycle may be repeated 
many times with a resulting large collection of charge on the ap- 
paratus. This method of charging the metal plate is known as 
charging by induction. 


Attraction of neutral bodies by charged bodies As mentioned earlier, 
small bits of paper are found to be attracted to a charged rod. 
Since the paper is normally uncharged, this is at first surprising. 
It is easily explained when we realize that although the total 
charge on the paper is zero, under the influence of the charged rod 
the equal positive and negative charges on the paper will redistrib- 
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Fig. 1.8 Attraction of a 
neutral body by acharged rod. 


ute themselves much as they do on the metal plate of the elec- 
trophorus apparatus; thus a net attractive force is produced, as 
shown in Fig. 1.8. Such redistribution of charge, we shall see later, 
can take place even in an insulator. 

If the bits of paper touch the charged rod, they tend to fly off 
at once. This results from the leaking of some of the charge on the 
rod onto the paper, thus bringing into play the mutual repulsion 
between the like charges on the rod and paper. 


Electrostatic generators Two types of electrostatic generators are 
often used for obtaining large concentrations of charge, at resultant 
high voltage or high potential (these terms are discussed later on). 
One, the Wimshurst machine, is of early origin and is a compli- 
cated machine involving rotating plates which are charged by in- 
duction and from which the collected charges are removed by metal 
conductors. A more effective device is the Van de Graaff generator. 
This is a modern machine, large models of which can produce poten- 
tials of millions of volts for use in accelerating charged particles for 
nuclear experiments. It consists of an insulating belt onto one end 
of which charges are sprayed; these are carried to the other end 
and collected. Small demonstration models of the Van de Graaff 
generator are often seen in physics laboratories. 


PROBLEMS 


1.1. Three point charges +Q:, —Qz, and +Q3are equally spaced along a 
line as shown in Fig. P1.1. If the magnitudes of Q: and Qs are equal, 
what must be the magnitude of Qs in order that the net force on Qi be 
zero? 
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Fig.P 1.1 +, 


1.2 Three identical point charges of Q coulombs are placed at the vertices 
of an equilateral triangle, 10 cm apart. Calculate the force on each 
charge. 


1.3 a Find the force on. a point charge of 2Q coulombs at the center of a 
square 20 cm on a ‘side if four identical point charges of Q coulombs 
are located at the corners of the square. 

b Find the force on the charge at the center of the square when one 
of the corner charges is removed. 
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A point charge of Q2 coulombs is located on the x axis a distance a 
meters from another point charge of Q; coulombs, as shown in Fig. 
P1.4. Calculate the force on Q2 and then calculate the work to move Q2 
from a to a distance b from Q). 


A thin circular ring of 3 em radius has a total charge of 10—* coulomb 
uniformly distributed on it. What is the force on a charge of 10~* 
coulomb at its center? What would be the force on this charge if it 
were placed at a distance of 4 cm from the ring, along its axis? 


Two charges of Q coulombs each are placed at two opposite corners of 
a square. What additional charges q placed at each of the other two 
corners will reduce the resultant electric force on each of the charges 
Q to zero? Is it possible to choose these charges so that the resultant 
force on all the charges is zero? 


Compute the ratio between the electrostatic repulsion and the gravi- 
tational attraction between two electrons. The charge on an electron 
is —1.6 X 10~" coulomb and its mass is 9.0 X 10~*! kg. The gravita- 
tional constant is 6.670 < 10—"' newton-m*/kg-m?. 


In a hydrogen atom the negative electron moves in an orbit around 
the (much heavier) positive proton, bound by the attractive coulomb 
force. Assuming that the orbit is circular and has a radius of 0.528 X 
10~* cm, calculate the number of revolutions per second made by the 
electron; calculate the angular momentum of the system. How large 
would the hydrogen atom be if it moved with the same angular mo- 
mentum but was bound by gravitational attraction? 
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2.1 Introduction 

In this chapter we develop a somewhat more general way of 
handling the kinds of force problems discussed in Chap. 1. This 
involves use of the electric field. This new point of view allows us to 
extend our ideas greatly and to simplify our understanding of 
charges and the forces between them. Following the introduction 
of the electric field, we discuss the use of lines of force; finally, we 
show how Gauss’ law can be developed and used to great ad- 
vantage in certain situations. 


2.2 The Electric Field 

The electric field at a given point in space can be defined as the 
force per unit positive charge that would act on such a charge were 
it placed at that point. Since it measures a force, it must be a vector 
quantity. We shall call it E. Thus when we place a test charge q at 
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@ given point in space, the force on it due to the other charges in 
the region is given by 


1 7. 
eM (1.6) 


F= 
4meg a re? 


If the point of interest is at a in Fig. 2.1 and if the fixed charges 


4, 
Fig. 2.1 Calculation of «4, 
force on charge q due 
to charges qi, q2, and q;. The TT. 
electric field ataisthe 1, 
force per unit charge ata 
due to the charges qi, q2, 
and qs. “G Ts a3 
4%, 92, and qs are the only ones causing forces on the test charge 
q, the force on it is calculated from Eq. (1.6) as 
1 (am 992 998 
r= (Me +=h+—F, 
4mreg\ry2 | 19? : 13” $ 
Now, to assume the new viewpoint, the electric field E at position 
a will be given by 
eee! ( u 2 4 ) 
B= = Stam ers ae 
q  4meg \r,? z 192 2 13? : 
That is, we have merely divided through by g. Our calculation now 
gives the force not on q but on a wnit charge at the point a, which 
is just as we defined E, the electric field at a due to the charges 
%, 92, and gg (but not q). 
In general, the field at any given point is given by 
1 , 
ep (2.1) 
Amen G1: 


or, for a continuous charge distribution, by 


1 faq 
dre [3 f 2) 


where ¢ is the unit vector of variable direction pointing from q, or 
dq toward the point in space for which E is being calculated. 


E= 
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This new quantity may now be used to calculate the force on 
a certain charge go at any particular place. The procedure is simply 
to calculate the field E at the point in question, and then 


F = qE (2.3) 


In general, the force on any charge is obtainable by caleu- 
lating the electric field and then multiplying this by the magnitude 
of the charge. Since Eq. (2.3) is a vector equation, E and F are along 
the same line and are in the same sense if go is positive, but oppo- 
sitely directed if go is negative. For this simple example we could 
as well have calculated the force on our charge qo directly from Eq. 
(1.6) without reference to the electric field. 

Introduction of the field E allows a more general aproach, 
which is important in understanding much more complicated 
situations. Thus we have now introduced a vector field. We can 
imagine a plot of the electric field in a region as a diagram like 
that in Fig. 2.2 which would tell us the magnitude and direction 


Fig. 2.2. The electric field 

is a vector field. To each point 
in space may be assigned 

a magnitude and direction. 


of the force per unit charge at every position in the region. We 
might think of the field as describing the condition of space in a 
given region. We are thus deemphasizing the individual charges 
that cause the field and are instead thinking more about the effect 
of their presence on the space around them. We shall have much 
more to do with this vector field further on. Here we examine only 
a few simple problems. It is interesting to note that the value of 
the electric field at particular points may well be zero. Also, the 
value of this new vector quantity is always finite (or zero) as long 
as we stay away from the immediate vicinity of any of the charges 
causing the field. If we get too close to any of these, E tends to in- 
finity, since the distance r in q/r? tends to zero. In a major part of 
our study of electricity we avoid this difficulty by staying suffi- 
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ciently far from electric charges. Since they are actually very 
highly localized—on electrons and protons, for example—this is 
easy to do without interfering with the usefulness of our study. 

We now point out a necessary elaboration on our earlier 
definition of electric field. More accurately, we define the field thus: 


_ AF dF 
E = lim — or E=— (2.4) 
4q—0 Ag dq 
That is, the field is the limiting value of the force per unit 
charge as the test charge is made vanishingly small. This elabora- 
tion is needed because there are situations in which a finite test 
charge, by its presence, alters the distribution of charges causing 
the field. Suppose, for example, that the electric field is due to 
charges placed on conductors. When we bring’ up a finite charge, 
the other charges producing the field redistribute themselves as a 
result of the forces between them and the test charge. The field is 
thus modified by the presence of the test charge according to its 
size. The definition of Eq. (2.4) avoids this pitfall. 
Equations (2.1) and (2.2) are extremely important. They pro- 
' vide the method by which it is always possible to calculate the elec- 
tric field at a given point due to a distribution of charges. We next 
show some examples of field calculation according to this scheme. 


2,3 Examples, Calculation of Electric Fields 
a Field of an array of pointcharges Given point charges q; and g2 as 
shown in Fig. 2.3 at distances a and b from the origin on the x and 


Fig. 2.3. Calculation of the 
field at P due to charges qi 
and q. 


we write 
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Since for this case the two vectors are at right angles, the cal- 
culation of the field at P becomes 


2 al i teh 
4reg a’ b? 
and the angle @, say, between the resultant field and the z axis is 


found by using 


2/b? 
gi/a? 


= tané 


b Field out from a long uniformly charged rod Contrast this with 
Example 1.3c, from which it differs by asking for the electric field 
rather than for the force on a certain charge. Also, in the present 
example the point of interest is to the side of the line containing 
the charge distribution. This brings out the full complexity of the 
vector summation in the integral. As shown in Fig. 2.4, we shall 


Fig. 2.4 Calculation of the 
field due to a uniform linear 
array of charges. 


calculate the electric field E at the point P, a distance a along the 
perpendicular bisector of the rod. We let the linear charge density 
be u as before. It is Q/L, where Q is the total charge on the rod. 

The problem is simplified if we replace the variable x by the 
variable angle 6. We may then express the variable distances z and 
rin terms of @ and the fixed distance a. 

The component of the field at P due to the element of charge 
udx is dE = J by Coulomb’s law. Since x/a = tan @ and 

4meg 1? 
a/r = cos 0, we have dz = asec? 6d0 andr = a/cos @. Substitution 
then gives dE = (1/4) dé. Because the various components dE 
from the various charge elements are not in the same direction, 
they must be added vectorially. The problem of taking the vector 
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sum of these individual components turns out to be trivial when 
we use the obvious symmetry of the problem. That is, if the point 
P is opposite the center of the uniformly charged rod, the x com- 
ponents at P of each dE will cancel (since for each element at x 
there will be an equivalent at —zx), whereas the y components 
along a will add. We therefore take the sum of the y components 
of each dE to obtain the required vector sum. We call such a com- 
ponent dE’, given by 
1 


dz’ = ——" cosode 
4reg a 


The total field E’ at P for a very long rod is then obtained from 


2 n/2 2 
EF =— al cos 6 dé = s 
0 4rega 


If the rod is not very long, appropriate changes are necessary in the 
upper limit of integration. For a finite rod and for a point P not 
opposite the middle of the rod, we cannot use the simple symmetry 
property, and the solution is more difficult. Coulomb’s 1/r? law 
refers only to point charges. In this problem, for example, the field 
falls off as we move away from a long rod as 1/a. 


c Field due to an electric dipole A pair of equal and opposite point 
charges separated by a vector distance a is called a dipole. The 
vector a is drawn from the negative to the positive charge and is 
along the axis of the dipole. Calculation of the field of a dipole is 


Fig. 2.5 Calculation of 
field of a dipole of moment 
p= qa. 
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an easy problem that does not involve integration because only 
point charges are concerned. It is an important problem because of 
the common occurrence of dipoles. A molecule made up of a posi- 
tive and a negative ion is one example of an electric dipole in 
nature. Also, the dipole is often the most convenient first step in the 
description of more complicated arrays of charge. 

We calculate the field of the dipole along its axis and perpen- 
dicular to the axis from the center of the dipole. Later we make 
the calculation for a general position. For convenience, we place 
the dipole along the x axis at the origin of the coordinate system 
as shown in Fig. 2.5. By symmetry, results along the y and z axes 
will be identical, so we limit our discussion to the x and y axes. 

We first discuss the field at P at a distance r; from the center 
of the dipole. This is given by 


fin = | eet aatees| 
4re L(ry — a/2)? (ry + 2/2)? 
ane [ 2rja | 
Ameo L(ry? — a?/4)? 
At S the fields due to +g and —g are designated as E, and 


E_, respectively. Their y components cancel, while their « com- 
ponents add to yield the resulting field E,. Thus, 


Es =|E,|cos @ +|E_|cos 6 


or 


BR 1 [ q + q | a/2 
dre Lra® + (a/2)® © 12” + (a/2)?J (ra? + (a/2)71 
q a 
dare (ra? + (a/2)*)% 
A very useful approximation valid at distances much greater 


than the separation a results from neglecting a”/4 compared with 
r?. Then we find 


1 2p 
Ep = — Pe 
Bs 4reg 71? (2.5) 
1 
Es = cE (2.6) 
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Here we have written p, the dipole moment for ga. Thus at places 
far away from a dipole relative to the separation a, the field of rela- 
tively large charges close together is the same as for smaller charges 
at larger separation. All that matters is the product: charge X sep- 
aration. This is the reason for using the dipole moment in discussing 
dipoles. Instead of the 1/r? dependence of the field due to an iso- 
lated point charge, the field of a dipole falls off as 1/r®. 


. 


Fig. 2.6 Torque on an 
electric dipole in a uniform 
electric field. Note positive di- 
rection of vector dipole P 
moment p = qa. ~q 


A very important property of an electric dipole is the torque 
exerted on it by a uniform electric field. Figure 2.6 shows a dipole 
in a constant field Z. The torque 7 is evidently given by 


7 = qa sin 8 


where @ is the angle between the dipole axis and the field. Again we 
may replace ga by p, to give 


7+ = pH siné (2.6a) 


The dipole moment may be treated as a vector quantity 
p = ga directed from the negative to the positive charge. We see 
that the torque on the dipole due to the external electric field tends 
to align the dipole moment parallel to the electric field. 


d_ Field:due to a plane distribution of charges Suppose we have a 
plane area on which charges are distributed uniformly with a 
surface density o coulombs/m?. We wish to calculate the field at a 
point P a distance a from the plane as shown in Fig. 2.7. We assume 
that the dimensions of the plane are much greater than a. We use 
Eq. (2.2) to add up the vector contributions of all charges at the 
point P. We begin by calculating the contribution from the ring of 
charge of radius r and width dr and then integrate for all such 
rings that make up the total plane charge distribution. The caleu- 
lation of the contribution of charges on the ring is really a two- 
dimensional integration problem, but because of the symmetry we 
can reduce it to a simple summation. The contribution of an ele- 
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ment of charge on the ring to the field at P makes an angle @ with 
the x axis as shown on the figure. Because of symmetry, however, 
components of E perpendicular to the z axis cancel. Thus we need 


Fig. 2.7. The electric field at 
P from a plane distribution 
of charge is obtained by 
integrating the contribu- 
tions from concentric rings. 


consider only the z components of E at P. We can then use Eq. (2.2) 
to write, for the field at P due to the ring of charge, 


1 o2nxrdr 
dE = cos 6 
dre 27 


In order to reduce this to a single variable, we substitute a tan 6 
= r anda/cos@ = asec 6 = I. By differentiation we have dr = a 
sec? dé. Making these substitutions, we get 


o tan 6 sec” 6 cos 6 ioe 
dE = —— dp = — sin 0 db 
eo sec” 2e 


This is the contribution to the field at P from the ring we have 
chosen. To obtain the total field at P from all rings making up the 
plane charge distribution, we integrate this expression over the en- 
tire plane. The limits of integration are from @ = 0 to 0 = 4/2. 
Thus we find 


o te a re 
E=— sin 9d) = — —[cosé], = — 
Qe Jo 2e Qe 


‘The resultant field is in the x direction and is independent of the 
distance from the plane as long as the plane is very large compared 
with a. 
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2.4 Conductors and Electric Fields 

We now consider the electric field in the vicinity of a conducting 
body. The field inside a piece of metal is zero in the equilibrium 
state; otherwise, the freely moving charges, which account for its 
conducting properties, would move under the influence of the field 
until they were so arranged as to cancel the field. Thus, the only 
equilibrium condition for conduction electrons is one in which the 
average resultant field due to both the external charges and the 
redistributed charges in the metal is zero. 

It follows from this that the direction of the electric field out- 
side a metal body is everywhere normal to the metal surface. If this 
were not so, there would be a component of field along the surface. 
Such a field component along the surface would again cause motion 
of conduction electrons until the field component would be reduced 
to zero by the new distribution. 

Finally, we can now argue that electric fields cannot pene- 
trate conductors (since they must go to zero inside). Conductors 
thus make excellent shields for electric fields. 

Although the conclusions thus reached are satisfactory from a 
practical point of view, two factors have been neglected. The first 
is that we are considering the static situation. With a rapidly 
varying field the situation is more involved. Second, the implied 
model of a conductor here is a grainless volume distribution of posi- 
tive charge sharing its space with an equal volume distribution of 
movable negative charge. This is satisfactory for present purposes, 
even though far from realistic, but it is actually just the graininess 
(due to its atomic nature) that accounts for many interesting prop- 
erties of matter. 


2.5 Lines of Force 
For problems involving fields, the idea of lines of force is a very 
useful approach, which depends intimately on the fact that the 
force between point charges depends on the inverse square of the 
distance of separation. In fact, there is a complete equivalence be- 
tween the lines-of-force concept and the inverse-square law. Given 
the idea of lines of force as defined below, we can show with no addi- 
tional assumptions that the inverse-square law follows. Similarly, 
this law is experimental justification for the use of lines of force. 

We first describe the idea of lines of force, then show some 
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simple examples of the kind of reasoning they allow, and, finally, 
discuss their connection with the inverse-square law. 

Lines of force are lines that originate only on positive electric 
charges and end only on negative charges. Lines are thus continu- 
ous, except at their sources and sinks, on positive and negative 
charges, respectively. The number of lines originating and ter- 
minating on charges is proportional to the magnitude of the 
charges. The direction of these lines is everywhere the same as the 
direction of the electric field, and the density of lines in a given 
region is a measure of the magnitude of the electric field. The den- 
sity of lines means the number of lines per unit area threading a 
surface perpendicular to the direction of the lines at any given 


Fig. 2.8 Lines of force 
cutting surface areas A and B. 
The density of lines and 
hence the field is greater 

at A than at B. 


point. Thus in Fig. 2.8 the density of lines of force through plane A 
is greater than the density at plane B, so the magnitude of the 
field at A is greater than at B. A sketch of some of the lines of force 
between a positive and a negative point charge is shown in Fig. 2.9. 

This diagram provides another way of describing certain 
types of vector fields. Its use requires that the lines of force be 
continuous. It is quite different from our earlier picture (Fig. 2.2) 
used to describe a vector field. 

In order to use lines of force in a quantitative way, we must 
assign a value to the number of lines originating per unit charge. 
This then defines the relationship between line density and electric 
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field magnitude. Let us clarify this by discussing the lines origi- 
nating on an isolated point charge go (coulombs). Some of these lines 
are sketched in Fig. 2.10. 

We define unit field (1 newton/coulomb) arbitrarily as cor- 
responding to unit density of lines of force (one line per square 


Fig. 2.9 Some lines of force 
around a dipole. 


meter). We can then determine the required number of lines per 
unit charge, using the sketch and some quite simple reasoning. We 
draw (or imagine) a spherical surface of unit radius (1 m) around 
the charge as its center. From the symmetry of the geometric 
situation for an isolated point charge or from application of Eq. 
(1.5) we know that the field is directed everywhere radially out- 
ward from the point charge. This must mean that the lines of force 
here are radial straight lines. The density of these lines where they 


a6 


Fig. 2.10 Lines of force 
around an isolated point 
charge. 


cut the spherical surface is uniform (by symmetry). The electric 
1 

field HZ at the surface is calculated by E = —— , and the total 
TT Eg 


area of the sphere is 47. Thus the field at the unit sphere surface 
is qo/4€, which is also the density of lines of force according to 
our definition. Multiplying this by the area of the sphere, we find 
the total number of lines originating at qo and cutting the spherical 
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surface = go/éo. Thus our unit field definition leads to 1/eo lines of 
force per unit charge. 

One use of lines of force is to give a qualitative picture of the 
electric field distribution. Figure 2.8 shows a two-dimensional plot 
of the lines of force between two equal and opposite point charges. 
Solving for the magnitude and direction of the field at a few points 
and knowing that lines of force are continuous make it possible to 
sketch such a set of lines. Such a diagram not only gives accurate 
information as to the field direction but also gives qualitative in- 
formation about relative magnitude of the field strength at various 
points. 

Finally, for certain situations of fairly high symmetry, the 
concept of lines of force allows very simple solution of certain field 
problems. The mathematical formalism of this method is known 
as Gauss’ law and is discussed below. 

There is a simple connection between the inverse-square law 
and lines of force. Again consider the case of an isolated point 
charge as shown in Fig. 2.10. Let us calculate the field at a dis- 
tance of 2m, using the lines-of-force point of view. We have seen 
already that the density of lines at 1 m is go/4me9. As shown in Fig. 
2.11, the area of spherical surface subtended by a bundle of lines 


Fig. 2.11 Elements of 
spherical surfaces inter- 
sected by a bundle of lines of 
force originating ata 

point charge. 


originating on the point charge is four times greater for a surface 
2 m away than for a surface at 1 m distance. Therefore the density 
of lines of force at 2 m is just one-quarter that at 1 m, in exact 
agreement with the result if calculated from the field equation. 
Thus, at least for an isolated point charge, the field at any point 
in its vicinity can be calculated equally well from the density of 
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lines of force or from the inverse-square law. This result can be 
connected with the behavior of solid angles, as discussed in Sec. 
2.6. 


2.6 Gauss’ Law 

The treatment of more complicated situations not involving 
spherical symmetry is best done using Gauss’ law. We should 
stress, however, that this actually embodies nothing more than the 
idea of the validity of the lines-of-force point of view. The theorem 
is stated mathematically as follows: 


[fms Ee 


cs 


or more simply, using vector notation,! 


| nae Be 
os i 


Here the scalar quantity dS is the element of area. The vector dS is 
the vector element of area, having the same magnitude as dS and 
pointing in the outward normal direction from the surface. The 
subscript means that the integration is over a closed surface 


cs 
containing all the charges indicated by the summation }> gi/e. 
7 


Surface integral, scalar or dot product, and solid angle The surface integral 
| E-dS is called the flux through the surface over which the integral is cal- 
ds’ 


dQ 


Fig. 2.12 Graphicalex- 4, 
planation of E-dS,anelement 
of the surface integral. 


culated. Figure 2.12 is a sketch of a charge qo and the solid angle that con- 
tains some of the lines of force from it that pass through a surface element 


1 Tn order to simplify the writing of integrals, surface integrals such as this one 
will be written with only one integral sign. It will be understood that when the 
integral is taken over an area dS, the double integral is implied. Similarly, the 


volume integral ‘| f ff dV will be written as f dV, with the triple integral 
implied. 
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(2.7) 


ds 
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dS. We shall now argue that the element of the surface integral E-dS is sim- 
ply the number of lines of force going through the element of area dS. 

As a first step we define the meaning of the scalar or dot product of two 
vectors. This is the product of one vector magnitude and the magnitude of 
the parallel component of the other vector. Thus in Fig. 2.13, A+B = 


Fig. 2.13 The scalar or dot ri | 
product of two vectors A and } 
B is given by A-B = 6 i 

AB cos 0. B 


AB cos 6, where A cos 0 is the component of A parallel to B; alternatively, 
B cos 6 is the component of B parallel to A. The scalar product is not itself 
a vector, so these two descriptions are equivalent. 

We now apply this scalar product to the case at hand, using Fig. 2.12. 
Reverting to the vector notation for the electric field (rather than using 
lines of force), we draw the vector E in line with the radius vector from qo. 
Similarly, we draw the normal vector dS to the surface element dS as a vec- 
tor with a magnitude representing the area of the element. The scalar 
product E-dS then means E dS cos @ or E, dS, where E,, is the component 
E cos 6 of E parallel to dS, or normal to the aréa dS. The alternative descrip- 
tion is E dS’, where dS’ is the projection dS cos @ of the area, perpendicular 
to E. Now if we use this last description and go back to the lines-of-force 
description, we may interpret E-dS. Thus, since the magnitude of E is 
measured by the density of lines, E-dS is just the total number of lines 
going through the area dS. This is the basic meaning of the surface integral. 

We may also use Fig. 2.12 to discuss the significance of a solid angle. 
The surface element dS subtends a solid angle dQ at the charge qo. A solid 
angle is the analogue in three dimensions of the usual angle measurement 
in two dimensions. In two dimensions we speak of the angle subtended at 
the center of a circle by a given arc of the circle. Unit angle, the radian, is 
the angle subtended by an are equal in length to the radius. In three dimen- 
sions, a given area on a sphere subtends a certain solid angle at the center 
of the sphere. This solid angle is independent of the shape of the area and 
depends only on the magnitude of the area. Unit solid angle is that sub- 
tended at the center of a sphere by an area r?, on a sphere of radius r. The 
unit of solid angle is called the steradian. The total solid angle is 4m stera- 
dians (since the total area of a sphere is 4ar”); dS and dS’ in Fig. 2,12 sub- 
tend the same solid angle. The idea of a solid angle can be applied generally, 
not merely when studying a sphere. Thus any surface dS subtends a solid 
angle dQ at a point a distance r away, where 


dS cos 


yr 


The Electric Field 


Here @ is the angle between the radius vector r from the point and the nor- 
mal to the surface, so dS cos @ = dS’ is the projection of the surface element 
perpendicular to the line from the point in question. 


With the foregoing mathematical interpretation we can im- 
mediately understand the meaning of Gauss’ law as we have 
written it in Eq. (2.7). Thus the integration of E-dS over an entire 
closed surface gives the flux or the net number of lines emerging 
through the surface. (Lines pointing inward through the surface 
make a negative contribution to the flux since @ is the angle 
between the outward drawn normal and the field direction.) 
Gauss’ law says that the net number of lines emerging through a 
closed surface depends only on the total charge.surrounded by that 
surface (with the proportionality factor 1/¢9). Thus in Eq. (2.7), 
SD qi/€o refers to all the charges q; inside the volume surrounded by 

7 


the closed surface over which the surface integral is performed. 

The importance of Gauss’ law is related to the fact that the 
surface integral of E over an enclosing surface is equal to the 
number of lines of force emerging for any shape of surface what- 
ever, as we now show. Consider a charge go entirely surrounded by 
any shape of closed surface (Fig. 2.14). Consider the element of 
surface area subtended by a small solid angle dQ at the charge 
position. Let r be the distance from charge to surface element. 
Using Fig. 2.12 as an enlarged view, we write the surface element 
dS’ in terms of the solid angle, 


dS' = r? dQ = dS cos 0 


Now £,, the normal component of the electric field, is Z cos @. We 
may thus.write Eq. (2.7) as 


qo 
=» and as seen 
Tey 7 


above, dS = r” dQ/cos 6. Combining these facts, we find 


E at the surface dS due to qo is given by Z = 


a 
i Ecos6dS = ‘ 2 r? dQ Lu dQ 
cs 4mreo Jos 7 4mreo Jes 


But if dQ over the entire surface is 47, whatever its shape, so long 
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as it is closed, so we have shown that Gauss’ law is valid for a single 
point charge. It is also true for any amount of charge distributed 
in any way inside the surface. This follows if we again relate Gauss’ 


Fig. 2.14 An element 

dS of surface subtended by a 
small solid angle at 

the charge qo. 


law to the net number of lines of force coming out of the enclosing 
surface. Since this number depends only on the size of each charge 
q and not on its position inside the surface, the net flux of lines out- 
ward must be equal to 2g/eo. 

An alternative and sometimes more useful form of Gauss’ law 
is given in terms of the charge density p inside the closed surface. 


1 
1) E-dS = ~ foav (2.8) 
cs fo Jv 


where dV is an element of volume. The volume integral on the 
right-hand side gives the total charge inside the volume enclosed 
by the closed surface, so the meaning here is the same as before. 

The physical ideas involved in Gauss’ law are the same as those 
involved when the ideas of lines of force are used. Take, for ex- 


Fig. 2.15 The net number 
of lines emerging from a 
volume due to a charge out- 


side the volume is zero. 
(The number of lines ome 

entering must just equal 

the number emerging.) 


ample, a closed surface which surrounds no charge but which has 
charges outside it. From either approach we see that the net num- 
ber of lines (the number going out less the number going in) coming 
out through the surface is zero (see Fig. 2.15). 

The usefulness of the concept of lines of force as an aid to 
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thinking does not imply their reality as physical entities. They are 
merely a graphical way of picturing the mathematical facts re- 
sulting from the inverse-square law. 


2.7 Examples, Use of Gauss’ Law 

In a large class of problems the electric field can be found directly 
from Gauss’ law. In these cases surfaces can be found over which 
the field is constant in magnitude and makes a constant angle with 
the surface. We give a number of examples. 


a Field of a point charge’ This is quite simple, but it is helpful to 
illustrate the approach used later in more complicated situations. 
As shown in Fig. 2.16, a sphere is drawn around the point charge Q 


Fig. 2.16 Sphere drawn 
around point Q to allow 
calculation of the field at a 
distance r, using Gauss’ law. 


at a radius r. By symmetry we know that the field is the same at 
every point on this surface (and directed outward if Q is positive). 
Using Gauss’ law, 


1 
E-dS =—Q 
cs €0 


but since E is uniform over the surface and everywhere normal to 
the surface, so that cos @ = 1, we can write 


(1/o)Q_ 


dS 4megr? 
cs 


. 
E= 


Another fact that is now obvious is that the field configuration 
outside any spherical distribution of charge is exactly equivalent to 
the field that would result if all the charge were concentrated at the 
center. This may be shown either from the result of Gauss’ law or by 
thinking in terms of lines of force. As shown in Fig. 2.17, the total 
number of lines is the same in both cases, and since they both 
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emerge radially and uniformly, the line configuration and hence the 
field outside must be identical. This reasoning works for any 
spherically symmetric distribution, which requires that the charge 
density be a function of the radius alone. 


Fig. 2.17 (a) Lines of force 
outside a spherical charge 
distribution; (b) lines of 
force from a point charge. (a) (b) 


b Field around along uniform linear charge distribution This is the 
same problem considered earlier, which we now solve using Gauss’ 
law. Let the charge density be » coulombs/m. Draw a cylinder of 
radius r and length / around the charge, as shown in Fig. 2.18. By 


Fig. 2.18 Field around a 
linear charge distribution, 
showing a few of the 

radial lines of force. The 
cylindrical Gaussian tsurface 
has a radius r. 


symmetry, all the lines of force go radially outward. Thus no lines 
cross the flat ends of the cylinder, and the integral | E-dS over 


‘ these ends is zero. Over the remaining (curved) surface of the 
cylinder the field is uniform and outward (perpendicular to the 
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surface). We can apply Gauss’ law: formally then by writing 


1 
i) E-dS = [e-as+ E-dS = — ul 
cs f 


latsurfaces /curvedsurface €0 


Since the flat-surface term contributes nothing, we may write 


1 
‘ E-dS = —4l 
cs 0 


where the integration is over the curved surface only. Since Z is 
uniform over the curved surface, we may write 


1 ul ul 7” 
© [os Qnrleg  Qmer 


as found before. 


c Field out from an infinite plane of uniform charge density Let 
the surface charge density be ¢ coulombs/m*. Draw a pillbox- 
shaped surface of cross section A as in Fig. 2.19. The charge con- 


Fig. 2.19 Calculation of 
field from uniform plane 
distribution of charge. Pill- 
box-shaped Gaussian surface. 


tained inside will be cA, and by symmetry there will be no flux 
coming out of the curved surface (i.e., | E-dS = 0 over the curved 
surface). Only the two flat ends contribute, so we find 

leA of 


eg 2d Oe 
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This result is identical with our earlier calculation of Example 2.3d 
in which the field was obtained by direct integration of contribu- 
tions from each charge element. Gauss’ law often provides a short 
cut to such solutions in situations of high symmetry. 

Let us examine in some detail the alternative use of direct 
integration and Gauss’ law in some situations involving plane 
distributions of charge in the presence of conductors. First take 
the case shown in Fig. 2.20a of a plane conductor with a surface 


= +/+ — 
—+) + 


Fig. 2.20 Electric field ~<— + 
in the vicinity of plane 4_ 4 Pp 
distributions of charges on a 
conductor. (a) Plane 
conductor, uniformly ~— + + — 
charged. (b) Two parallel 
plane conductors, oppo- 
sitely charged. (a) 


charge density o’ coulombs/m? on each side. We first calculate the 
field at P by means of the vector sum of the contributions from 
each charge. Using the result of Example 2.3d for the contribution 
from a plane of charges, we find that the contribution at P of the 
surface charge on the right-hand surface is ZH, = o’/2ep. Similarly, 
the left-hand surface contributes another field in the same direc- 
tion, Hy = o'/2¢9. The sum of these is H = E,; + Eo = o'/eo. Note 
that we have considered all charges in obtaining this result. 

We now arrive at the same result by using Gauss’ law. We draw 
the Gaussian surface as shown; however, the lines of force 
emerge from only the right-hand flat surface of the Gaussian pillbox 
since there can be no field and hence no lines of force within the 
metal plate. Use of Gauss’ law then gives 


in agreement with the detailed calculation. In this calculation the 
charges on the left-hand surface of the metal are not explicitly 
considered. However, it is the presence of the charges on the left- 
hand side of the metal plate that allows the field inside the plate to 
be zero. That is, the field inside the metal is the sum of the two 
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equal and opposite uniform fields of the charges on the two sur- 
faces and is hence equal to zero. 

Now consider the pair of conducting plates shown in Fig. 
2.20b, where we assume that the separation between the plates is 
much less than their dimensions, so they look like infinite planes 
from the point P between plates. In this situation, the attractive 
forces between opposite charges draw all the excess charges to the 
inner surfaces as shown. We assume equal charge densities +o’. 
We first calculate the field at P by means of the detailed summa- 
tion method of Eq. (2.2). From our previous result, the contribu- 
tion from the left-hand positive charges is H; = o’/2¢). The nega- 
tive charges on the right-hand plate give an equal field, Hy = o’/2¢o, 
in the same direction. The total field is then H = Hy + Hy = o'/eo. 

In order to solve the same problem by Gauss’ law, we draw a 
Gaussian surface at, say, the left-hand plate and, since the lines of 
E are parallel to each other and perpendicular to the surface, find 
for the field at P, 


In this formulation, the negative charge distribution on the right- 
hand plate has not been considered explicitly, although of course 
its presence accounts for the collection of positive charges on one 
side of the conductor only. The same result would of course be 
found if Gauss’ law had been applied to the negative charges only. 
Again, the zero field inside the plates is accounted for by the can- 
cellation of equal and opposite uniform fields due to the two plane 
charge distributions. 

The general result is that the uniform field in the region near 
a uniform-plane charge distribution is H = ¢/2¢, but when the 
charges are at the surface of a conductor, the field is given by 
E = o/e; the factor of 2 results from the absence of field within 
the conductor. 


d Field inside a hollow conductor The experimental accuracy for 
which the inverse-square law is known is remarkably great. This 
very satisfactory situation results from experiments done inside hol- 
low conductors. It turns out that the field inside a hollow conduc- 
tor is zero if, and only if, the law of force is accurately inverse-square. 

We may take the special case of a hollow conducting sphere. 
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The field at any point C inside this sphere (Fig. 2.21), due to a 
charge density o on the surface, is to be shown equal to zero. We 
must not invoke the concept of lines of force or any other conse- 
‘quence of the inverse-square law, since that is what we wish to 


Fig. 2.21 Construction 
showing absence of electric 
field inside a hollow spherical 
conductor. 


prove. We may, however, assume uniform charge distribution over 
the sphere, by using the argument of symmetry. The field at C is 
obtained by taking the vector sum of all the contributions at the 
point C. We may start by considering the contributions from 
the charges o dS; and o dS, subtended by the equal and opposite 
infinitesimal solid angles a, and a2. From the properties of solid 
angles we know that 
dS_ cos 62 dS; cos 6; 
2 2 


T2' a 


Furthermore, for small solid angles 6; = 62.1 Thus, 


dS, dS, 
ror? 
or 
odSg «dS, 
19? ry? 
1 This may be shown as follows: dS; and dS are | PQ. 
Draw OR 1 PQ. 


OR is also the bisector of 2 POQ. 
*. 0, = ZROP, 6 = ZQOR. 
“01 = Be. 
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If the inverse-square law holds, the components of the field at C 


are just 
1 od; 1 odS: 
a and dE, = Yona 


4reg 2” 

and these are in opposite directions. We see thus that for the par- 
ticular part of the total charge density subtended by the pair of 
equal and opposite elements of solid angles, the contributions to 
the field just cancel to give a net value of zero. Since the remaining 
surface of the sphere can be similarly broken up into areas sub- 
tended by pairs of equal and opposite solid angles, it follows that the 
total contribution to the field at C is zero, if, that is, the inverse- 
square law is correct. 

The experimental proof of this, as carried out by Maxwell, 
involved placing a concentric conducting sphere inside another 
one, and insulated from it. Starting with no net charge on either 
sphere, a large charge was then placed on the outer sphere, and a 
field was looked for in the space between the two spheres. As we 
shall see in the next chapter, if a radial electric field were present 
between the spheres, a potential difference would be set up between 
them. Only if no field is produced inside the outer sphere is the 
potential difference between the spheres zero. No potential differ- 
ence was found, and Maxwell was able to state that in his experi- 
ments the power 2 in the inverse-square law was accurate to at least 
1 part in 21,600. Modern experiments involving the same principles 
have increased the accuracy of this to 1 part in 10°. 


PROBLEMS 


2.1 Eight identical point charges of Q coulombs each are placed at the 
corners of a cube whose sides have a length of 10 cm. 
a Find the electric field at the center of the cube. 
b Find the electric field at the center of a face of the cube. 
c Find the field at the center of the cube if one of the corner charges 
is removed. 


2.2 A charge of Q coulombs is at the center of & sphere of radius 2 m. 
a How many lines of force originate on the charge? 
b How many lines of force emerge through an area of 14 m? of the 
surface of the sphere? 
c What is the density of lines of force for unit electric field? 
d What is the field at the surface of the sphere? 
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2.6 


2.7 


2.8 


2.9 


Five thousand lines of force enter a certain volume of space and three 
thousand lines emerge from it. What is the total charge in coulombs 
within the volume? 


Lines of force emerge radially from a spherical surface and have a 
uniform density over the surface. What are the possible distributions 
of charge within the sphere? 


A thin circular ring of radius 20 cm is charged with a uniform charge 
density of 4 coulombs/m. A small section of 1 cm length is removed 
from the ring. Find the electric field intensity at the center of the ring. 


A circular disk of 10 em radius is charged uniformly with a total 
charge of Q coulombs. Find the electric field intensity at a point 20 em 
away from the disk, along its axis. 


A total charge of Q coulombs is uniformly distributed over the volume 
of a sphere of 20 cm radius. Find the electric field intensity: 

a At the center of the sphere 

b Ata point 10 cm from the center of the sphere 

c Ata point on the surface of the sphere 

d Ata point 50 cm from the center of the sphere 


A total charge of Q coulombs is uniformly distributed along a rod 
40 cm in length. Find the electric field intensity 20 cm away from the 
rod along its perpendicular bisector, as shown in Fig. P2.8. 


20 cm 


Fig. P2.8 
A semicircular rod as shown in Fig. P2.9 is charged uniformly with 


a total charge of Q coulombs. Find the electric field intensity at the 
center of curvature. 


Fig. P2.9 
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2.10 Two identical point charges of +Q coulombs are separated by a 
distance of 10 em, as shown in Fig. P2.10. Calculate the work per 
unit charge to bring up another charge from far away along the per- 
pendicular bisector of the line joining the two charges to the point 
midway between the two charges. 

+Q 


pp. . 


Fig. P2.10 +0 


2.11 If one of the two charges in Prob. 2.10 is changed from +Q to —Q, 
calculate the work per unit charge to bring up a charge to the same 
position as in Prob. 2.10. 


2.12 A dipole having a dipole moment p = Qa coulomb-m makes an angle 
6 with the direction of a uniform electric field Z, as shown in Fig. 
P2.12. 

a Calculate the torque on the dipole. 

b Find the work necessary to reverse the position of the dipole 
from its equilibrium position along the field to the opposite 
direction. 

c Forsmall amplitudes of oscillation about its equilibrium position; 
calculate the period of oscillation of the dipole if it has a moment 


of inertia J about its center. 
+Q 


a/b E 
Fig. P2.12 ae. 


2.18 A dipole of moment p = Qa coulomb-m is aligned parallel to an 
electric field along the z axis. The field is nonuniform and varies in 
magnitude linearly along the z axis with a slope dE/dz = K, Find 
the force on the dipole. 


2.14 A pair of electric dipoles such as shown in Fig. P2.14 is called a 
quadrupole. Find the electric field at a point P along the axis of the 
quadrupole at a distance r (r>> a) from its center. 
ae 


a EE 
+q -2qg) «+4 
Fig. P2.14 ae 


2.15 A thin hemispherical cup (an insulator) of radius R bears a charge Q 
uniformly distributed over its surface. Find the electric field at the 
center of the flat surface of the hemisphere. 


Problems 


2.16 Consider a charge Q distributed through a sphere of radius R with a 
density 


p=A(R-1r) O<r<R 


when p is in coulombs per cubic meter. Determine the constant A in 
terms of Q and R. Calculate the electric field inside and outside the 
sphere. 
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3.1 Introduction 

Now that we have discussed Coulomb’s law of force between 
charges in terms of the electric field, we are ready to take another 
step that simplifies many considerations. As in the study of mechan- 
ies, we often find it useful to think in terms of the work done by 
electric forces, and we further find that very often the ideas of po- 
tential energy are powerful aids to understanding the behavior of 
electric charges. This chapter is devoted to building up the neces- 
sary new ideas and to illustrating some of the ways of using them. 


3.2 The Line Integral, Work 

In mechanics, the line integral plays a very fundamental role in 
problems involving work. Its importance is equally great in electro- 
statics, so we discuss it briefly here. Figure 3.1 recalls the simple 
idea that the work done on a body depends on the component of 


Daal 


' 
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force acting in the direction of motion times the distance traveled. 
In differential form, the element of work is 


dW = F cosédl 


where di is the element of distance along the direction of motion 


Fig. 3.1 Use of line integral 
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for the calculation of Ly 
work, Elemerit of work 6 
dW = F cos 6 dl. 1 


and F is the force acting on the body. For a finite amount of motion, 
the calculation is 


B 
Ww -/ (F cos 6) dl 
4 


where we integrate from the beginning to the end of the path from 
A to B. In vector notation, this is 


B 
w-/ F-dl 
A 


This is another use of the scalar product of two vectors, discussed 
in Sec. 2.6, where it was applied to the surface integral. However, 
the situation here is physically very different. The integral for flux 
is taken over a surface and the integral for work is taken along a 
line, so there is no possibility of confusion. 

The line integral and the ideas of work and energy are useful 
when we have a conservative system. As an illustration we may 
consider the earth’s gravitational field, a vector field for which 
there is a force per unit mass at each point in space. This is called 
a conservative field because in it the energy associated with posi- 
tion is conserved. Thus the work we do in lifting a body is inde- 
pendent of the path taken, and, furthermore, we can get back all 
the energy thus expended by letting the body return to its starting 
point. The energy stored by virtue of position is the potential 
energy. 

The requirement for a conservative system is that the poten- 
tial energy of a body in the field be defined uniquely by its position. 
This is true if the external work necessary to move a body from one 


(3.1) 
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point to another is independent of the path taken between the two 
points. Only under this condition is the work to bring a body to a 
particular position from a reference point unique, and therefore 
only in this case is the potential energy uniquely defined. We shall 
show that any possible space arrangement of electric field due to 
stationary charges is a conservative field. This is the reason that 
the use of work and energy is as natural in electrostatics as in 
mechanics. 

In order to show that the inverse-square law of force of elec- 
trostatics gives rise to a conservative field, we begin with the field 
of a fixed charge Q at some point as shown in Fig. 3.2. We calculate 


Fig. 3.2 Line integral for 
calculation of external 

work done against the 
field of a point charge Q 

in moving charge from 

A to B. For a conserv- 

ative field the work 

done by any path is the 
same. The external 

forceis —qE. Q 


the external work that must be done on another charge g to move it 
quasi-statically from point A to point B. The quasi-static process is 
one in which the external force is only infinitesimally different in 
magnitude from the force of the field and is in a direction opposite 
to that of the field. Consequently, the motion of the body results 
from an infinitesimal net force, so that the body arrives at its new 
position B with.no kinetic energy. This procedure allows us to 
avoid kinetic-energy considerations. We calculate the external 
work necessary to move the charge q along the differential distance 
dl and then integrate this expression over the entire path from A to 
B to find the total external work done. The force of the field of Q 
on the charge g is gE, so the external force required is F = —gE. 
This force makes an angle @ with the path element dl. The work 
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done along dl is then dW = F cos @ dl, and the total external work 
from A to B is 


B B 
Ww -/ F cos 6 dl = -«f E cos 6 dl 
A A 
From the figure we see that cos @ dl = dr, the change in the dis- 
tance r between the two charges when we move q along dl. Making 
this substitution and replacing EZ by the law of force, we get 


exe “sare @(=_+) 
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This result shows that the work necessary to move g from A to B 
is independent of the particular path taken and depends only on 
the positions A and B. We have thus proved that the field of a 
point charge is conservative. It follows that any field configuration 
made up of the superposition of the fields of any arbitrary distri- 
bution of point charges will also give a conservative field. This is 
true because work is a scalar quantity, so that the total work done 
in moving the charge g from A to B against the fields of a distribu- 
tion of charges is just the sum of individual terms such as we have 
calculated for the field of the point charge Q. Since each term is 
independent of the path taken, the sum of all terms is also inde- 
pendent of the path. 

We state this result more formally by writing for the external 


work 
B 
= -«f E-dl 
A 


Since q is constant, the condition we have proved for the electric 
field is that 


B 
if E-dl = const 
A 


This integral is independent of the path taken from A to B, for a 
static field arising from any charge distribution. An equivalent 
statement of the conservative nature of an electrostatic field is 


pe-a =0 


that is, the line integral around a closed path equals zero. This fol- 
lows at once since, if we take a charge g from A to B and then 
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(3.3) 


The Electric Potential 


return along an alternative path as shown in Fig. 3.2, the work 
done going from B to A must be just the negative of the work 
from A to B, so the total work around any closed path must be 
zero in a quasi-static process. 


3.3 Potential Energy 

When we have a conservative field, as we have just argued for a 
static electric field, we can speak usefully of the potential energy 
of a charge. Since the work to put it in a particular place is inde- 
pendent of the path taken, the potential energy is a function of 
position only. In mathematical terminology we may write for the 
difference in potential energy of a charge g at A and at B, 


B 
PEy — PE, = -/ qE-dl 
A 


The work is given in joules if mks units are used. 

This gives the external work to move the charge from A to B 
against the electric forces. Since this is a difference expression, only 
differences in potential energy can be calculated. Absolute values 
have no meaning. 

One final remark calls attention to the fact that we have de- 
veloped here a new kind of description of space. We have already 
seen that we can describe the electrical situation by means of a 
vector electric field E, which gives magnitude and direction of the 
force per unit charge at each point in space. But now we are able to 
describe the same situation in terms of a scalar quantity, the 
amount of work necessary to place a given charge at any point in 
the space. We shall find important use for the relationship that 
must exist between these two kinds of description. 


3.4 Potential Difference and Potential 
It is convenient to discuss the difference in potential energy in 
terms of work on a unit positive charge. Thus, 
PEz — PE, 
qd 


This quantity is called the potential difference between points A and 
B, and its unit is the volt, in both the mks and practical systems of 


B 
=- { E-dl joules/coulomb 
A 


(3.4) 


(3.5) 
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units (see Chap. 15). Potential difference is often written as V 4g or 
Vz — Va. Note that both E and V relate to effects on a unit 
charge. The electric field E gives the force on a unit charge, and 
the potential difference V4z gives the external work necessary to 
move a unit charge from one position to another. To be rigorous, 
we can again use the differential form, 


_ d(PEs — PEs) 
- . 


Vas 


to avoid any disturbing effects of a finite test charge on the original 
charge distribution. 

Although it is only the difference in potential between two 
points that has fundamental significance, it is often convenient to 
choose (arbitrarily) a reference point for zero potential at infinity. 
When this is done, the potential V at a given point is defined as the 
external work necessary to bring a unit positive charge from infinity 
to the point in question. Thus the potential at a point P is given by 


P 
Vp= -{ E-dl (3.6) 


The potential of a point is the potential difference between that 
point and a point at infinity. 

Since potential difference is related to the line integral of E, 
there is a simple graphical relationship between V and E. We show 
this for the case of the field around a spherical shell of chargeas in Fig. 
3.3. In the graph below the sketch a plot of Z against distance is 


Fig. 3.3 Plot of electric 
field of a uniform charge 
distribution on a spherical 
shell, Area under E curve be- 
tween points A and B 
measures the potential 
difference between 

the two points. 
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drawn. From Eq. (3.5) it follows that the potential difference be- 
tween points A and B is simply the area under the curve of E versus 
r, between A and B. The potential of a point on the surface of the 
charged sphere is just the area under the # curve from infinity to 
the surface. In this simple example, E is along the path we take 
between A and B. In cases where this is not true, account must be 
taken of the angle between the field direction and the path, as re- 
quired by the scalar product involved in the line integral. For ex- 
ample, if a straight-line path taken between the points A and B 
makes a constant angle @ with the field direction, the potential 
difference is‘given by the area under the curve of H cos @ versus r 
between the two points. 


3.5 Examples, Calculation of Potential 
a Potential difference between two points in the region of a point 
charge Q (Fig. 3.4) We have 


B 


Vas = Vp — Va = -f E-dr (3.5) 
A 
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Fig. 3.4 Calculation of the §*—————-*—+— 


potential difference between "pe 
points B and A due to the 


point charge Q. 


But E at a distance r from the point charge Q is by Coulomb’s law 


uf 
— @ f, and E is along r so that the cos @ term implied by the dot 
Ameo 1? 


product is 1, .. 


1 1 
= 2s (— _ ~) joules/coulomb, or volts 
4mreg\rp a 


b Potential of a point P at a distance r from a point charge Q We 
mean by this the work per unit charge to bring a test charge up to 
P from infinity. We calculate this by using the result of the pre- 
ceding problem. Let the point P be at B and let A — . This gives 
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Vp = Q/4mreor volts for the potential at a point P,r meters from a 
point charge. Thus the potential due to a point charge falls off as 
1/r. That the potential is spherically symmetrical around the point 
charge follows from the similar symmetry of the electric field. The 
result Vp = Q/4reor is also valid for the potential outside any 
spherical charge distribution according to the reasoning given in 
Example 2.7a. 


c Potential due to several point charges Suppose we calculate the 
potential at the origin due to charges q; at y1 and gz at z2 as shown 


Fig. 3.5 Calculation of 4 
the potential at 0 due to 
several point charges. The CATA 


potential is the scalar sum of Xp 
terms due to individual 7) ri x 
charges. - 


in Fig. 3.5. Since potential is a scalar quantity, we write directly, 
using the results of Example 3.5), 


1 

Vo = (2 + #) volts 
4reg\y1 2 

Thus the general expression for the potential due to a distribution 


of point charges is 


V=— 2 (scalar sum) 
4me9 a Ti (3.7) 


If the distribution is continuous, 


1 pdv 
v= —— —_— (3.8) 
4meg Jyol 7 
where p = density of charge, coulombs/m* 
dv = element of volume 


r = distance from element to point in question 


d Potential difference between two points out from an infinite uni- 
form line of charge We proceed as before, using our earlier result 
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that the field is given by H = u/2megr (Example 2.3b). Then if B is 
the point closest to the line of charges, we write 


2 B dr r, 
Van = ~ [ Ende = - s f Pnrealtn eile 
A 
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Now if we attempt to calculate the potential (with respect to 
) by letting r go to « as in Example 2.3b, we find that V anywhere 
in the region of the linear distribution (rg finite) goes to infinity. 
This is correct and results from the assumption of an infinite 
charge, as required to give a finite charge density y over an infinite 
length. The same situation occurs for the potential out from an 
infinite plane with a uniform density, which would also require an 
infinite charge. Since in’practical problems we are interested in po- 
tential differences between positions with finite separation and 
never in absolute potentials, this never causes trouble. Our choice 
of infinity for the point of zero potential was arbitrary, so any 
problem we solve by the use of potential will give the same answer 
regardless of our choice of reference for zero potential. In the most 
general sense, potential is defined only within an arbitrary constant, 
so only potential differences have any real significance. 


3.6 Potential Related to Electric Field 
We now examine in more detail the relationship between electric 
field and potential given by the equation 


B 
Vaz = — } E-dl (3.5) 
A 


We first take the derivative of both sides to get 
dV = —-E-dl or dV = —E cosédl 
Thus, 


Now since £ cos @ is the component of E in the general direction dl, 
this equation tells that the negative of the rate of change of poten- 
tial as we move in some direction dl is equal to the component of 
the electric field in that direction. 
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To be more explicit, suppose in a rectangular-coordinate sys- 
tem the field at the origin points in some general direction as shown 


Fig. 3.6 Components of the 
field can be obtained from 
the rate of ‘change of the 
potential along given 
directions. z 


in Fig. 3.6. Then the components of the field in directions x, y, and 
z are given by 


The units can be called newtons per coulomb or, equally well, volts 
per meter. 

If we choose dl in the direction of the field, the value of dV /dl 
is a maximum and exactly equal to |E|. We may write this as 


ymin 19 


This maximum rate of change of V at a given point is called the 
gradient of the potential at that point. 

If we choose instead to move in a direction perpendicular to 
E, cos 6 will be zero, and we find 


= or V = const 
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The surfaces in space for which V = constant are called equipo- 
tential surfaces. From the above we see that they are everywhere 
perpendicular to the electric field direction. 

Examples of the application of these ideas to particular cases 
are given in the next section. 


3.7 Examples, Field versus Potential 
a Field abtained from potential of a point charge Q This very 
simple example illustrates the method. Using Fig. 3.7, we write 


Fig. 3.7 The field at P 
due to a point charge Q can 
be obtained from —dV/dr.” 


directly from the result of Example 3.5b the potential at a point P 
a distance r from the charge Q: 


Now we know the direction of the resultant field is along r, so we 
can write 


in agreement with the earlier result. 

Since when we move along r we are going in the direction of 
maximum rate of change of V, dV /dr is the gradient of V, or —E. 

Choosing instead to take the rate of change of V perpendicular 
to the radial direction, we find dV /r d@ = 0, as we should expect, 
since the potential has a constant value as we move along a direc- 
tion perpendicular to E. Note that the elementary displacement 
along this direction perpendicular to r is given by r dd. 
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b Field of a dipole from the potential Using the relationship be- 
tween potential gradient and electric fields, we are now able to find 
the field at any general point in the vicinity of a dipole. Using Fig. 


Fig. 3.8 Calculation of 
potential and field around a 
dipole. -q a +4 


3.8, we can write the expression for the potential at point P directly, 
using the expression for the potential due to point charges: 


Werlieee | __ pi —_*__| 
Pde \[r — (a/2) c086;] — [r + (a/2) cos 6) 
q a cos 6 
© Arey [r? — (a?/4) cos? 6] 
In the last expression we have made the approximation that 
@ = 6; = 0. When P is reasonably far from the dipole, r > a, and 
we may neglect the term in a?/4 compared with r?. Under these 
conditions the approximation 6; = 62 is also valid. Using p = ga 
for the dipole moment, we then have 


1 Pp 
V= = cos 8 (3.11) 


We do not have an explicit expression giving us the direction of E, 
so we cannot obtain E from the gradient of V at once. We can get 
around this difficulty, however, by obtaining the components of E 
in two perpendicular directions. The magnitude and direction of 
the total field can then be obtained by simple vector addition of 
the two perpendicular components. Thus we can find 


av 1 2p 
E, = — — =——~ 0088 
or = 4reg r 
and 
av 1 p 
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Comparison with our earlier results for @ = 0° and 90° shows 
agreement. Again, as in Example 3.7a, we have used r dé for the 
elementary displacement perpendicular to r. 


3.8 Poisson’s and Laplace’s Equations 

The inverse-square law puts very specific limitations on the way in 
which the electric field can vary from point to point in space. These 
limitations can be related to the continuous nature of lines of force 
or to Gauss’ law. The exact formulation of these conditions is given 
by the equations of Laplace and Poisson, derived in Appendix A. 
The Laplace equation gives the way in which the potential must 
behave in a region containing no charge, and the Poisson equation 
does the same for regions in which there is a charge distribution. 


3.9 The Evaluation of the Electronic Charge 

Nothing in basic electric theory requires that there be a unique 
charge unit. Thus in our final formulation of the fundamental laws 
of electromagnetism in Chap. 12, we find no requirement that 
there be some minimum size of charge that cannot be subdivided. 
However, experiments with matter show that in fact the negative 
charge on the electron (or the equivalent positive charge on the 
proton) is indeed the basic unit of charge. No smaller subunits are 
known. In Chap. 6 we discuss experiments that evaluate the ratio 
of charge to mass, e/m, for various kinds of ions and for electrons. 
At the time of the discovery of the electron, however, there was no 
accurate method of evaluating m, so there was great need for an 
experiment that measures the electronic charge e directly. Efforts 
in this direction were brought to a successful conclusion in the 
period 1909-1913 by R. A. Millikan. In the experiment, very small 
oil drops were injected into the space between horizontal plates, 
across which an electric field could be varied by adjusting the 
voltage difference between the two plates. A microscope was 
arranged so that the vertical motion of the oil drops could be ob- 
served. An X-ray source was arranged so that X rays could be used 
to ionize the oil drops, giving them one or more units of charge. 
Two steps were required in the experiment. The first was to observe 
the motion of an oil drop charged by exposure to X rays and to 
adjust the electric field so that the vertical motion was arrested. 
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Under this circumstance, the electric force on a drop with n units 
of electronic charge, neH, just balances the difference between the 
gravitational force and the buoyant force of the air in which the 
drops are immersed. The net downward force is given by 
46nr°9(p — pa), where pis the density of the oil, g the acceleration of 
gravity, and p, the air density. The radius r could not be measured 
accurately by observing its size in the microscope, since the drops 
were small (of the order of 10~* cm), so a second step was taken to 
determine their size. 

The method used was to turn off the electric field, by elec- 
trically connecting the two plates together, and to measure the 
terminal velocity of the downward-falling drop. Stokes’ law for 
terminal velocity in a viscous medium gives 


44nr°g(p — pa) = Ornrv 


where 7 is the viscosity of the medium (air) and » is the terminal 
velocity. Thus after finding the electric field Z for which a given 
drop was held in balance, so that 


ne = 44nr°g(0 — pa) 


the radius of the drop was obtained by measuring its velocity in 
free fall according to Eq. (3.12). 

By means of a large number of such observations, the total 
charge ne on many drops could be measured. Examination of the 
results showed that in all cases the charge on the drop was given 
by an integral number times a particular charge e, where 


e = 1.602 X 107!® coulombs 


Thus, in the first place, the experiment showed that the elec- 
tronic charge is unique; in the second place, it gave its value to 
great accuracy. The principal limitation on the accuracy of the 
experiment was the difficulty in the separate determination of the 
viscosity of air. 


3.10 The Electron Volt 
Since the potential difference Vz gives the work per unit charge to 
move a charge between two points A and B, the energy gained by 
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a charged particle which is accelerated by the electric field between 
two points is given by 
dU =qvVap coulomb-volts or joules (3.14) 


In many situations a particle of charge equal to the charge e of an 
electron is involved, so a useful expression for energy is the electron 
volt. This is the energy gained by a particle of one electronic charge 
which is accelerated through one volt potential difference. Since 
the electronic charge is 1.602 X 10~'® coulomb, an electron volt is, 
from Eq. (3.14), 1.602 X 107° joule. 


PROBLEMS 


3.1 Adipole of charge --g and separation | (dipole moment p = ql) is 
placed along the x axis as shown in Fig. P3.1. 


a Using the expression for the potential V of a point charge, caleu- 
late the work necessary to bring a charge +Q from far away to a 
point S on the axis, a distance a from the center of the dipole. 
What is the potential V, of the point S (in the absence of the 
charge Q)? 

b Write a simple approximate expression for V,, good for a>> 1. Use 
the expression for V, to find the magnitude and direction of the 
electric field at the point S. 

c Find the orientation of the equipotential surface at the point S. 


3.2 In Fig. P3.1,.find an equipotential surface that is a plane. Find the 
value of the potential in this plane. 


8.3 A uniform charge density of p coulombs/m! is in the shape of a sphere 
of radius R. Find expressions for the potential V and field E at dis- 
tances r from the center, for points inside and outside the sphere. 


3.4 Find the work necessary to move a charge q from a point A to a point 
Bin the field of a point charge Q, as shown in Fig, P3.4. 
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3.5 The maximum electric field that can be supported in air (without pro- 
ducing ionization of the air and allowing charge to flow) is about 10° 
volts/em. Using this criterion, find the maximum potential to which 
a conducting sphere of radius R = 10 cm van be charged in air. 


3.6 A metal sphere has a radius R and is isolated from all other bodies. 
Express the potential of the surface of the sphere as a function of the 
charge placed on it. Integrate this expression to determine the work 
necessary to charge the sphere up to a potential V. 


3.7 Aspherical conductor of radius a has a charge Q; placed on it. This is 
surrounded by a thin spherical conducting shell of radius b, as shown 
in Fig. P3.7. The shell is connected to ground through a battery of 
potential difference Vi. 

a Find the total charge on the outer surface of the shell and on the 
inner surface of the shell. 

b Find the field and potential at a radius r from the center of the 
sphere, where r <a,a <r <br>b. 


Fig. P3.7 


3.8 What is the velocity of an electron that has been accelerated through 
a potential difference of 100 volts? What is its energy in joules? In 
ergs? In electron volts? 


3.9 A long cylinder of radius a has a charge of Q coulombs/m. Find the 
potential difference between two points at distances 7: and re from 
the axis of the cylinder. 


3.10 The graph of Fig, P3.10 shows the way in which the potential varies 
along the z axis. Plot a curve of the z component of the electric field 
E, along the z axis. Explain why the two areas obtained for the E, 


versus z plot should have equal magnitudes. 
10 
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3.11 Some of the electrons which are emitted at low velocities from a hot 
wire (cathode) go through a small hole in a plate that is at a potential 


3.12 


3.13 


3.14 
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of 1,000 volts with respect to the cathode. What is the velocity of the 
electrons when they are passing through the hole? A second plate is 
parallel to the first and 20 em beyond it and is at a potential of 
—2,000 volts with respect to the cathode. Describe the motion of 
electrons in the region between the two plates. 


Electrons accelerated from rest through a potential difference of Vo 
volts (having a kinetic energy of eV» electron volts) enter the middle 
of the vacuum region between two parallel plates of separation d and 
length 6, as shown in Fig. P3.12. The potential difference between 
the two plates is V;. Find the value of V; for which electrons just 
miss the edges of the plates. Assume d << b. 


60 


Fig. P8184: 28 UW) patie | 


Two identical water drops are charged to the same potential V;. 
Find the new potential if the two drops coalesce into one drop. 


Consider a point charge q a distance a from a conducting plane, as 
shown in Fig. P3.14. Since lines of force must end at the plane, 
charges are induced on the plane. We wish to find the force acting 
on q due to these induced charges. There is a very simple method for 
doing this if we invoke the uniqueness theorem mentioned in Appen- 
dix B, which states that any solution to an electrostatic problem 
that satisfies Laplace’s equation (see Appendix A) and satisfies the 
boundary conditions is the only solution. Thus if we imagine an 
image charge of opposite sign placed symmetrically with respect to 
the conducting plane, as shown in the figure, the conducting plane 
corresponds to the zero potential equipotential surface of the dipole 
we have set up by using the image charge. Thus the field lines from 
the charge q are exactly those characteristic of a dipole of charge aq 
and separation 2a. Use this idea to calculate the force on q. 


Fig. P3.14 


Charges of +44  10-* coulomb and — 14 x 10-® coulomb are 
placed along the z axis at the points — 10 and 0 cm, respectively. 


3.16 


3.17 


a Make a plot of the potential as a function of x at any point along 
the z axis and also as a function of position on a line perpendicu- 
lar to the z axis and passing through the point z = 10 cm. 

b At what points on the z axis is the potential 300 volts? Is the 
electric field intensity the same at these points? 

c At what point would a third charge be in equilibrium? Would it 
be stable equilibrium? 


The potential at points in a plane js given by 


= ax Fee b 

“@+ A" StH 

where x and y are the rectangular coordinates of a point and a and b 
are constants. Find the components Z, and E, of the electric inten- 
sity at any point. 


Vv 


The potential at points in a plane is given by 


where r and @ are the polar coordinates of a point in the plane and a 
and b are constants. Find the components E, and Ey of the electric 
intensity at any point. 
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4.1 Introduction 

It is now clear that external work is needed to bring a group of 
charges together. This results from the forces of mutual repulsion 
between like charges. A case of considerable interest is that of the 
collection of a charge on a conducting body or a group of 
conducting bodies. A quantity of importance here is called the 
capacitance of such a system. The capacitance of a conductor or a 
set of conductors is measured by the amount of charge that must 
be placed on it to raise its potential by 1 volt. Thus the capacitance 
C in farads is given by 


Q (coulombs) 


C (farads) = V (volts) 


The farad is the unit of capacitance in both the mks and,the prac- 
tical system of units (see Chap. 15). The larger the capacitance, the 
larger the amount of charge that must be added in order to raise 
the potential by 1 volt. The capacitance of a given geometric con- 


(4.1) 


4.2 The Capacitor 


figuration of conductors depends on the form of the electric field 
due to charges placed on the conductors, since the potential relates 
to the work to bring up charges from far away against the forces 
of the electric field. 

We illustrate this connection between electric field and capac- 
itance in the simple case of an isolated conducting sphere as in 
Fig. 4.1. Suppose we place a charge Q on a metal sphere. The field 


Fig. 4.1 Spherical 
conductor of radius 
r carrying a total charge Q. 


will be spherically symmetrical, and the potential at its surface will 
be given by 


. 1 
V= -{ E-dl = 3 
Ps dren r 


where we have used for E the field of a point charge. Applying Eq. 
(4.1), we find C = Q/V = 4rreor farads. The capacitance of the iso- 
lated sphere increases linearly with the radius. 


4.2. The Capacitor 

Generally we have to deal with more complicated arrangements of 
conductors. Most often we are interested in a pair of conductors, 
which together are often, called a capacitor (or condenser). Just as 
capacitance is of theoretical importance in the framework of 
electrostatic theory, the capacitor is one of the fundamental 
elements in electric circuits. It is particularly important in a-c and 
transient circuits. As an example of the capacitor we discuss the 
parallel-plate arrangement shown in Fig. 4.2. We shall connect the 


+++ +++ 4+t+ 44 
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capacitor, plate area A, 


separation d, charge density 


a = Q/A. 
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bottom plate to ground by a conducting wire. Since the earth is a 
relatively good conductor, as is the wire and plate, this fixes the 
plate at what we shall call zero potential. 

When we place an excess charge, say positive, on the upper 
plate, if the upper plate is brought reasonably close to the lower, 
charges collect on the bottom surface of the upper plate and lines 
of force extend downward to the lower plate, where they ter- 
minate on negative charges. These are pulled up from the ground 
by the attraction of the positive charges. If the total charge on the 
upper plate is +Q, the total charge on the lower plate will be —Q. 
The proof that equal and opposite charges are pulled up from the 
ground to the bottom plate can be based on the ideas of lines of 
force. We know that lines of force from the positive charges leave 
the metal surface perpendicular to it. When the lines reach the 
lower plate, they must terminate on negative charges, since they 
cannot penetrate a conductor. In order that no lines penetrate the 
metal, the positive and negative charges on the two plates must be 
equal. It is the mutual attraction between unlike charges that 
brings them to the inner surfaces of the plates. As indicated in Fig. 
4.2, there is essentially no field outside the region between the 
plates. This calculation neglects any small corrections due to 
fringing of the field at the edges of the plates. 

The capacitance of this parallel-plate capacitor is calculated 
as follows. Let the separation between the plates be d, and let their 
area be A. Call the net charge on the upper plate Q (and therefore 
the lower plate holds a charge of —Q). The problem is to find the 
potential of the upper plate, with the lower plate held at V = 0, or, 
equivalently, the potential difference between the two plates. This 
we do by first finding the field in the region between the plates. 
Then by integrating the field across the space between the plates, 
we obtain the potential difference. Using Gauss’ law, as shown in 
Example 2.7c, we find that H = o/e) or E = Q/Aep. Since the field 
is uniform across the gap, the integration is simple: 


4 d 
V= -f E-dx = Q— volts 
0 A 


£0. 


This gives for the capacitance C = 2 = re farads. 


Important aspects of this result include the fact that the 
capacitance of this capacitor is proportional to its area (probably 
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not surprising) and that the capacitance increases as the spacing 
between plates is made smaller. 

The method used above shows that the calculation of capaci- 
tance involves integration of the electric field between two equi- 
potential surfaces (usually conductors) to obtain the potential 
difference. This is then related to the charge responsible for the 
potential difference. From this point of view, the isolated sphere 
that was the first equipotential surface whose capacitance was 
studied may be considered as one electrode of a capacitor, the other 
electrode of which is at infinity. We have in effect assumed that the 
second electrode is so large and of such shape that the excess charge 
density at any point on it is trivial compared with the charge den- 
sity on the sphere. 


4.3 Examples, Calculation of Capacitance 
a Capacitance between concentric spherical conductors Consider 
the outer sphere of radius b grounded as shown in Fig. 4.3. Place a 


Fig. 4.3 Two concentric 
metal spheres forming a 
capacitor. 


charge Q on the inner sphere (through a small hole in the outer 
sphere). Then an equal charge —Q will be induced on the inner 
surface of the outer sphere (this follows from Gauss’ law). Field 
exists only between the two spheres. The potential difference Va» 
is given by integrating the field: 


€ = “dr eee | 
via on foes Palin Beaftonl 
b 4reg Jy 7 4reg\a bd 


Then 


4 ab 
Q sis = 4reg farads 


(Cleese 
Vifa—1/b b-a 


Since we have already calculated the potential of a conducting 
1 
sphere of radius r to be V = = , we can make this capacitance 
EQ) 
calculation alternatively by taking the difference between the po- 
tentials of the two spheres directly, instead of integrating the field 
over the distance between spheres. We would then write 


Q Q ab 


= 4req farads 


Vas (1/4me0)(Q/a — Q/b) ba 


It is left as a problem for the student to show that the capaci- 
tance between two coaxial cylinders is given by 


C= 


2QreoL 
~ In /a) 
where a and b = radii of inner and outer cylinders 


L = their length 
In = natural logarithm 


b Capacitance of a conducting sphere surrounded by an isolated thick 
spherical conducting shell This rather artificial arrangement is use- 
ful to fix clearly the ideas of field and potential (Fig. 4.4). The thick 


Fig. 4.4 Thick conducting 
shell surrounding a spherical 
conductor, 


outer shell is isolated and considered to be initially uncharged. A 
charge +Q is to be placed on the inner sphere. By Gauss’ law we see 
at once that a negative charge —Q is induced on the inner surface 
of the shell. This leaves a charge +Q on the outer surface of the 
shell. Thus outside the metal shell the field is identical with the field 
due to a point charge +Q at the center. We can therefore calculate 
the potential V, at the surface by integrating the field from ~ in the 
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usual manner. Within the metal shell (between ¢ and b) the field 
must be zero, therefore Vp is the same as V.. (since E, = 0 = 
—aV/dr). The field between b and a is also that of a point charge 
+Q, so the increase in potential at a over the value at b is obtained 
by integration from b to a. Then the potential at a, Va, is given by 


c b a 
-[ E-dr -f E-dr -/ E-dr 
© c b 


°d od 
Qf dene af as free 


Amey Jeo 1 4reg Jb r 
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The capacitance can be obtained in the usual fashion. 


Va 


Il 


I 


4,4 Combinations of Capacitors 

Capacitors are often combined in circuits. The two most common 
arrangements involve direct connections of the capacitors in series 
or in parallel. We give the simple arguments that allow calculation 
of the capacitance of such combinations. Figure 4.5 shows two 


Fig. 4.5 Two capacitors ® zs 
connected in parallel. 


capacitors connected in parallel. Since the electrodes are connected 
directly by conductors, the potential difference between the pairs of 
plates must be equal. The expression for this potential difference in 
terms of the capacitance and charge on each capacitor is 
Qi Qo 

Var = G Var = G 
The capacitance of the equivalent single capacitor is obtained by 
comparing the total charge Q; + Q2 with the potential difference 
Vay. Thus, 


a Q: + Qs: 
Vas 


Cc 
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But since Cy = Q;/Vas and Cz = Q2/Vav, © = C; + Co. In gen- 
eral, for any number of capacitors in parallel, the resultant capaci- 
tance is given by 


C=rG; 


charge on any of the capacitors and then add a charge +Q to the 
first capacitor. Equal and opposite charges will then be induced on 


Fig. 4.6 Three capacitors 
in series. 


Figure 4.6 shows three capacitors in series, We start off with no “ t i 
consecutive plates. In contrast to the parallel case, which gave equal 
voltages across each capacitor, we find here that the charges are 
equal on each capacitor. Thus Q = Q; = Q2 = Q3. The total 
voltage across the set will be given by V; + V2 + V3 = V. But 
Vi = Q/C, V2 = Q/C2, and V; = Q/C3. Thus 


1 1 1 


1 
and the equivalent capacitance is given by — = — + — + — or, 
q' ip 8) Ae eno Gh pan 


in general for series connections, 


(4.3) 


That is, in series the reciprocal of the equivalent capacitance is the 
sum of the reciprocals of the capacitances. 


4.5 Stored Energy in Capacitors 

In Sec. 4.1 we pointed out the fairly obvious fact that whenever 
a group of charges are brought together, as on a capacitor, work 
has to be done against the repulsive forces between like charges, 
The work done is stored as potential energy. This follows from the 
absence of dissipative forces, or by virtue of the conservative na- 


4.5 Stored Energy in Capacitors 


ture of the electrostatic field. In any case, it is of interest to caleu- 
late the energy stored in a charged capacitor. This is easy, provided 
we remember that as the capacitor gets charged to a higher and 
higher potential, the work to bring up each increment of charge 
increases, as the collected charge increases. We show in Fig. 4.7 a 


Fig. 4.7 A charge dQ 
is added to a charge Q ona 
capacitor. + 


partially charged capacitor with a charge Q. An incremental charge 
dQ is being brought up against the forces of the field. In general, the 
work necessary to bring up an increment of charge dQ to a capacitor 
that is at a potential V will be given by dU = V dQ. Since V varies 
during the charging process, we must somehow change variables be- 
fore integrating. A convenient method involves substituting C dV 
for dQ. This relationship comes from Q = CV by differentiating. 
The expression for the work to charge a capacitor then becomes 


Vv 
U -/ CVdV = CV? _ joules 
0 


Using Eq. (4.1), we can express this also in the alternative forms, 


Where is this energy stored? It is useful to consider the energy 
to be stored in the electric field. Thus we may consider that the 
work we do in charging the capacitor produces an electric field in 
space and that the existence of the field involves stored energy. 
Without insisting that this is the only possible peint of view, we can 
determine the relationship between stored energy and magnitude of 
electric field. The problem is simplified if we examine the parallel- 
plate capacitor. This has the convenient property that the space 
in which the field exists is well defined (neglecting fringing effects) ; 
also, the field is uniform in the region in which it exists. Thus if we 
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=—edQ 


(4.4) 
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divide the total work done in charging the capacitor by the volume 
in which there is a field, we may compare the work or stored energy 
per unit volume with the value of the electric field. The calculation 
follows. 

Choose a parallel-plate capacitor of area A and plate separation 
d. Its capacitance, we have seen, is C = ¢9A/d. The work to place 
a charge Q on the plates is given by U = 14Q?/C. Substitution of 
the expression for C and use of the relationship Q = cA gives 
U = lge"Ad/eo. Since the volume containing the field is just Ad, 
we have U/vol = }407/e9. Now we know that H due to a plane 
conductor with a surface charge density o is o/eo. Substitution 
gives 


Thus the energy stored in a volume depends on H? in that 
volume. Even in the more usual situations where the field varies in 
magnitude and direction over the region in which it exists, the 
stored energy in each small volume element is proportional to EZ”. 
Thus we can write the more general expression for the total stored 
energy in an electrostatic field as 


U= Yeo | #° a 


where the integration is over all space. However, the contribution to 
this integral from point charges is infinite, since Z will go to infinity 
as we approach such a charge. Since real charges have a finite size, 
there is no real difficulty. The energy involved in the existence of 
charges is called the self-energy and is not included when we calcu- 
late the energy stored in an assembly of charges. This is allowable 
because the self-energy does not change when we change the relative 
positions of the charges. 

Although in the case of a charged capacitor this assignment 
of the stored energy to the field is not necessary (we could equally 
well calculate the energy on the basis of the potential energy of the 
distribution of charges), it is a useful point of view, as is shown in 
Sec. 4.7. Moreover, as we shall see when we come to the discussion 
of the propagation of energy in electromagnetic waves, it becomes 
almost essential to take this point of view. 
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(4.5) 


(4.6) 
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' 


4.6 Self-energy of Electric Charges 

The expression for the energy stored in an electric field derived 
above allows us to investigate the self-energy of electric charges in 
more detail. Suppose we have two isolated charges, say electrons, 
which are far apart. The self-energy of each electron, which results 
from the coulomb field of each charge, is given by Eq. 4.6). If the 
two charges are brought close enough together so that there is an 
appreciable overlap of the fields, the total stored energy will be 
given by the same expression, where E is the vector sum of the 
fields E, and E, from the individual charges. We may thus write for 
the total energy 


U= Yo f + Ep)? dv 


= Yo | 8? dv + Yoo ft! dv + Yoo | 208.) dv 


The first two terms are simply the self-energies of the two separate 
electrons, while the third term is the extra‘energy resulting from the 
overlapping of the two fields. It is possible to show that this third 
term is equal to e”/4meor, where r is the separation of the two 
charges and ¢ is the charge on each electron. This is just the usual 
expression for the potential energy of one charge in the field of the 
other. This result illustrates the fact that in calculating the work 
done to assemble a group of charges we neglect the self-energy 
terms. 


4,7 Force between Capacitor Plates 

The foregoing considerations of energy stored in an electric field 
allow us to make a simple calculation of the force between charged 
electrodes on the basis that the work done in changing the stored 
energy by moving an electrode must be accounted for by the 
product of force times distance. Thus where F is the attractive 
force between the charged plates of a capacitor, we must apply a 
force —F to move them apart (quasi-statically). The external work 
necessary to increase the plate separation an amount dz will be 
—F dzx (where dz is taken positive for increasing separation). The 
resulting increase in stored energy must bedU = —F dx. We apply 
this to the parallel-plate capacitor, of area A and plate separation 2. 


7 


We choose the case of isolated electrodes so that the charge Q on 
them is constant. We then choose the form for stored energy that 


. Ox : 

involves Q: U = — = ~—., For a small displacement dz, we find 
oO 2A. 

dU = (Q?/2eA) dx. Since dU = —F dz, we find for this case that 

F = —Q?/2eA, where the negative sign indicates that F is in the 


negative x direction, giving attraction between plates. 
This is one example of the very useful method for deter- 
mining forces through energy-work considerations. 


4.8 Solution of Potential Problems, General 

In determining the capacitance of various capacitors, we have seen 
that the central problem is to determine the field and from this the 
potential due to certain charge configurations. A more general 
problem is to determine the potential or field at all points due to 
any configuration of equipotential surfaces. In general, this can be 
a very difficult mathematical task, though there are quite a number 
of special cases for which the mathematics is reasonably simple. 
The solution of these potential problems comes under the heading 
of boundary-value problems. Once the values of the potentials of the 
equipotential surfaces (the boundaries) are fixed (including perhaps 
that the potential at infinity goes to zero), the problem can in prin- 
ciple be solved. Solution is greatly simplified by a uniqueness the- 
orem, which states that the problem has only one solution, so any 
solution that fits the given boundary conditions is the only solu- 
tion. To prevent being too much diverted by mathematical detail, 
we postpone for later study any general examination of boundary- 
value potential problems. Appendix B deals with one simple case 
as an example of such problems. 


4.9 Some Electrostatic Apparatus 

The electroscope, potential measurement We have already seen in 
Chap. 1 that the separation of the foils of an electroscope results 
from the mutual repulsion of like charges placed on the foils. We 
can now see that the amount of charge will depend on the potential 
placed across the electroscope, since the potential of the foils will 
depend on the amount of charge on them. Thus the electroscope 
gives a direct measure of potential. The electroscope and similar 
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electrostatic devices are particularly useful for measuring potential 
in certain applications since no current flow is required. 

It is also possible to use the electroscope for determining 
small currents. Suppose the charge on a capacitor is leaking off very 
slowly (i.e., a very small current is flowing). An electroscope at- 
tached to the capacitor will measure the rate at which the potential 
decreases. If the total capacitance of the system is C and the original 
charge is Q, we have from Eq. (4.1) that the potential is given by 
V = Q/C. The rate of change of charge on the system can be related 
to the rate of change of potential by differentiating this equation, 
taking C as a constant. Thus we find 


ee eet 
ad Cd C¢ 

Here we have written 7, the current, for dQ/dt. (We shall discuss 

current in Chap. 7.) Thus if we know or can measure the capaci- 

tance of a system, measurement of dV /dt on an electroscope con- 

nected across the system will allow measurement of current. 


Kelvin’s absolute electrometer The electrostatic force between 
charged parallel plates is used in an absolute electrometer as devised 
by Kelvin for measuring potential difference in absolute units. A 
pair of plates are connected as shown in Fig. 4.8, with the upper 


Fig. 4.8 Kelvin’s absolute 
electrometer. Note use of 
guard ring to eliminate 
effects of fringing of field at 
edge of capacitor. 


plate connected to a balance. An annular guard ring surrounds the 
circular upper plate. Its function is to keep the field uniform in the 
central region between the plates to avoid unwanted edge effects. 
There is fringing or bulging of the field lines at the outer radius 
of the guard ring, but this does not affect the field around the upper 
plate. After the balance is adjusted until the upper plate is just in 
the plane of the guard ring with no charge on the system (lower 
plate grounded), the lower plate is connected to the potential to be 
measured (shown as batteries in: the sketch). Additional weights 
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(4.7) 
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mg are then added to the balance until the upper plate is returned 
to its original position. Then, from Sec. 4.7, we have F = mg = 
Q?/2e9A. Since Q/A = o, E = a/e, and V = Ed, we find 


1 @)A 2m, 
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PROBLEMS 


4.1 Find the capacitance of a pair of coaxial metal cylinders of radii a and 
b and length /, as shown in Fig. P4.1. 


Fig. P4.1 


4.2 Figure P4.2 shows a metal sphere of radius a, surrounded by a spheri- 
cal thick metal shell of inner and outer radii b and c, This shell is iso- 
lated electrically, with no net charge, and is surrounded by a grounded 
spherical shell of radius d, Find the potential of the inner sphere when 
a charge Q is placed on it. What is the capacitance of the sphere? 


Fig. P4.2 


4.3 Find the capacitance of the combination of capacitors shown in Fig. 
P43. 
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4.4 Find the capacitance of the combination of capacitors shown in Fig. 
P44. 


Cs 
Cs i 
Cy 
Fig. P4.4 


4.5 A parallel-plate capacitor with plate separation d has a capacitance 
C;. Find its new capacitance when an isolated metal slab of thickness 
ais placed between the plates. 


4.6 A parallel-plate capacitor of plate separation dis charged to a poten- 
tial difference V; and isolated. The plate separation is increased to 2d. 
What is the new potential V2 between the plates? By how much is the 
energy stored in the capacitor increased? Where did this energy come 
from? 


4.7. Find the force of attraction between two parallel metal plates of area 
A separated by a distance d and charged to a potential difference V. 
Do this by calculating the force on a charge dq on one plate due to the 
field of the charges on the opposite plate. This can then be integrated 
to give the total force on all charges on the first plate. 


4.8 Inthe arrangement shown in Fig. P4.8, find the necessary relationship 
between the capacitances of the four capacitors in order that when a 
voltage is applied across terminals a and b, no voltage difference is set 
up between terminals c and d. Would this arrangement work for the 
case of the voltage applied to terminals ¢ and d to give no voltage 
across a and 6? C 

1 


Fig. P4.8 Cs Cy 


4.9 Calculate the capacitance of the multiplate capacitor shown in Fig. 
P4.9. The area of overlap of the plates is A and the separation be- 
tween consecutive plates is d. Tuning capacitors for radios, etc., are 
made in this fashion, by a mechanical arrangement that allows the 
area of overlap to be varied. 


Fig. P4.9 


4.10 


4.11 


4.12 
4.13 


4.14 


4.15 


4.16 
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4.18 


What potential would be necessary between the parallel plates of 
@ capacitor separated by a gap of 1 cm in order that the gravitational 
force on an electron would be balanced by an upward electric field? 
What potential would be required to balance the gravitational force 
on a proton? 


A potential difference of 200 volts is applied across a 2-uf and a 6-uf 
capacitor connected in series. What is the potential difference across 
each capacitor, and the charge on each? 


Find the capacitance of the earth (radius 4,000 miles). 


An isolated conducting sphere of radius R has a charge Q. What is 
the total stored energy? What is the radius r within which half the 
stored energy is contained? 


A sphere whose radius is 0,2 m is charged to a potential of 30,000 

volts. 

a What is its stored energy? 

b If it is connected by a very long wire to an identical uncharged 
sphere located at a very great distance, what is the final energy 
of this system? 


A spherical capacitor has radii of inner and outer spheres a and b, 
respectively. The inner sphere bears a charge g. What total charge 
must be placed on the outer (r = 6) sphere in order to confine the 
electric field to the space between the spheres a < r < b? 


A crude idea of the size of an electron can be obtained from the fol- 
lowing model. Assume the electron is a sphere of radius a, with its 
charge distributed uniformly over its surface. Calculate the total 
electrostatic energy involved in this charge distribution and equate 
this to mc?, where m is the mass of the electron and c is the velocity 
of light (3.0 X 10° m/sec). Use this to calculate the radius of the 
electron. 


Two capacitors, one charged and the other uncharged, are connected 
in parallel. Prove that’ when equilibrium is reached, each capacitor 
carries a fraction of the initial charge equal to the ratio of its capac- 
itance to the sum of the two capacitances, Show that the final energy 
is less than the initial energy, and derive a formula for the difference 
in terms of the initial charge and the capacitances of the two 
capacitors. 


A parallel-plate capacitor has plates of area 500 cm”, separated by a 
distance of 1.0 cm. A potential difference of 2,000 volts is applied 
between the plates, after which they are isolated. 
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Problems 


What is the energy stored in the capacitor? 

An uncharged sheet of metal 2.0 mm thick is placed between the 
plates and parallel to them. How much work is done by electric 
forces during the insertion of the metal sheet? 

What is the potential difference between the capacitor plates 
after the sheet has been inserted? 
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Dielectries— 


5.1 Introduction 

We have been considering the problems of electrostatics in the vir- 
tual absence of matter, except for the use of conductors to establish 
equipotential surfaces. We now begin our investigation of the effects 
of the presence of matter. In what would now be classed as an ex- 
periment in solid-state physics, Faraday in 1837 repeated inde- 
pendently the earlier experiments of Cavendish (in about 1770) 
showing that when the space between the plates of a capacitor is 
completely filled with insulating matter such as glass or mica, the 
capacitance is multiplied by a factor K greater than 1. This factor, 
which is called the dielectric constant or specific inductive capac- 
ttance, is independent of the shape and size of the capacitor, but 
its value varies widely for different materials. Free space has the 
value 1 (by definition), various kinds of glass have values around 
6, water has the value 81, and tlie value for air is 1.0006, so close to 
1 that we ordinarily neglect its effect. All materials that are not con- 
ductors show this effect and are called dielectrics. Our purpose in 
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this chapter is to find out the causes of this effect and to determine 
the additional parameters that describe it. 


5.2 Polarization of Matter 
The ultimate source of dielectric behavior is the electrical nature of 
matter. Although normally electrically neutral as a whole, in detail 
matter is made up of positive and negative charges in equal quan- 
tity. In dielectric materials these charges are not free to move far 
under the influence of an external electric field, as are the conduc- 
tion electrons in a conductor. However, the forces of an external 
field do cause small relative displacements (on an atomic scale) 
of charges of each sign. The extent of such motion depends on the 
tightness with which the charges are held fixed. The displacement 
of charge resulting from an applied external field is called polariza- 
tion of the material. 

We may take as a crude model of a dielectric two interpene- 
trating arrays of charge, as shown in Fig. 5.1, where the repre- 
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Fig. 5.2 A polarized 
dielectric: (a) Volume from 
inside polarized matter has 
net charge = 0; (b) volume 

containing a surface normal 
to polarization direction 

has net induced 

surface charge. (a) 
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sentation is in two dimensions for simplicity. We can think of the 
positive array as being due to the nuclei of the atoms making up 
the solid, and the negative array as due to the average positions of 
the electrons associated with the atoms. In the absence of an ex- 
ternal field we would expect the two arrays to be superposed, but 
the relative motion of the charges under an applied field produces 
a separation of charge as shown. This model is too crude to give 
an exact picture of the conditions inside the matter on a subatomic 
or atomic scale. It does, however, give a picture that is useful 
macroscopically. That is, the effect of the polarization on the field 
outside the matter is independent of the exact details of the model. 
Similarly, the average field inside the matter resulting from both 
the external field and the effects of polarization of the matter does 
not depend on the details of the model. The reason for this is easily 
seen. Take a small volume inside the body of the polarized material. 
Let this volume be enough to include a very large number of atoms. 
It could still be very small. (There usually are about 107? atoms 
per cubic centimeter in a solid, so a volume containing 10° atoms 
would be 10~'* cm*.) As suggested in Fig. 5.2a, the average charge 
in such a volume would be zero, despite the relative displacement 
of the charge arrays. For example, each positive charge has an 
equal negative charge to its left and to its right. On the other hand, 
for a volume including a boundary perpendicular to the direction of 
polarization (Fig. 5.2b), there is a net positive charge at the surface 
that is not compensated as are charges inside the material. From 
the macroscopic view, then, the important result of the charge dis- 
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placement due to polarization is the appearance of net charge at the 
surface of the matter. This is called polarization charge. In the ab- 
sence of polarization it is compensated by superposed equal and 
opposite charge. 

From the atomic point of view the relative displacement of 
charge centers produces another effect. The charge arrays can now 
be considered as a collection of electric dipoles. We can, in fact, 
speak of the dipole moment per unit volume, P. This is called the 
polarization. Notice that the word polarization has two meanirgs: 
a qualitative one, referring to any relative displacement of positive 
and negative charge, and a quantitative one, giving the resulting 
dipole moment of a unit volume of polarized matter. P may be 
regarded as a vector quantity having the resultant direction of the 
induced dipoles. Since the dipole moment. per unit volume refers 
to the arrangement on an atomic scale, it is of fundamental interest 
in terms of understanding the nature of the solid. As shown above, 
however, it is not measurable directly by a macroscopic method. 
On the other hand, there is a simple relationship between P and the 
polarization charge on the surface of a dielectric slab. The effect of 
the surface charge is measurable directly and accounts for all the 
external effects of dielectrics. We show this relationship below.' 


1 When the dielectric material is not homogeneous, so that the dipoles induced 
are not uniform, there is an additional effect from a volume distribution of 
polarization charges, pp. This charge density represents incomplete cancellation 
of the ends of the individual dipoles. We shall not discuss this complication 
further. 
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5.3 Polarization Charge versus Dipole Moment per Unit Volume 
Figure 5.3 is an idealized picture of a block of dielectric placed in 
a uniform external electric field. The net surface charges resulting 
from the relative displacement of positive and negative charges 


Fig. 5.3 A polarized 
dielectric block showing net 
induced charge ‘ 

on surfaces. —4 qd 


are shown. We shall call the density of polarization charge o, 
coulombs/m?. The relationship between P and ¢, is obtained by 
computing the dipole moment of this block of dielectric in two ways. 
Thus the total dipole moment of the block is P times the volume 
of the block or PAL. The second way is to look on the block as one 
large dipole with surface charges +Q = opA separated by a dis- 
tance L. The dipole moment of the block is then QL = o,AL. 
Comparison of the two results shows that 


P = |op| (6.1) 


The sign of the polarization surface charge depends on the direction 
of polarization and on which end of the block we consider. The 
magnitude of P, the dipole moment per unit volume, depends on 
the charge density and on the relative displacement of the + and 
— charge arrays. The direction of the vector P is along the dis- 
placement direction. 

We can generalize Eq. (5.1) by taking a situation in which 
the dielectric surface is not perpendicular to P (Fig. 5.4), where the 


Fig. 5.4 Surface 
polarization charge related 
to polarization P. Actual 
relative displacement of 
positive charge is dx; effective 
displacement is dx cos‘6, 


normal to the surface makes an angle # with the direction of P, In 
this case the actual displacement of the array of positive charges 
within the dielectric is dz. However, since the displacement is canted 
with respect to the surface, the effective displacement of the charges 


5.3 Polarization Charge versus Dipole Moment per Unit Volume 83 


is only dx cos 6. Thus for surfaces parallel to P, no surface polariza- 
tion charge is induced and, in general, 


Pp = —op (5.2) 


where P,, is the component of P normal to the surface. 

We have inserted a negative sign in Eq. (5.2). The explanation 
of this is as follows: The polarization P is a vector field quantity 
having mathematical properties very similar to E. For uniformly 
polarized matter it can be represented by lines that originate and 
end on surface polarization charges, and Gauss’ law applies to these 
lines. But the direction of lines of P is from negative to positive 
charge, so lines of P emerge from a volume containing negative 
polarization charge and end in a volume containing positive polari- 
zation charge. It follows that 


/ P-dS = —q 
cs 


This equation solved for P,, gives rise to Eq. (5.2) with the negative 
sign as shown. Of course P can exist only in regions occupied by 
matter. Thus the macroscopic effect of the, production of atomic 
dipoles manifests itself outside by the field of the polarization sur- 
face charge. That is, when a block of matter is polarized, we can 
explain the macroscopic effects on the field in its vicinity by re- 
placing the entire block with the resulting surface polarization 
charges. In doing this, we are ignoring the particulate nature of 
matter and considering it to be made up of two superposed continua 
of uniform positive and negative charge, as rather suggested by Fig. 
5.3. We need consider the particulate nature of matter only when 
we wish to know the way in which the field varies within the matter 
on an atomic scale, or to relate the value of K to the atomic struc- 
ture. 

Let us now make the additional simplifying assumption that 
the polarization is proportional to the applied field. With this as- 
sumption we can write 


P = e9xE (5.3) 


where x is called the electric susceptibility and E is the macroscopic 
field (i.e., the average field due to the external applied field as 
modified by polarization surface charges). This assumption that the 
polarization depends linearly on the field corresponds to the be- 


havior of most materials. The susceptibility of a material relates its 
polarization to the macroscopic field causing the polarization. The 
constant ¢o is included only for the purpose of simplifying the form 
of later relationships. 

Now that we have seen that the macroscopic electric field due 
to polarized matter can be discussed in terms of the polarization 
surface charge, it is possible to write a general expression relating 
the electric field to the free charge and the polarization surface 
charge. This is simply Gauss’ law: 


1 1 
i E-dS = — (gy + dp) = — Qotal 
cs € € 


which states that the flux of electric field lines out of a given volume 
depends only on the total charge, both free and polarization, inside 
that volume. This is a very important general relationship, but we 
must realize that it is not necessarily easy to go from this equation 
to a solution for the electric field configuration. We next apply this 
equation, which relates to the sources of electric field, to a simple 
geometric arrangement and show how it can be used to obtain a 
detailed knowledge of the field. 

We examine the effect of placing a dielectric between the plates 
of a simple parallel-plate capacitor. Figure 5.5a shows the capac- 
itor in a vacuum. We have called the mobile or free charge density 


Fig. 5.5 Effect of dielectric 
in capacitor: (a) Free 
charge density o;; 


(b) polarization charge 
density oy adds algebraically 
to effect of o;. 
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ay. The uniform field between the plates, as we have seen, has a 
value E = of/e. 

In Fig. 5.5b the dielectric has been inserted so as to fill the 
entire space between the plates. As a result of the field originating 
from the free charges, the dielectric is polarized and there appears 
a polarization charge of density op on the two surfaces. To calculate 
the average field within the dielectric, we must take account of both 
oy and cy. We apply Eq. (5.3) to the plane distribution of charge on 
the plates of the capacitor and on the surfaces of the dielectric sam- 
ple. Since the electric field is uniform out from a plane charge dis- 
tribution, we can take E out of the integral and solve for it. This 


gives 


1 
E = — (a4 + op) 
€ 


where cy and cp are charge densities, obtained by dividing the total 
surface charge by the area of the Gaussian surface, which we here 
take to be the area of the plates. This is just like the procedure for 
the vacuum capacitor except for the inclusion of the polarization 
surface charge. Since cy is always of opposite sign to oy, the effect 
of the polarization surface charge is always to weaken the field as 
compared with the field in a vacuum. We discuss this in detail in 
Sec. 5.9, where we study the depolarization field. 

The field Z, as used in Eq. (5.5) to describe the situation in a 
dielectric, is actually only an average field, As we move from point 
to point on an atomic scale, the field varies widely in a periodic 
fashion. Z here is simply the average value, which, when integrated, 
gives the true potential difference between the two plates of the 
capacitor. 

We now calculate the capacitance of this capacitor filled with 
dielectric material, using, as in the vacuum case, C = Q/V. In this 
calculation we use for Q only the free charge, since we are concerned 
only with that charge which we can put on the plates. The polariza- 
tion charge is, in effect, built into the dielectric material and so is 
not under our direct control. The capacitance equation can then be 
written as 


‘pipes 
Ed 


(5.5) 


(5.6) 


where aA is the free charge on each plate. Since E is no longer re- 
lated to of by the vacuum equation oy = e9E because of the per- 
turbing effects of op, we find oy using Eq. (5.5), which takes account 
of the polarization charge. This gives of = «9H — ap. If the macro- 
scopic properties of the dielectric are characterized by its suscepti- 
bility [Eq. (5.3)], —o, can be replaced by P = eoxE. This gives 


of = (1 + x)H 
This equation substituted into the capacitance equation gives 
eo(1 + x)A 

d 


Comparing this with the earlier result for the capacitance of a 
parallel-plate capacitor in vacuum, C = ¢94/d, we see that (1 + x) 
is the multiplicative constant K found by Faraday. Thus the 
dielectric constant is related to the susceptibility by 


K=1+x 
Another way of writing Eq. (5.8) is C = eA/d, where 
€ = (1 + x) 


¢ is called the permittivity of the material. The dielectric constant 
may now be written as 


(oh 


€ 
eae 
€0 
the ratio of the permittivity of the material to that of free space. 
Since the dielectric constant K is defined as the ratio of the capaci- 
tance of a capacitor with and without a given material filling the 
space between electrodes, it has the same value in all systems of 
units. 

There are two important things to note in this discussion of 
alternative ways of describing the dielectric properties of matter. 
One is that we have not yet related these properties to the polariza- 
bility of the individual atoms. The second is that our discussion 
involves filling the entire space in a capacitor with dielectric ma- 
terial. We still have to ask for the effect of placing a piece of di- 
electric material in, say, an extended uniform electric field. How- 
ever, whatever the’situation, the quantities P, K, x, and « are still 
valid parameters that describe the behavior of the material. 
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(5.8) 


(5.9) 


(5.10) 


(5.11) 
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5.4 Electric Displacement D 

A very useful new quantity that gives added insight into problems 
involving fields in the presence of dielectric media is the electric 
displacement D, a vector quantity that has some similarity to E. 
We begin by looking for a quantity that depends only on the free 
charges, in contrast to E, which depends on both free and polar- 
ization charges. The quantity we need can be defined by the vector 
equation, 


D=e«E+P 


We shall show that this definition makes D a quantity which obeys 
Gauss’ law but for which the sources are free charges only. Even 
with matter present, polarization charges are not involved in D. 
We justify this definition of D, and in fact the entire use of D, on 
the basis that it is a convenient tool for solving a multitude of prob- 
lems. In this respect and a number of others, D is similar to E. 

We begin by substituting for E from Eq. (5.12) in the general 
equation (5.4). This gives us 


a E-ds -[ D-dS — |] P-dS = dtotai 
cs cs cs 


We can use this form of the general equation to determine the 
properties of D. We need only to evaluate the integral containing 
P, which can be done on the basis of our earlier investigation of the 
polarization surface charge at a dielectric boundary in which we 


found P, = —cp. We see at once that if P is uniform, [ P-dS =0 
cs 


anywhere inside a dielectric body. To show this, we take a Gaussian 
volume such as A in Fig. 5.6, with plane surfaces S perpendicular 


Fig. 5.6 Gaussian volumes 
inside and at surface 
of a polarized dielectric body. 


to P. Clearly, PS at the left-hand surface is the negative of PS at 
the right-hand surface, and the integral over the curved surface is 
zero, so the integral over the entire closed surface must be zero. 
When, however, the Gaussian surface encloses a surface of the 
dielectric that has a component of P perpendicular to it, as at B in 
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(5.12) 


(5.13) 


the figure, the integral on the left-hand surface has a magnitude 
P,,S and on the right, outside the dielectric, has a value zero, Thus 
we have 


[ P-dS =| P,dS = —c,dS = —q 
cs cs 


where q, is the total polarization charge inside the Gaussian surface. 
The negative sign results from the fact that P points inward to the 
Gaussian volume when the polarization charge is positive, and 
outward when the charge is negative. This is just opposite to the 
case of the field E. 


Now that we have evaluated P-dS, we can solve in Eq. 
cs 


(5.18) for i. D-dS. We find 
cs 


D-dS = qtotal — G = Y 
cs 


Thus the vector quantity D, which we have invented by writing Eq. 
(5.12), obeys Gauss’ law; the sources are free charges only, even 
when dielectric material is present. In regions outside dielectric 


materials, where only free charges are present, ¢9 f E-dS = q and 
cs 


[ D-dS = q, so 
cs 


D = eE 


Thus D and £ outside of matter have the same direction and differ 
in magnitude only by the constant ¢o. 

This new concept of displacement is now applied to the simple 
problem of a dielectric slab between the plates of a parallel-plate 
capacitor (Fig. 5.7). We have seen already that EZ = (07 + cp)/eo 


Fig. 5.7. Dielectric slab be- 
tween capacitor plates. 
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in this case. This may be rewritten, according to Eqs. (5.3) and 
(5.10), as E = (1/e)oy. We now apply Gauss’ law for D as given in 
Eq. (5.15) and find 


D=oa (5.17) 
Comparison of these equations for D and E shows that 
D=&E ‘ (5.18) 


in matter, Thus if we know the free charge density on the capacitor 
plates and « for the material, we may find E by first obtaining 
D = o; and then using D = «E. 

Before going to some other illustrative examples to help fix 
these new ideas, we give an additional discussion of E and D that is 
sometimes helpful. Imagine again a parallel-plate capacitor filled 
with a dielectric. Let there be two cavities cut inside the material 
as shown in Fig. 5.8. The left-hand cavity is coin-shaped, oriented 


Fig. 5.8 Cavities ina 
dielectric slab between 
capacitor plates. The value 
of D in the left-hand 
coin-shaped cavity is the 
same as though no cavity 
were cut. Similarly, the value 
of E in the right-hand 
needle-shaped cavity is the 
average E in the 

dielectric material. 


with its faces perpendicular to the field, and the right-hand cavity 
is a long needle-shaped cylinder, oriented along the field direction. 
We shall determine the field in the middle of these two contrasting 
cavities. In the coin-shaped cavity the field results only from the 
charges q,. This follows from the cancellation of the fields of the 
polarization charges on the outer surface of the dielectric and those 
of opposite sign on the surface of the cavity. Since these surface 
charges are both plane distributions having the same charge den- 
sity, their equal and opposite uniform fields cancel, leaving only the 
field of the free charge on the capacitor plates. Thus the field inside 
the coin-shaped cavity is H = o7/€0, or 


baad (5.19) 


This value of D in the free space of the cavity is just the average 
value of D inside the dielectric if there were no cavity. 

In the needle cavity, if it is long and thin enough, we may 
neglect the effect in the middle of the cavity due to the small cluster 
of polarization charges at the ends, so the field inside this cavity is 
given by 


1 
E = — (os + op) 
£0 


This corresponds just to the average E inside the dielectric in the 
absence of a cavity, as found in Eq. (5.5). 

We have arrived here, through a particular example, at an im- 
portant pair of boundary conditions, for E and for D, which we 
discuss later in more detail. If we generalize the results above, we 
have: (1) At the boundary of a dielectric, the component of D nor- 
mal to the surface is continuous. (Thus D in the coin-shaped cavity 
is normal to the surface and is indeed of the same value inside and 
outside the cavity.) (2) At the boundary of a dielectric, the com- 
ponent of E parallel to the surface is continuous. (In the needle- 
shaped cavity E is parallel to the surface and equal to the value in 
the body of the dielectric.) 


5.5 Examples 

a Electric field in a parallel-plate capacitor filled with dielectric We 
discuss this simple case to show the contrast between the use of 
D and E. It was shown in Sec. 5.4 that when Gauss’ law is applied 
to the parallel-plate capacitor, the electric field is given by 2 = 
(a7 + op)/e9. Substitution for o, in terms of ¢ or K gave 


E 1 1 
= «| RRS 


The alternative approach is to apply Gauss’ law to the displace- 
ment vector D [Eq. (5.15)]. This gives 


DA=q . "tr Dato 


where A = / dS, the flat surface of the Gaussian pillbox through 
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which the lines of D emerge. Since D = «E inside the dielectric, the 
last equation can be written as 


i 
B=-y 
€ 


in agreement with the result obtained through E above. Thus E 
may be obtained by expressing E in terms of both oy and ap; or, by 
dealing with D, the same result may be obtained without explicit 
use of gp. The capacitance of the capacitor can be obtained as be- 
fore, by substitution of the value of E in Eq. (5.6). 


b Capacitance of a capacitor filled with two different dielectric 
slabs Let the dielectric constants and thicknesses of the two slabs 
be K; and a, and K and b (Fig. 5.9). The lines of D are continuous 


Fig. 5.9 Dielectric 
slabs completely filling the 
space between parallel 


electrodes of a capacitor. Las! [.b,I 


from one plate to the other, since lines of D originate only on free 
charges. Application of Gauss’ law to the interface between the two 
dielectric slabs gives the same result. Then D; = Dz or 4, Ey = €2E2 
or KE, = K2E2. 

We now find the capacitance from C = Q,/V, where V = 
E,a + Eb (obtained from dV /dx = —E), Then C = ofA/(E,a + 
E4). For parallel-plate geometry we have already seen that D = oy 
from Gauss’ law, so we can write 


A Ae 


C= or farads 
a/e, + b/e€2 a/K, +b/Ke 


5.6 Boundary Conditions at a Dielectric Surface 
We now show more rigorously the correctness of the boundary con- 
ditions discussed in Sec. 5.4. A plane boundary between regions of 


different dielectric constant, K, and Ko, is shown in Fig. 5.10, We 
assume no collection of free charge at the surface. Gauss’ law for 
D is now applied to a suitable Gaussian surface. The net flux 
through the volume must be zero since there is no free charge inside 
the Gaussian surface we have drawn. We can neglect the flux 
through the curved part of this surface, since this area can be made 


Fig. 5.10 Gaussian 
surface for calculation of 
boundary condition for 
D across a dielectric 
boundary. This gives 

Dy = Dro. (The normal 
component of D is 
continuous across a 
dielectric boundary.) 


vanishingly small by reducing the distance between the flat sur- 
faces. If we call the flat surface on the left-hand side S, and the flat 
surface on the right So, we may write 


i D-dS -/ D,-dS + | D.-dS = ~ [ Dn as + [ Dyads =0 
cs Si Ss Si Sa 

The sign for the integral on the left-hand side of the boundary is 
negative because the lines of D point into the Gaussian volume. It 
follows directly from the equation above that 


Dni = Dro 


Thus, the normal component of D is continuous across the boundary. 
Figure 5.11 shows the argument needed regarding E. Here we 
invoke the conservation of energy in a static field. We apply the 


line integral e-al = 0 to the path shown. The parts of the path 


Fig. 5.11 Line integral 

for calculation of boundary 
condition for E across a 
dielectric boundary. This 
gives Ey = En. (The 
tangential component of 

E is continuous across 


a dielectric boundary.) 
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perpendicular to the plane, ab and cd, can be made vanishingly 
small so that the integral can be expressed as 


e a a 
[ena Eyal = [Bad ~ [Ba a =0 
b a b d 


Since be = da, 
Eun = Ew (5.21) 


or the component of E tangent to the boundary ts continuous across the 
boundary. 

We may use these boundary conditions to show the effect of a 
dielectric boundary on the direction of an electric field that crosses 
the boundary. The dielectric materials are assumed isotropic. In 
such materials P is always parallel to E, so from Eq. (5.12), D is al- 


Fig. 5.12 Change of 
direction of E at a dielectric 
surface. E, cos 6, 


ways parallel to E. Figure 5.12 shows two vectors corresponding to 
the directions of the electric field on the two sides of the boundary. 
We determine the necessary relationship between the angles ¢ and 
¢2. From the condition Hy = Ey we find Hsin ¢; = Ep sin do. 
From the condition Dx; = Dn2g we have D,; cos ¢; = De cos ¢e. 
Combining results for D and H, we get 


E, sind, _ Ep sin $2 
D; cos ¢, De cos de 


But since D; = Ky, e9H; and Dz = KoeoH2, our equation becomes 


or 


= — (5.22) 


5.7 Force between Charges in a Dielectric Medium 

One of the important effects of a dielectric is the modification it pro- 
duces in the effective force between charges. We consider a spherical 
charged equipotential body immersed in, say, a dielectric fluid. 
Let its charge be gy. The calculation of the force on another charge 
Q; at a distance r, due to the charge g, proceeds in the usual way: 
We first calculate the field at Q, due to gy, after which the force is 
readily obtained. We may calculate the field of gy at a distance r in 
two ways. Assuming spherical symmetry about gy, we can evaluate 
D via Gauss’ law: 


[ pas =a or De me OE an el 
cs 4 
Thus, 
og 
ee lap 


K4mrer?  4rer? 


The requirement of spherical symmetry assures that the magnitude 
of D is constant over any spherical surface centered in the 
charged sphere and that D is normal to this surface. This is justified 
as long as the other charge Q, is far enough away that the perturba- 
tion of the field in the vicinity of gy is small. We may now take D 
outside the integral, just as we did with E when considering the field 
of a sphere in a vacuum. 

Another way to make the calculation of the field due to gy is to 
evaluate E from Gauss’ law, taking into account the polarization 
charge at the surface of the dielectric where the equipotential 
sphere begins. We are again assuming spherical symmetry about 
qs. Then 


1 
[ Bas =-@ +) 
cs €0 


This gives for the field 


Comparing with the earlier result [Eq. (5.23)], we see that the ef- 
fective charge (qr + dp) is (1/K)qy. 

We next ask for the force due to this field on the other charge 
Qy. If we again assume spherical symmetry, this time about Q;, we 
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can see that the polarization charge induced in the dielectric surface 
around the second charge Q, does not affect the force on it, since, as 
we have seen, the field inside a spherical distribution of charge due 
to that charge is zero. We therefore calculate the force from the field 
in the usual way as 


tment dre, Kr? 


This is exactly the same as the expression for point charges in 
vacuum, except that the permittivity of free space ¢9 has been re- 
placed by ¢, the permittivity of the dielectric medium. The re- 
quirement of spherical symmetry for the polarization charge den- 
sity, needed to allow the given solution of Gauss’ law, restricts the 
validity of Eq. (5.24) to situations where the distance between 
charged bodies is much greater than either radius. 

The foregoing calculation gives an example of the general re- 
sult that in the presence of a dielectric, forces between charges are 
reduced. This effect is invoked in solid-state physics to explain situ- 
ations where forces on electrons are decreased by the dielectric 
nature of the material in which the electrons move. This idea is 
valid as long as the electron moves far enough in the medium to be 
subjected to the average field resulting from the polarization. 


5.8 Stored Energy in a Dielectric Medium 
We have seen that in a vacuum the energy stored in an electric 
field per unit volume is 


Voegk? 


We now modify this expression to include the situation in dielectric 
media. We can proceed just as in Sec. 5.3, accounting for the pres- 
ence of the dielectric by replacing ¢9 by ¢. This leads us to the ex- 
pression for energy density, 


U 1, twEDoliep? re 
—=- =— = — oules/m’ 
vol 2° gies ag, 300 
The excess of this stored energy over that in a vacuum is due to the 
extra work that must be done to polarize the medium. 
As in Sec. 4.7, where we calculated the force between capacitor 


plates by computing the rate of change of stored energy, we shall 
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(5.25) 


now examine a force problem involving a dielectric slab in a capac- 
itor. The problem is to determine the force acting on the slab due to 
the electric field in the capacitor shown in Fig. 5.13. Before starting 


Fig. 5.13 Dielectric slab 
inserted between plates of a 
parallel-plate capacitor. 


the computation, we observe that the convenient parameter to use 
in describing the charge state of the capacitor is the potential V or, 
what amounts to the same thing, H as given by V = Ed. This is the 
same in all regions of the capacitor, whereas the free charge density 
in the region of the dielectric is different from that in the vacuum 
region. A decision must be made as to whether the potential or the 
charge on the capacitor will be held constant. We choose to work 
the problem as though the capacitor were connected to a source of 
constant potential such as a battery. 

In order to calculate the force on the dielectric slab, we ask for 
the effect on the stored energy of an elementary displacement dz of 
the slab. Since this displacement modifies the capacitance of the 
capacitor, there will be a change dQ in the charge on the capacitor 
if it is to be held at a constant potential. As a consequence, an 
amount of work V dQ is done by the battery when the slab is 
moved. Thus the total change in stored energy in the capacitor, 
dU, is related to the work done by the field in moving the slab by 
the equation 


dU = —Fdx+VdQ 


where F is the force exerted by the field on the slab. We proceed to 
calculate the terms in Eq. (5.26) and solve for the direction and 
magnitude of F. Applying Eq. (5.25) to the capacitor, we can find 
the total stored energy. This is 


U = WE eorbd + 4E*e(l — x)bd 
= WE*bd[ed — (e — e)z] 
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(5.26) 


(5.27) 
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where b is the width of the capacitor, 1 the length, and d the plate 
separation. By differentiating the last equation, we find that the 
change ini U produced by a small displacement dz of the slab is 


dU = —WE*bd(e — ¢) dx 
The total charge on the capacitor plates is given by 
Q = o1A; + 2A = eH xb + eH (l — x)b 


where A; = 2b is the area with no dielectric and Az = (J — x)b is 
the area filled with dielectric. Thus the change in charge for a 
displacement dz is 


dQ = —(e— e)bE dx 
Since V = Ed, we may now solve Eq. (5.26) for F dx, obtaining 
Fdx = —dU+VdQ 


= WE*bd(e — €) dx — E*bd(e — €) dz 
or 
F = —WE*bd(e — «) 


Since F is negative, it is in the direction of decreasing x. Hence the 
electrostatic forces attract the slab into the capacitor. The work 
done by the battery when the slab is displaced is twice the magni- 
tude of the work expended by the field forces in drawing the dielec- 
tric into the capacitor. When the plate is allowed to be pulled into 
the capacitor a given distance, half the energy contributed to the 
system by the battery is used in doing external work. 

Suppose we now make the calculation for the case where the 
capacitor is held at constant charge instead of being connected to a 
battery that maintains constant voltage. This would be a more 
complicated calculation since V would vary as the dielectric slab 
moved. However, if the slab is in a particular position and the po- 
tential has a particular value, the charges on plates and slab are 
identical whether or not the battery is connected. Since the total 
force really depends on the forces between free charges on the 
plates and polarization charges on the dielectric, we must get the 
same result for the force, whether or not the capacitor is connected 
to a battery. Thus the force between plates for a given separation 
and a given potential difference is independent of whether the ca- 
pacitor is isolated or connected to a constant potential. 
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(5.28) 


(5.29) 


(5.30) 


5.9 Depolarization Factor 
When a polarizable body is placed in an external field, the induced 
surface charges resulting from the polarization alter the original 
field. Thus it may be quite difficult to calculate the resultant field 
inside (or outside) the body. Our earlier discussion of a flat slab 
placed inside a parallel-plate capacitor was a very special case of 
this kind of problem. We now discuss some more general cases, 
avoiding those which are mathematically complicated. 

We limit discussion to cases in which the original field Ep is 
uniform. We first consider a flat plate of dielectric material placed 
with its plane perpendicular to the external field (Fig. 5.14). At the 


Fig. 5.14 Dielectric plate 
with plane perpendicular to 
external field. 


edges of the plate the field in and around the plate will be seriously 
modified and nonuniform as a result of the polarization charges. 
We shall not try to solve this part of the problem. 

In the central region of the plate, however, the polarization 
charges are uniformly distributed over the surface because the 
external field remains uniform. We calculate the field inside the 
plate using the boundary condition already found for D. The result 
was that Dn; = Dn; that is, the normal components of D are the 
same inside and outside the boundary. As long as we stay far away 
from the edges of the plate, we can obtain D outside the plate from 
Do = ¢0Eo. From the boundary condition we then have 


Dpiate = Do = e9Eo 


On the other hand, the electric field inside the plate, Epiate, is related 
to Dplate by the equation Dpiate = €Epiate. Combining these re- 
sults, we find 


€ 1 
= — Kia 
Eplate a x™ 


Ale 


That is, the field inside the plate is reduced by a factor le 
relative to the original field outside. : 
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It is convenient to look upon the field in the plate as resulting 
from the original external field Zo, modified by the uniform depolar- 
izing field of the polarization charge. Thus we may write 


Epiate = Eo — Eaep 


where Exep is the depolarizing field of the polarization charges on the 
surfaces of the plate. This field acts in opposition to the external 
field Eo. Combining Eqs. (5.31) and (5.32), we solve for the depolar- 
izing field, 


Edep =(K-— 1) Epiate 


Now the polarization of the dielectric is related to the field in the 
dielectric by the equation 


P = exEpiate = €0(K — 1)Epiate 
Comparison with Eq. (5.33) gives 


je 
Edep = — 
€0 


This case of a flat plate is a special one. In general, the depolar- 
ization field is less than for this geometry. For the general case, we 
write 


1 
Euep = — LP 
€0 


where L is called the depolarizing factor, a quantity that depends 
on the shape of the dielectric. The factor L gives a measure of how 
much the original external field Zo is modified for different sample 
shapes. 

We can evaluate L for the flat-plate geometry by remembering 
that P = eoxEpiate = €0(K — 1)Epiate. Combining this with Eqs. 
(5.33) and (5.34), we find L = 1. This is the maximum value L can 
have, so we have chosen the geometry giving the maximum effect 
from polarization charges induced on the surface. 

The case giving the opposite extreme (minimum value of L) is 
that of a long, thin rod placed with its axis parallel to the field 
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(5.32) 


(5.33) 


(5.34) 
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(Fig. 5.15). The appropriate boundary condition in the central re- 
gion of the rod, away from the perturbing effects of the polarization 
charge induced at the ends, is H,; = Ey. For this shape, the field 


_— 
with axis parallel to r 
external field. Eo 


inside and outside is tangential to the surface, so we have, directly, 
Era = Eo 


Since Z,,q is equal to the unmodified external field, the depolarizing 
field in this situation must be zero, so we have 


L=0 


All values of L lie between these two extremes of 1 and 0. 

Strictly speaking, we can discuss the value of the depolarizing 
factor only if the depolarizing field is uniform, since only in such 
cases will the field inside a body placed in a uniform field be uni- 
form. In the two examples of the plate perpendicular to the field 
and the rod placed parallel to the field, the approximation of uni- 
form field is good only in the central regions. For all general ellip- 
soids in uniform applied fields the depolarizing field is uniform, 
giving uniform fields inside the bodies when the applied field is uni- 
form. Thus if we distort the flat plate into a flat ellipsoid and distort 
the rod into a long thin ellipsoid, we obtain cases for which the field 
is constant throughout the entire body. Another shape of interest is 
the sphere, which is a special case of the general ellipsoid. The field 
inside a dielectric sphere is uniform, and the depolarizing factor is 
L = \. This value is obtained in Appendix C. Exactly similar 
problems arise for magnetic bodies immersed in uniform magnetic 
fields, as we discuss in Chap. 9. 


5.10 Atomic Polarizability 

Of all the parameters of dielectrics studied, the susceptibility x 
comes the closest to telling about the polarizability of the atoms 
in matter. Thus in the equation x = P/egH, the dipole moment 
per unit volume is related to the macroscopic field in the material. 
The trouble is, however, that the macroscopic or average field is 
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not a satisfactory measure of the local field producing the polar- 
ization of each atom, Let us call this local field Z,.- and postpone 
its evaluation for the moment. We can then define the atomic 
polarizability a by 


P = aLoc 


where p is the induced atomic dipole moment produced by the 
local field. We then write for the polarization 


P = Np = Nake 


where N is the number of atoms per unit volume and we have 
assumed only one kind of atom in the dielectric material. Here we 
do not attempt to evaluate a from atomic properties, but we do 
indicate the problems involved in evaluating joc. 

Let us take an ellipsoidal sample of dielectric placed in a 
uniform field Zp as shown in Fig. 5.16. We center attention on 


Fig. 5.16 Calculation of 

Evo, at a point P within an 
ellipsoidal dielectric placed 
in a uniform electric: 

field. All dipoles outside the 
spherical boundary have 
effects that can be 

replaced by effects of induced 
surface charges. Charges 
within the spherical 
boundary must be treated as 
individual dipoles. Their 
effects cancel for crystals 
having cubic symmetry. 


some particular atom in the solid and inquire about the terms 
contributing to Hj, at the atomic site (excluding, of course, the 
atom itself, since it will not be polarized by its own field). The field 
at the atom is the sum of the external field plus contributions from 
all the other atoms (dipoles) in the material. We have already 
seen that the contribution from atoms far away from our atom can 
be computed from the equivalent effects of surface polarization 
charge. We shall discuss contributions from dipoles close to this 
atom separately. We draw a spherical boundary around the atom, 
of such size that we may safely consider all atoms outside the 
boundary to be far away. Their effects are accounted for on the 
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(5.35) 


(5.36) 


basis of surface polarization charges. Excluding contributions from 
nearby atoms (inside the imaginary boundary), the local field is 
due to three sources, 


Ec = Eq + E, + Ep + Eg 


Ep is the external applied field, and E; the depolarization field due 
to the polarization charge on the outer surface of the dielectric 
body. The magnitude of E, depends, of course, on the shape of the 
sample—in particular on the value of L, the depolarization factor— 
and is given by —LP/e. The term Eg similarly results from the 
induced polarization charge on the inner surface of the imaginary 
sphere and is given by }4(P/¢). The depolarizing factor }4 is the 
same one we found for the dielectric sphere, but because it is an 
inside surface inside a dielectric, its contribution is positive here. 
It is not the same as we would compute for a spherical hole inside 
a dielectric since we do not imagine that the atoms are removed 
from the excluded sphere. Thus in our calculation, the average field 
is uniform, whereas a real spherical hole gives a nonuniform average 
field in the region outside the hole. 

We are now left with the task of evaluating E3, the local con- 
tribution of the set of dipoles in the excluded sphere. It turns out, 
however, that if we take the rather common case of a lattice having 
cubic symmetry, the contributions of these nearby dipoles cancel 
out. Therefore, we may write for the local field 


For a more complicated crystal structure, a further term may be 
required to account for the nearby dipoles. We need not take into 
account separately the polarization charges on the outer surface of 
the excluded sphere since these are already included in the con- 
tribution from the nearby dipoles. 

Once we are able to relate Hj, to the applied field, as above, 
we are in a position to determine the atomic polarizability from 
experiment. We shall say only a few words about its theoretical 
estimation. There are three kinds of possible contributions to the 
polarizability. In all situations the application of an electric field 
causes some distortion of the atomic electronic cloud relative to the 
nucleus. We may call this the electronic polarizability. Second, if we 
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have a solid made up of ions, there is relative motion of positive 
and negative ions to produce ionic polarizability. Finally, if there 
are molecules with permanent dipole moments involved, as for 
example, with water molecules, an external field tends to orient the 
otherwise randomly oriented dipoles so as to produce a net addition 
to the polarization. This last is called the dipolar polarizability. 

These three types of response to electric fields may be some- 
what sorted out by experiments in which the applied field is rapidly 
varied. As the frequency of the applied field is gradually increased, 
at first all three types of polarizability contribute. When fre- 
quencies up in the microwave range (say 10° cps) are reached, the 
dipoles with their relatively slow response are not able to follow the 
rapidly varying electric field and their contribution to polarization 
ceases. Ionic polarization continues to act up to the infrared 
frequency range (say 10'* eps), and electronic polarization con- 
tinues up to the ultraviolet frequency range (say 10'° eps). 

Polarization from permanent dipoles is important in all liquids 
and gases whose molecules have permanent dipoles, and it also 
occurs in some solids. It is the damping out of this kind of response 
that accounts for the decrease in the dielectric constant of water 
from 81 for static- or low-frequency fields to 1.77 at optical fre- 
quencies. Since thermal vibrations tend to upset the orientation of 
permanent dipoles by an electric field, dipolar polarization decreases 
with increasing temperature. 


5.11 Ferroelectric Materials 

Certain types of dielectric materials become spontaneously polar- 
ized in the absence of external fields. This self-polarization results 
from the displacement of ions due to local electric fields. The local 
fields set up by ion displacement produce forces on the ions that are 
greater for small displacements than the elastic restoring forces 
within the crystal. As a result, the equilibrium position of the ions 
is such as to give a net polarization in the crystal. Such materials 
are called ferroelectric by analogy with the somewhat similar mag- 
netic effects in ferromagnetic materials (see Sec. 9.10). Ferroelectric 
materials often exhibit large susceptibility. They show hysteresis 
in the polarization produced by external fields and lose their spon- 
taneous polarization above some critical temperature. One of the 
best-known ferroelectric materials is barium titanate (BaTiOs), 
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which, because of its high dielectric constant, is often used in ca- 
pacitors, especially where small size and large capacitance are re- 
quired. 


PROBLEMS 


5.1 A dielectric block such as shown in Fig. P5.1 is uniformly polarized. 
The polarization is P. Find the polarization charge density o, on the 
faces 1, 2, and 3. (Find both magnitude and sign of the charge.) 


5.2 Two similar dielectric ellipsoids are placed in an electric field as shown 
in Fig. P5.2. For which orientation is the depolarization factor larger? 


Give qualitative reasons. 
ae 
(a) 
E 
os 


OF * as 


Fig. P5.2 ss 


5.3 The voltage between parallel plates of a capacitor is V;. The plates 
are isolated electrically. A dielectric slab of dielectric constant K is 
inserted between the plates and completely fills the volume between 
them. Find the new potential V2. Compare the stored energy before 
and after inserting the slab. On the basis of this comparison, make an 
argument as to whether electrostatic forces pull the slab into the 
space between plates or tend to push it away. 


5.4 Suppose the capacitor in Prob. 5.3 were connected to a battery so as 
to maintain constant voltage when the dielectric slab is inserted be- 
tween the plates. Compare the stored energy in the capacitor before 
and after inserting the dielectric. On the basis of this comparison, can 
you argue about the direction of the force on the slab, as in Prob. 5.3? 
Explain. 


5.5 Ata boundary between two dielectric materials having different di- 
electric constants, show by means of a simple sketch that although 
lines of D are continuous, the magnitude of D is generally different in 
the two materials. Show by means of another sketch the special con- 
dition under which D has the same value in both materials. 
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5.6 Compare the capacitances of two identical capacitors with dielectrics 
inserted as shown in Fig. P5.6 and having dielectric constants K; and 
Ka. 


Fig. P5.6 ) 


5.7 Discuss a metal as a polarizable body. What is the value of the polari- 
zation P? What is the susceptibility x? 


5.8 A-sphere of radius r is polarized uniformly and has a polarization P in 
the z direction. Write the expression for the surface polarization 
charge for a ring whose radius vector makes an angle @ with the x 
axis as shown in Fig. P5.8. Integrate this expression to get the total 
positive surface polarization charge on the sphere. 


> 
a 
Sl 


Fig. P5.8 


5.9 Two capacitors of equal capacitance C are connected in parallel, 
charged to a voltage V, and then isolated from the voltage source, 
as shown in Fig. P5.9. A dielectric of dielectric constant K is inserted 


Fig. P5.9 


into one capacitor and completely fills the space between plates. 
Calculate the free charge transferred from one capacitor to the other 
and the final voltage V2 across the capacitors in terms of C, V1, and K. 


5.10 The capacitance of a capacitor is increased by a factor of 1.5 when it 
is completely filled with a certain dielectric material. Find the dielec- 
tric constant of the material and its electric susceptibility. 


5.11 The angle of incidence of the electric field at a plane dielectric bound- 
ary is 20°. Find the angle of refraction within the medium if the di- 
electric constant of the medium is 1.25, Assume vacuum outside the 
medium. 
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6.1 Introduction 

The first five chapters have dealt with the effects of charges at rest. 
This study of electrostatics forms a very important part of our en- 
tire work, but, as we shall see, many entirely new phenomena occur 
when we deal with charges in motion. Electromagnetic theory 
provides a single framework for discussing the seemingly widely 
divergent phenomena of electricity and magnetism. Later we shall 
discuss the unifying ideas of the theory. First we examine the effects 
of moving charges, called magnetism. 

Historically, magnetism began with the study of interactions 
between ferromagnetic materials; substances such as iron under 
appropriate conditions exhibit strong forces of attraction and re- 
pulsion, which resemble, but are quite distinct from, electrostatic 
forces. An early example of the knowledge of magnetism was the 
use of a permanent magnet in the earth’s magnetic field, as a com- 
pass for navigational purposes. In 1819 Oersted first showed a con- 
nection between electricity and magnetism by demonstrating the 
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torque on a compass needle caused by a nearby electric current. 
We shall delay the discussion of magnetic materials until later and, 
instead, first discuss magnetism in terms of the forces between the 
moving charges of current elements. Students who are not already 
familiar with the concepts of current and current density, which 
we shall be using, are referred to the early part of Chap. 7. 


6.2 The Magnetic Force between Current Elements 

We introduce the study of magnetism by inquiring about the force 
between two parallel wires in a vacuum, carrying currents 7; and ig 
(Fig. 6.1). The experimental fact, as first studied by Ampere, is that 


Fig. 6.1 Two parallel 

wires carrying current 

in the same sense, 

showing forces of attraction. 


the two wires are attracted to each other. If we reverse one current, 
the force becomes one of repulsion. The forces are modified if either 
the current magnitudes, the shape, or the relative positions of the 
conductors are changed. 

There is a difficulty in discussing this problem. Any current 
element must of necessity be a part of a complete loop or circuit. 
Thus a realistic formulation must be in terms of the force between 
two complete loops. We may, however, consider the simplified case 
as long as we realize that comparison with experiment involves ac- 
counting for the forces on entire circuits. 

There is no possibility of confusing this force between currents 
with electrostatic forces. In the first place, there is in general no net. 
charge on the conductors. The charge density of conduction elec- 
trons just compensates the positive charge on the lattice ions. Sec- 
ond, the force is reversed in sign by reversing the direction of either 
current. The magnetic force is thus associated with moving 
charges. 

We quote briefly from the original paper of Ampére ! in which 
he describes the conclusions to be drawn from his experiments on 
the forces between currents: 


1 André Marie Ampére, Mutual Interactions between Two Electric Currents, 
Ann. chim. et phys., (II) 15:59-76 (1820). 
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I have discovered some . . . remarkable . . . [effects] . . . by 
arranging in parallel directions two straight parts of two conducting 
wires joining the ends of two voltaic piles; the one was fixed and the 
other, suspended on points and made very sensitive to motion by a 
counterweight, could approach the first or move from it while keeping 
parallel with it. I then observed that when I passed a current of elec- 
tricity in both of these wires at once they attracted each other when 
the two currents were in the same sense and repelled each other when 
they were in opposite senses. Now these attractions or repulsions of 
electric currents differ essentially from those that electricity produces 
in a state of repose; first, they cease, as chemical decompositions do, 
as soon as we break the circuit of the conducting bodies; secondly, in 
the ordinary electric attractions and repulsions the electricities of 
opposite sort attract and those of the same name repel; in the attrac- 
tions and repulsions of electric currents we have precisely the con- 
trary; . . . Thirdly, in the case of attraction, when it is sufficiently 
strong to bring the movable conductor into contact with the fixed con- 
ductor, they remain attached to one another like two magnets and do 
not separate after a while, as happens when two conducting bodies 
which attract each other because they are electrified, one positively 
and the other negatively, come to touch. Finally, and it appears that 
this last circumstance depends on the same cause as the preceding, 
two electric currents attract or repel in vacuum as in air, which is con- 
trary to that which we observe in the mutual action of two conducting 
bodies charged with ordinary electricity. It is not the place here to 
explain these new phenomena; the attractions and repulsions which 
occur between two parallel currents, according as they are directed in 
the same sense or in opposite senses, are facts given by an experiment 
which it is easy to repeat. 


The experimental fact is that for a current element 7; dl, (a 
current 7; flowing through a length dl,) parallel to another element 


igdl, 
Fig. 6.2 The force between 
two parallel current at? "2 
elements ijdl and izdh as '!° 
given by’ Eq. (6.1). 
tg dlg and separated from it by a distance r;2 as shown in Fig. 6.2, 
the mutual force is given by 
my 1 ao 
dF = ——, i, dl tg dly sin 8 (6.1) 
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The magnitude of the force between current elements at a 
given distance apart is a fundamental characteristic of nature. The 
constant of proportionality is uo/4x; the numerical value of this 
constant depends on the units of measurement used for current, 
distance, and force. In the mks system, using amperes, meters, and 
newtons, 


bo = 4 X 107” webers/amp-m 


This is called the permeability of free space. Equation (6.1) 
refers to a very special case, that of parallel current elements. If we 
had to deal only with parallel current elements, this equation would 
be the only one needed. The more complicated expression shortly 
to be described is necessary in order to explain the changes in the 
forces when there is an arbitrary angle between the current ele- 
ments. This expression involves no mention of a magnetic field. In 
both electrostatics and magnetism, fields are invoked to simplify 
the reasoning required. Equation (6.1) cannot be used directly 
since it is impossible in practice to set up isolated current elements. 
To be of practical use, this equation would have to be integrated 
over the entire current path for both 7; and za. 

We now reformulate the problem in terms of a field. If the 
mathematics seems a little more complicated than in the case of 
electrostatics, this is only because the physical situation is itself 
more complex. Our procedure is to describe the magnetic induction 
field (a vector quantity B) due to a current element and then to 
state the force on another current element placed in that field. 
This gives the general result we want, of which Eq. (6.1) is a special 
case. 

Experiments on the force between two current circuits, when 
formulated in terms of the magnetic induction field, show that the 
experimental results can be explained if each small current element 
i dl gives rise to a contribution to the total magnetic induction field 
according to the equation 


where # is again a unit vector, having a magnitude of unity and the 
direction of the line drawn from the current element to the point at 
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which dB is being determined. This is the law of Biot and Savart. 
In the mks system the unit of B is the weber per square meter. This 
unit is discussed later in the chapter. We see from Eq. (6.2) that the 
units of permeability uo are webers per ampere-meter, as given 
above. Since Eq. (6.2) gives our first use of the vector cross product, 
we now pause briefly to review the mathematics involved. 


The vector cross product The special feature of Eq. (6.2) is that it expresses 
a rather complicated relationship between the directions and magnitudes 
of the vectors dB, dl, and r. Fortunately, there is a well-known mathemati- 
cal expression that exactly describes the situation. We explain this in terms 
of three vectors A, B, and C, which are related by the equation A = 
B x C, where A is called the vector cross product of B and C. 


Fig. 6.3 The vector A is the 

vector cross product 

of vectors B and C: 

A=BXC = BCsin@. 

A is perpendicular to the 

plane of B.and C, and its 

magnitude is equal to 

the area of the parallelogram 
built on Band C. 2 


In Fig. 6.3 we show vectors B and C placed in the zy plane of a right- 
hand coordinate system. The resultant vector A of the cross product 
B x Cis perpendicular to both B and C and is therefore in the z direction. 
The sign of A is obtained by imagining the rotation of the vector given by 
the first term in the cross product, B, about its tail in the direction of the 
curved fingers of the right hand toward the second vector C, and taking 
for the direction of the resultant vector A the direction of the extended 
thumb. This gives the result shown in the figure. We see that B x C = 
—(C x B), since in the latter case C is rotated into B and the thumb will 
point along the negative z axis. 

The magnitude of the resultant vector A is given by BC sin 0, where 
6 is the angle between the two vectors that form the cross product. This is 
easily remembered by noting that BC sin @ is the magnitude of one vector 
times the component of the other vector perpendicular to the first vector. 
This quantity is the area of the parallelogram constructed using the two 
vectors as adjacent sides as shown in Fig. 6.3. Thus the magnitude of the 
cross product of two vectors that are at right angles is the product of the 
magnitudes of the two vectors. The cross product of two parallel vectors 
is zero. 
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We can now interpret Eq. (6.2) on the basis of the meaning of 
the cross product. We first write Eq. (6.2) in an alternative form, 


dB =— (6.2a) 


This has the same meaning as Eq. (6.2) and is obtained from it by 
using the relationship between # and r, 


r 
f=_- 
E 


In Fig. 6.4 the vectors 7 dl and r are drawn in the plane of the paper. 


Fig. 6.4 dBis the 
contribution to the magnetic 
induction field at P of 

the current element i dl. 

dB is perpendicular to 

both idl and r and is 
directed into the paper. 


The resultant vector dB, according to Eq. (6.2) or (6.2a), has a mag- 
nitude 
aB = —° jdirsing =—“cidl sind 
4nr® Amr? 

and is pointed into the paper along the —z direction. This is the 
value of dB at the point P, not at the point where the tails of the 
two vectors meet. This factor is implicit in the equation in which r 
is the vector from the current element to the point in space where 
we are finding dB. As we are writing Eq. (6.2), the r? in the denom- 
inator is the magnitude of this distance and ¢ is the unit vector 
giving the direction of r. In effect, # is used only to define the value 
of 6. It is more usual to draw the vectors as shown in Fig. 6.5. This 


Fig. 6.5 Vectors idl andr 
as used for obtaining 
field contribution dB at 
point P. dB at the point Pis_ idl 
perpendicular to both i dl 9 
and r and is directed 
into the paper. 
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is completely equivalent to Fig. 6.4, since 7 dl is of infinitesimal 
length. dB at the point P is perpendicular to both 7 dl and r and is 
directed into the paper. 

The fact that we have, as in electrostatics, an inverse-square 
law leads again to the usefulness of the concept of lines of force. 
As with electric field lines, lines of magnetic induction are continu- 
ous in space and give field direction by their direction, and mag- 
nitude by their density. However, in one respect there is a very 
great difference between electric and magnetic field configurations. 
Magnetic lines have no sources (as do electric field lines, on electric 
charges) but are continuous and join back on themselves. An 
examination of Eq. (6.2) and Fig. 6.5 shows this to be true. Let the 
point P move around the current axis at a constant distance from 
the axis. From Eq. (6.2), the magnetic induction vector dB is 
constant along this path and at each point has a direction tangent 
to the path. These are just the requirements for the lines to be con- 
centric circles around the current. Figure 6.6 shows some lines 


Fig. 6.6 Lines of magnetic 
induction around a long wire 
carrying current upward 

out of the paper. 


around a current element. If the right-hand thumb points in the 
direction of (positive) current, the lines are pointed in the direction 
of the fingers curled around the current element. This right-hand rule 
is an expression of the result of the cross product given in Eq. (6.2). 

Before integrating Eq. (6.2) to obtain the field configuration 
around some extended current elements, we shall set up the other 
rule that must be employed if we are to use the magnetic induction 
field B in calculating the force between circuit elements: The force 
on a current element 7 dl, as inferred from experiments on closed 
current loops, is 


dF =idlxB 


This means idl B sin @, in a direction given by dl X B (perpen- 
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dicular to the plane of dl and B), again in the sense of the right- 
hand rule. 

We apply these two equations to the two parallel current 
elements sketched in Fig. 6.1. The first step in calculating the 
force between the two current elements is to calculate the mag- 
netic induction field dB at, say, the right-hand conductor due to the 
current in the left-hand conductor. This is given by Eq. (6.2) as 
Ho |tr dh, x #| Ho . 

AX lai ere te a 

4x ce 4qr” 

for this special case of 7; dl; | r. The direction of dB is perpen- 
dicular to the plane of the paper ( to dl and r), and the cross- 
product rule puts it into the paper in this case. (The vector r points 
from the current element causing the field.) 

Next, the force equation (6.3) is applied to the right-hand con- 
ductor, giving 


dB = 


dF = |ig dly X dB| = tp dz dB 


for ig dlg 1 dB. Combining Eqs. (6.4) and (6.5), we find exactly 
the expression written in Eq. (6.1), for the case where 6, the angle 
between 7 dl and r, is 90°. In this simple example it may seem that 
the introduction of B was unnecessary. Later more complicated 
examples will fully justify its use. 

From the expressions for B and F in their vector form, it is 
clear that the correct general expression for the force between two 
current elements is given by 


Ho ta dig X (i; dh, X P12) 


4dr 1127 


dF = 


where fj» is the vector pointing from the first to the second current 
element. The complexity of this expression, involving two cross 
products, is to be blamed on the complexity of nature itself. 

The result of Eq. (6.6) looks as though it violates Newton’s 
third law. Thus, suppose the two current elements are in the plane 
of the paper but not parallel, as shown in Fig. 6.7. dB at (2) will 


F 
Fig. 6.7 Force between, “ 
two current elements accord- is 


ing to Eq. (6.6). 


@ 
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(6.5) 


(6.6) 
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be into the paper as before, but the force on the second element 
will have an upward component toward the top of the page, as will 
the force on the first element. Thus there is a net force upward from 
this pair of current elements. This difficulty is explained by the 
fact that actually Eq. (6.6) is complete only when we integrate the 
expression over the entire current loop of which 7 dl, and ig dla 
are only differential elements. It can be shown that the net force 
on the whole system is then always zero. From the experimental 
point of view, there is no difficulty since it is impossible to set up 
an isolated current element. Whenever Eqs. (6.2) and (6.3) are 
used for determining forces between complete circuits, integration 
over these circuits gives no net force on the whole system. Another 
seemingly troublesome case is that of current elements resulting 
from isolated charges moving with a velocity v, rather than from 
the flow of continuous charge. Here again, as we shall see later, 
there is no real difficulty. 


6.3 Examples 
In this section we give some examples of the calculation of the 
magnetic induction B for some simple arrangements of con- 
ductors. 

i 


Fig. 6.8 Magnetic induction 
due to current ina 
straight wire. 


a Calculation of B for points out from a long straight wire carrying 
acurrenti A point P is chosen at a fixed distance r from the wire 
(see Fig. 6.8). A representative current element 7 dz is at a distance 
lfrom the chosen point P. Applying Eq. (6.2), we find 


uo i dx sin 6 
4 G 
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where dB, is directed into the paper. Before integrating this, we 
must express the variables / and 6 in terms of a single variable. It 
is convenient to choose ¢ as the variable and to write 


pot (7? dz 
B= =f ~> cos 
4x J_xj2 l 


The vector addition of the contributions to B from different 
current elements is simply arithmetical since all contributions dB 
point in the same direction. The integration covers from —7/2 to 
+7/2 to allow for an infinitely long wire. To replace x and dz, we 
use the relationships « = rtan¢, dz = rsec? ¢d¢, | = r/cos ¢. 
Then 


. x/(2 7 
eee ‘ cos ¢dp = Se webers/m? (6.7) 
Qer 


Thus the lines of B form concentric circles around the wire. The 
field falls off as 1/r. 


b Calculation of the magnetic induction along the axis of a current 


loop We choose a point P along the axis of the loop (see Fig. 6.9) 
and again evaluate 


(6.2) 


Since, for all elements around the loop, r l idl, the value of 
sin 6 in the cross product here is 1. However, in taking the vector 


Fig.6.9 Magnetic induction 
along the axis of a current 
loop. 


sum of the vectors dB we must take account of the fact that each 
dB is perpendicular to r at the point P. Because of symmetry, all 
components of B not parallel to the axis 6 will cancel when the 
equation is integrated around the loop. Therefore the resultant 


6.3 Examples 


field will be given by summing only the components dB sin 6 along 
the axis. Thus B is given by 


Sin ¢ and r are constant, so they are taken outside the integral. The 
length dl integrated around the loop is 2ma, so if sia @ and r are 
expressed in terms of the constants a and b, we find 


Mot a” 


Sr webers/m” 
At the center of the loop b = 0 and B = uoi/2a, pointing along the 
axis of the loop in a direction depending on the direction of current 
flow. If the coil has N closely packed turns, the result is multiplied 
by NV. Although we have not accounted for the current leads to the 
loop, their contribution to the field can be made vanishingly small 
by keeping them close together. Since the lines of magnetic induc- 
tion are concentric circles around the wires in opposite directions for 
the two wires, to a good approximation they cancel when close 
together as in the lead wires. 

When we choose the point P far from the loop (b > a), the 
equation for B may be written 


= —— ___ webers/m? 


Here we have written A = 7a”, the area of the loop. The quantity 
iA is called the magnetic dipole moment for reasons developed later, 
when we discuss in more detail the field around a current loop. 
We shall show that B at large distances from the loop depends only 
on the area and not on the shape of the loop. 

The direction of B depends on the direction of the current 
in the loop. We can see from Fig. 6.9 that when we look at the 
current loop from the left, counterclockwise current gives a mag- 
netic induction field directed toward the viewer. We adopt the sign 
convention that B is positive when it is directed outward from a 
current loop toward the viewer, and the current is positive when it 
is directed counterclockwise as we view it. This convention allows 
an unambiguous interpretation of equations like (6.9). 
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c Calculation of the field along the axis of a solenoid A coil wound 
as a spiral on a cylinder is called a solenoid.! In order to find the field 
at a point P inside a solenoid (on its axis, as shown in Fig. 6.10), we 
use the results of the preceding problem for the field along the axis 
of a loop. Since we need to know the number of turns per unit 
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Fig. 6.10 Magnetic fees nt re! 


induction inside a solenoid. 1 


length, we take N for the total turns and L for the length of the 
solenoid. We then apply Eq. (6.8) to a thin section of the solenoid 
of width dz with a total current i(N/L) dz: 


noNi a? 
2L (a? + 2”) 
This equation must now be integrated, and we choose ¢ for the 


variable. Making the substitutions « = a cot ¢ and dx = —acsc* 
dd, the equation becomes 


= pa - rf" sin ¢ dp = 12" (cos « — cos 8) 


If we have chosen the point P in the middle of a long solenoid, 
a = 0 and 6 = 180°, and we have 


Bat webére/ ui? (6.10) 


and 
B =—— _ webers/m? (6.11) 


Thus the field strength at the end of a long solenoid is just one-half 
that at the center. 


1 It was Ampére who first thought of obtaining more intense magnetic fields by 
passing current through a wire wound in a closely spaced spiral. He thought of 
the cylindrical coil as a “canal” in which lines of magnetic field are confined. 
Hence his use of solenoid from the Greek word for channel. 


6.4 Some Properties of the Magnetic Induction Field 


Looking again at Eq. (6.10), which gives the magnetic induc- 
tion field inside a long solenoid, we shall call the quantity Ni/L the 
solenoidal current density. That is, it is the number of amperes 
circulating around the coil per meter of length of coil. The result is 
the same if we double the number of turns per meter and reduce the 
current to half the original value or if we make any other change 
that keeps Ni/L constant. We may thus write 

Ni 


E =f amp/m or amp-turns/m 


where j* is the solenoidal current density. We may then write for 
Eq. (6.10) 
B = oj’ webers/m? 


where j* is the solenoidal current density. This quantity is to be 
distinguished from the conventional current density j, which is 
defined in Sec. 7.2 as the volume current per unit cross-section area. 
We may again relate the direction of B to the sense of rotation of 
the current by use of the sign convention in which counterclockwise 
current is positive and B is positive when directed outward from 
the current loop. 


6.4 Some Properties of the Magnetic Induction Field 

In this section we summarize what we have learned about the mag- 
netic induction field and add further to our understanding of its 
nature. As in the case of the electric field, we can represent mag- 
netic field strength and direction by the convention of lines of force. 
This we connect with the inverse-square relationship that holds for 
current elements. We can again describe the magnitude of the 
magnetic field in terms of density of lines and may use this point of 
view for a quantitative measure of field strength. In the mks 
system a line of induction is called a weber. The unit of field strength 
is the weber per square meter. Another unit in common use is the 
gauss, where one weber per square meter is equal to 10,000 gauss. 

In principle we are defining the units of B in terms of Eq. (6.2). 
There are, however, two difficulties with using this equation for 
this purpose. One is that it is a differential expression involving a 
length dl. The other is that we must choose units for the current 7 
before evaluating the expression. We shall circumvent these diffi- 


ng 


(6.12) 


The Magnetic Field 


culties in the following way: As will be shown, we may define the 
unit of current, the ampere, in terms of the magnetic force between 
two conveniently chosen current loops and then use a convenient 
case, where Eq. (6.2) has been integrated, for determining B in 
terms of the current. 

We first define unit current. We have already seen [by inte- 
grating Eq. (6.2)] that the field at a distance a from a long straight 
wire carrying current 7 is 


where the lines of B form closed loops around the wire. If we take 
two parallel wires of length L, separated by a distance a, and form 
circular loops of each one, keeping the distance a small compared 
with the loop radius (see Fig. 6.11), this same equation holds for 


Fig. 6.11 Force between two 
parallel current loops 
separated by a distance a. 


the field at one wire due to the current in the other. We have thus 
avoided the need for a very long pair of wires. We next apply Eq. 
(6.3) for the force between current elements. This gives dF = 
v’ dl B, where dl is an element of length of the wire loop on which 
we shall calculate the force. Substitution of B = poi/2ra and 
integration yields 


wos fa ot’tL 


i. 
2ra 2ra 


newtons 


where L is the circumference of each loop. If we place the two coils 
in series, 7 = 7’ and we can use the equation to allow for an ex- 
perimental determination of unit current. Thus if we measure F 
in newtons and measure lengths in meters, 7 will be given in 
amperes. Once we are able to measure the current in amperes, as 
we could do with this pair of loops, any one of our calculations of 
the value of B in terms of 7 can be used for determining B. For 
example, again using a loop, we have seen that the field at its center 
is B = yoi/2r, where r is the radius of the loop. 
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We have thus been able to define magnetic field strength, using 
the force between two current circuits. However, the lines of mag- 
netic field are not in the direction of the force on a current element. 
The vector cross product between dl and B gives the direction. 

The experimental arrangement described above not only re- 
lates B to the current but also fixes the value of the unit for charge 
q in the mks system. This is done through the relationship given 
in Eq. (7.1), one ampere equals one coulomb per second. Through 
this relationship, the value of uo/4m is obtained, and the units in 
electrostatics are related to magnetic units. 

We now turn to another contrasting property of the lines of 
magnetic induction. These lines are continuous and do not arise 
from any source in the way that lines of electric force originate on 
charges. Lines of magnetic induction thus form loops without any 
beginning or end. This property may be used to gain further in- 
sight into the nature of the magnetic field and also to allow for an 
extremely simple way of calculating the magnetic field in certain 
situations of high symmetry. Going back to the expression for the 
field around a long wire carrying a current 7, we found that at a 
distance r from the wire, the field is given by 


=— _ webers/m? 


and that the magnetic lines are concentric around the conduc- 
tor. Let us follow a particular line at a distance r around the 


wires and evaluate the line integral peal around this path, 


starting at any point and returning to the same point. Since the 
path is everywhere parallel to B and since B = yot/2nr the inte- 
gration becomes 


where 7 is the total current threading the path we choose. This is 
called Ampére’s circuital law. While the integration was here per- 
formed over a circular path, Eq. (6.14) is true, whatever the 
nature of the closed path. This becomes apparent if any given path 
around the conductor is approximated by segments that either are 
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radial in direction or are circular arcs about the conductor (see 
Fig. 6.12). | B-dl for a given radial segment depends only on the 
angle subtended at the wire by the are, since for a given arc B falls. 


Fig. 6.12 Approximation 

of an arbitrary closed path 
around a conductor by 
circular arcs and radial 
segments. Used for proof that 


B-dl = poi for any 


closed path enclosing 
@ current i. 


off as 1/r while dl increases as r. The contribution of the radial 


segments to f B-dl is zero, since B is everywhere | to the radius 


vector. Therefore g B-dl is simply the value over all the circular 


segments, which is the same as over a circular path. When the 
current is not limited to a single wire, it can be made up of a distri- 
bution of many small current elements, each contributing its field 
dB. The line integral can then be made up of the sum of elements 


g dB-dl = yo di, which when added up give the same result as 
Eq. (6.14). Let us recall the somewhat similar result for the line 
integral of the electric field, ¢ E-dl = 0, which was obtained on 


the basis of conservation of energy. In the magnetic-field case, we 
have shown that the analogous result does not hold. However, when 
a path through which no current flows is chosen, as, for example, 
the path shown in Fig. 6.13, the line integral 


pB-a =0 (6.15) 


just as in the electrostatic case. Under these conditions (only) we 


ei 
Fig. 6.13 Path 
threaded by no current, for 


which Bedi = 0. 


6.6 Further Field Calculations 


can define a magnetic potential just as in the electric case. We shall 
not pursue this further, however. 


6.5 Flux of Magnetic Induction 

We introduce at this point a quantity of considerable importance, 
the magnetic induction flux ®. This is the total number of lines of 
magnetic induction through a given area. The general equation for 
this is 


@ = /B-as 


Since B gives the number of lines of B per unit area, where the area 
is taken perpendicular to the direction of B, this equation follows 
immediately from the definition of ©. The quantity dS is an 
element of area (using vector notation) and is positive when di- 
rected outward (toward the viewer) from the area. The scalar or dot 
product takes account of the possibility that the direction of B may 
not be perpendicular to the area involved. In the special case that 
B is uniform and perpendicular to the area being considered, Eq. 
(6.16) reduces to @ = BS, where S is the area. We had a similar 


expression for the flux of electric field through a given area, / E-ds, 


though in the electric case there was no need to define a special 
symbol. 

A consequence of the fact that lines of B close onto them- 
selves and thus do not have sources, in contrast to the case of lines 
of E, is that 


i B-dS =0 
os 


for any closed surface. 


6.6 Further Field Calculations 

We next apply the line integral as developed in Sec. 6.4 to the cal- 
culation of the field due to two highly symmetrical current config- 
urations, both of which we have calculated earlier by integrating 
the fundamental equation 


dB = — (6.2) 
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a The magnetic field of a long straight conductor carrying a current i 
For this case we need only reverse the direction of the argument 
given in Sec. 6.4. We consider it here only to make the argument 
clear. We choose a concentric path around the conductor with a 
radius r. Knowing that B will be constant and parallel to the path 
around the entire loop, we can take B outside the integral and find 


Bat = BO dl = Boer = wyi 


or 


our previous result. 


b The field inside a long solenoid Here we start with a solenoid 
in the form of a torus as shown in Fig. 6.14. Let the average radius 
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Fig. 6.14 Toroidal solenoid. 


of the torus be a. Let there be N turns of wire carrying a current 7. 
The length of the solenoid is 2ra. We choose a path shown by the 
light line, over which we can see by symmetry the field B will be 
uniform and also parallel to the path. The total current threading 
this path is Ni, since each turn carries current in the same direction 
through the path we have chosen. The return current on the outside 
of the torus is outside the closed path and therefore need not be 
considered. The line integral becomes 


pea = Bhi = Bra = ywoNi 


HoNt = oN 
or B = —— = 
2ra L 


straight solenoid, where j* is the solenoidal current density. If we 
open out the toroid to form a straight solenoid, the field at its 


= uoj’, the result we found earlier for a long 


< 
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center will not be seriously affected, though as we have seen, the 
field at the ends will be reduced by a factor of 2, Although our 
new method is only approximate, it does give us one piece of in- 
formation that the detailed calculation did not give: The field at any 
point well inside the solenoid is the same, whether or not it is on the 
axis of the coil. In other words, the field inside a long solenoid is 
uniform far away from its ends, 


6.7 Torque on a Current Loop in a Uniform Magnetic Field. The 
Magnetic Dipole : 


Now that we have finished our discussion of the production of 
magnetic fields by currents, we turn again to the study of forces on 
conductors carrying currents, We center our attention on a very 
simple shape—a rectangular loop as shown in Fig. 6.15. The axis 


Fig. 6.15 Rectangular loop 
in a uniform magnetic 
induction field. 


of the loop is perpendicular to the uniform magnetic induction B, 
and the normal to the loop makes an angle @ with the field direction. 
We shall find the torque on the loop and show that the net force on 
it is zero, in this special case of uniform field. A current 7 flows 
through the loop. If the current 7 is clockwise as viewed from the 
left in Fig. 6.15, then both 7 and B are negative (in the sense of our 
earlier definition of the sign convention for B and 7) when we view 
the loop from the left and positive when we view from the right. 

Using the force equation (6.3), applied to the top and bottom 
sides, we find 


F=(iaxB) or F = iaB sin(= — 6) = sab coss (6.18) 


When the vector cross-product rule is applied, this force is upward 
on the top side and downward on the bottom side. The net force on 
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the rigid loop from these elements is thus zero, as is the torque. 
Applying the same equation to the vertical sides, we find 


F = iB (6.19) 


where the forces are again equal and opposite and outward but 
have components perpendicular to the plane of the coil. The torque 


Fig. 6.16 Top view of a 
rectangular current loop 

in a uniform magnetic 
induction field. The 
normal to the plane of the 
loop makes an angle 6 with 
the magnetic field. 


on the coil is thus not zero. Using Fig. 6.16, which is a view looking 
downward on the loop, we find for the total torque 


7 = 1bB sin @ = iBA siné (6.20) 


where A is the area ab of the loop. If there are N turns on the loop, 
the equation becomes 


rt = NiABsin@ (6.21) 
If we let 
NiA = Dm (6.22) 


as in Sec. 6.3, where pm represents the magnetic dipole moment, the 
equation becomes 


T = DnB sin 0 (6.23) 


The magnetic dipole moment p,, may be treated as a vector 
quantity pointing in the direction of the magnetic induction flux 
at the center of the current loop. From this point of view, Eq. 
(6.22) gives the direction as well as the magnitude of pm. Thus if 
we view the current loop NiA from the direction for which the 
current flows counterclockwise (positive), the magnetic induction 
B due to the current and hence also the dipole moment are directed 
outward (toward the viewer). The detailed analysis we have given 
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shows that the torque due to an externally applied magnetic in- 
duction field tends to align the magnetic dipole moment parallel 
to the external field. This behavior is the same as in the electric case, 
in which the electric dipole, treated as a vector quantity pointing 
from — to + ends of the dipole, tends to line up parallel to an ex- 
ternal electric field. 


Fig. 6.17 Current loop made 
up of many elementary 
rectangular loops. Effects 

of all currents except 

those around the 

periphery cancel. 


The justification for using p, for representing NiA is that 
whatever the shape of the loop, the torque depends only on NzA and 
not on the shape. We can see this by taking any arbitrary shape 
of loop and approximating it as a sum of rectangular loops as shown 
in Fig. 6.17. If the same current is sent through each rectangular 
loop in the same sense, the inside currents will just cancel each 
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Fig. 6.18 Electric and 
magnetic dipoles in uniform ana Pm=NiA 
electric and magnetic fields. T=pE sin® T=P,,Bsin9 


other, leaving only the peripheral current, which approximates the 
original loop as closely as we wish. The total torque is then the sum 
of the separate torques on individual rectangles and so must 
depend only on the current and total area of the loop. 

Figure 6.18 calls attention to the close parallel between an 
electric dipole in an electric field and a current loop in a magnetic 
field. In order to make the two situations similar, we must choose 
for the axis of the dipole moment of the loop the direction of the 
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normal to the plane of the loop. The magnetic dipole moment points 
in the direction from which the loop current is counterclockwise. 

Actually, the similarity in form between these very different 
quantities, the electrostatic and the magnetic dipole, goes even fur- 
ther. We have found the magnetic field along the axis of a magnetic 
loop or dipole, which we can write as 


Sa (6.9) 


Earlier we found for the electric field along the axis of an electric 
dipole 


E= 


——= (2.5) 


Thus the expressions are very similar. Not only is the comparison 
valid along the axis of the dipole but the same similarity holds at all 
points in space around the dipole as long as we stay far enough 
away so that the mathematical approximations used for the elec- 
trostatic case are valid. It is clear that at distances comparable to 
the dimensions of the dipoles the fields are of different shapes. For 
comparison we give below the similar electric and magnetic ex- 
pressions that apply far away, in terms of the tangential and radial 
components of the fields. We have not proved the equations for 
the magnetic case but shall quote them anyway. 


h ap Bo 2: 
E, = =F 0s 8 sy ea 08 0 
4reg r iw 7 
. Ho - 
Ey = P sino By = 2 sing 
4reg r 4m r’ 


The angle @ in these equations is the angle between the dipole 
moment and the field direction (see Fig. 6.18). 


6.8 Forces on Isolated Moving Charges 

Our next task, to inquire about magnetic forces on individual 
moving charges, is comparatively easy, since we have already 
examined forces on current elements and these are made up of a 
flow of individual charges. Our problem is to modify 


dF =idlxB (6.3) 


to allow it to apply to an individual charge e moving with a velocity 
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v. In order to do this, we look ahead to one of the results in the next 
chapter that gives current in terms of the motion of a group of 
charges. Equation (7.5) gives the expression for the current 7 in 
terms of N charges of charge e per unit volume moving with an 
average drift velocity v through a conductor of cross-section area A. 


i = NevA (7.5) 
Substituting this in the equation for the force on a current element 
(Eq. (6.3)], we get 

dF = NeAdlvxB 


This is the force on a total charge NeA dl. Dividing by NA dl, we 
have the force on a single charge e: 

F = e(v x B) 

The force is in newtons when the charge is measured in coulombs, 
the velocity in meters per second, and B in webers per square 
meter. 

We next investigate some consequences of this force on indi- 
vidual charges. We could have started with this last equation as 
the fundamental force-field relationship and then worked backward 
to the force equation for a current element. Our choice was essen- 
tially arbitrary. 

The first and most obvious conclusion from Eq. (6.25) is that 
a magnetic field acting on a moving charged particle cannot change 
the speed or kinetic energy of the particle. This follows from the 
nature of the vector cross product, which makes the resultant force 
be always perpendicular to the direction of motion. This means that 
the magnetic field can do no work on a charged particle, although it 
can change its direction of motion. 

A further result of the mutually perpendicular magnetic force 
and velocity vectors is that in a uniform magnetic field the motion 
of charged particles is circular or helical. Consider first a particle of 
positive charge g moving in a plane perpendicular to a uniform 
magnetic field, which in Fig. 6.19 is shown pointing into the paper. 


Fig. 6.19 Path of a moving 
charged particle in a 
perpendicular magnetic field. 
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In a time At it acquires a transverse velocity Av, which can be ob- 
tained from F = g(v x B), using the equation F dt = m dv: 
QB 


Av = — At 
m 


The angular change in the direction of v is given by 


w= =— (6.26) 


Since v remains constant in magnitude and the velocity-uniformly 
changes direction, the orbit must be a circle. The radius of curvature 
can be calculated from Newton’s law, F = ma = mv?/r, where the 
centripetal force is supplied by the magnetic field. Thus we have 


mv” mv 
Soe qB or r=— (6.27) 


In the more general case where the velocity is not limited to the 
plane perpendicular to B, Eq. (6.25) shows that the component of 
velocity in the perpendicular plane will behave as shown in Eq. 
(6.27) while the component parallel to B will be unaffected. If 
there is an additional velocity component parallel to B, the orbit is 
helical. 

A final important consequence of the nature of the magnetic 
force on moving charges is that in a uniform field the frequency of 
rotation of a moving charge is constant, independent of the velocity 
of the charge. We have already seen this in the result of Eq. (6.26). 
It is also apparent from Eq. (6.27) if we substitute rw = v and 
solve for w, giving again the result of Eq. (6.26). This is often called 
the cyclotron equation for reasons discussed later. 

We now discuss briefly the difficulty mentioned earlier (Sec. 
6.2), the net force due to the magnetic interaction between two 
moving charges. When two charges are moving along parallel 
lines, the forces of interaction can be shown to be equal and oppo- 
site, as we saw in the case of forces between current elements. If, 
however, the motion is not along parallel paths, there will appear 
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to be a net force on the system, as suggested by our earlier dis- 
cussion and shown in Fig. 6.7. This apparent breakdown of New- 
ton’s third law is resolved when we take account of an additional 
momentum that must be associated with the electromagnetic field 
of the moving charges. When this additional momentum is con- 
sidered, the total momentum of a system of two or more moving 
charged particles in the absence of external fields is found to be 
constant. 


6.9 Applications 
In this section we discuss a number of important applications of 
the magnetic-force law on moving charged particles. 


A velocity selector Ina large class of experiments in which the mo- 
tion of charged ions or electrons is to be studied, it is important to 
have a source of particles, all having the same velocity. Since most 
sources of electrons or ions emit particles with a wide range of 
velocities, a velocity selector is often essential. It is easy to under- 
stand the behavior of such a selector (Fig. 6.20), which uses both 


Fig. 6.20 Velocity selector tee 
involving crossed E and B 
fields. 


electric and magnetic forces. A capacitor-like arrangement pro- 
vides a uniform electric field E, upward in the plane of the paper. 
A uniform B field is provided perpendicular to the paper. Colli- 
mated charged particles emerging from the slit in the source S reach 
the output slit only if the electric and magnetic forces acting are 
equal and opposite. This requires 

Eq = wB 
for the simple arrangement involved. Thus only charged particles 
with a velocity 

E 
= — 


B 


can come out of the slit. 
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Determination of e/m In building up our knowledge of atomic 
structure, the determination of e/m for electrons and for ions has 
been a basic tool. Such determination is made possible by taking 
ions after passage through a velocity selector through a circular 
path perpendicular to a uniform magnetic field. Using an appro- 
priate detector of ions and a slit system, we can determine the 
radius of curvature of the electron or ion path. Knowledge of the 
velocity then allows evaluation of e/m. Thus, since r = mv/eB 
(Eq. (6.27)] and v = E/B [Eq. (6.29)], we find 


J. J. Thomson used this method for the measurement: of e/m 
for electrons in 1897 at the Cavendish Laboratory of Cam- 
bridge University in England. As used for the study of charged ions, 
such an apparatus is called a mass spectrograph. Studies of e/m for 
charged ions have elucidated many of the important facts of atomic 
structure, including the existence of isotopes. 


The cyclotron Probably the most familiar of all the machines for 
accelerating charged particles (ions) to high velocity, the cyclotron 
takes advantage of electric and magnetic forces on the ions. Ions 
starting from a central source are caused to move in circular paths 
by a magnetic field perpendicular to their motion. Motion takes 
place within two hollow electrodes between which an alternating 
voltage is applied. Ions that start out at the right time feel an accel- 
erating electric field each time they pass from one electrode to the 
other. Such ions make larger and larger orbits as they gain kinetic 
energy. However, they continue to stay in step with the alternating 
voltage, since their angular frequency is constant [Eq. (6.26)] A 
sketch of a cyclotron is shown in Fig. 6.21. 

For energies greater than about 20 million electron volts (Mev) 
the ordinary cyclotron fails because of the relativistic increase in 
the mass of the particles being accelerated. Thus the frequency of 
rotation of charged particles as given by Eq. (6.26) changes at high 
energies, and the particles do not remain in synchronism with the 
alternating voltage applied. Machines have been developed that 
avoid this difficulty by appropriately modifying the magnetic field 
or the frequency of the accelerating voltage as the particles increase 
in energy. Machines such as the proton synchrotron produce 
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Fig. 6.21 Cyclotron. Top view of cyclotron electrodes placed 
in an evacuated chamber between the poles of an electro- 
magnet. Positive ions emitted by the source S travel in circular 
orbits inside the hollow electrodes perpendicular to the 
magnetic field. Each time the ions traverse the gap between 
the electrodes they are accelerated by a potential difference due 
to an applied alternating voltage synchronized with the ion 
motion. As the ions gain energy, the radius of their path 
increases, until they are brought out of the magnetic field 
region by a negatively charged deflector plate. 


particles with energies in the 1 to 10 billion electron volt (Bev) 
range. 


Hall effect The Hall effect relates to the generation of a voltage 
when a current-carrying conductor is placed in a magnetic field. 
Useful information regarding current carriers in conductors is 
obtainable from this effect. Figure 6.22 shows the arrangement 


Fig. 6.22 Geometry involved 
in the determination of i 
the transverse Hall effect. 


used in the transverse Hall effect. If placed in a field B,, carriers of 
a current 7, are deflected (as shown here for electrons) until a trans- 
verse field EZ, is built up by the deflected charge. This is known as 
the Hall field and is obtained from the equation 


eH, = e\v X B| = eB (6.31) 


If we write j, the current density (current per unit cross-section 
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area as defined in Sec. 7.2) in terms of the density of carriers NV, their 
charge e, and their mean velocity v, 


j = Nev (7.4) 


we may express the Hall constant Ry as 


This constant may thus be determined experimentally by the 
measurement of the Hall voltage (from which the value of H, can 
be calculated), current density, and magnetic field. The sign and 
magnitude of the Hall constant give the sign of the carriers of 
current and their density. For most metals the carriers are found 
to be eleetrons, and for many metals the density of carriers is in 
good agreement with the number of valence electrons in the atoms 
making up the metal. However, there are cases where the carriers 
are positive (e.g., Be, Zn, Cd), and for Bi a very large value of the 
Hall coefficient suggests an anomalously low concentration of 
electrons (~0.004 electron per atom). These surprising results are 
well understood qualitatively and are associated with the quantum 
nature of solids. Another important result from Hall-effect meas- 
urements on metals is that N, the charge carrier density, varies 
only slightly with temperature. 


PROBLEMS 


6.1 Two long parallel wires are separated by 10 cm, and each carries 10 
amp in the same direction. Calculate the force between the wires 
per unit length. 


6.2 Find the magnetic induction field at the center of a square wire loop 
of side length 10 cm, carrying 10 amp. 


6.3 A conductor of circular cross section of radius a carries a current of 
uniform current density 7. Find the magnetic induction field at all 
distances r from the center of the conductor. 


6.4 In a conductor such as in Prob. 6.3, is there a magnetic force that 
tends to concentrate the current and make j nonuniform? Describe. 
In a conductor, is there any other force that would tend to stabilize 
the current density and prevent a concentration of the current? 
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6.5 


6.6 


6.7 


6.8 


6.9 


A long wire has a semicircular loop of radius 7 as shown in Fig. P6.5. 
A current 7 is flowing. Find the magnetic induction field at the center 
of curvature of the loop. 


Fig. P6.5 


A long, thin conductor of width 6 carries a current of i amp. Find the 
magnetic induction field in the plane of and outside the conductor 
at a distance a from its near edge. 


The coaxial line shown in Fig. P6.7 carries the same current 7 up the 
inside conductor of radius a as down the outer conductor of inner 
radius 6 and outer radius c. Find the magnetic induction field at all 
distances r from the center of the conductor. (Use Ampére’s circuital 
law.) 


Fig. P6.7 


A wire 10 cm long can slide on two parallel rods tipped at 45° to the 
vertical as shown in Fig. P6.8. These rods connect to a source of 
emf that produces a current % between the two ends of the rod. 
Another long conductor parallel to the movable wire carries a cur- 
rent iz. The currents 7; and 7 are in opposite directions. If the weight 
of the movable rod is mg, find the equilibrium distance between the 
two current-carrying wires. 


Fig. P6.8 


A solenoid 20 em long of radius 2 cm is wound uniformly with 3,000 
turns of wire. A current of 2 amp flows through the coil. 

a What is the solenoidal current density j*? 

What is the value of B on the axis of the solenoid, at the middle? 
What is the value of B on the axis at an end? 

What is the flux ® through the coil at the middle? 

What is the flux & through one end? 


aka & 
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6.14 
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An insulating circular disk of radius a has a uniformly distributed 
static charge of o coulombs/m*. The disk rotates about its center 
with an angular velocity w. Find the magnetic induction field at its 
center. 


Find the magnetic induction field at a distance b from the rotating 
disk of Prob. 6.10, along its axis of rotation, for b> a. 


Two circular coils of N closely wound turns of radius a are coaxial 
and are separated by a distance b. Find the force between the two 
coils when a current 7 passes through each coil. 


The axis of a circular coil of radius 10 em makes an angle @ with a 
uniform field B. The coil has 10 turns and carries a current of 5 amp. 
Find the torque on the coil. 


A toroidal coil of inner radius 5 cm and outer radius 6 em is uni- 

formly wound with 1,000 turns and carries a current of 5 amp. 

a Find the average magnetic induction field in the coil by using 
Ampére’s circuital law. 

b Find the magnetic induction field in the coil at a distance of 5.1 
em from the axis of the toroid. 


A current of 10 amp flows in the long wire shown in Fig. P6.15. Find 
the total flux through the area abcd. 


Fig. P6.15 


In Fig. P6.15 a wire loop carries 5 amp around the path abed in a 
clockwise direction. Find the magnitude and direction of the force 
acting on the loop due to the magnetic field of the upward current of 
10 amp in the straight wire. 


In a transverse-Hall-effect experiment, a current of 10 amp flows 
through a conductor of square cross section 0,5 cm on a side. The 
Hall voltage induced by a magnetic field of 2 webers/m? is 2.5 X 
10~® volt. Calculate the Hall constant Ry. If the carriers of current 
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6.19 


6.20 


6.21 


6.22 


6.23 


are electrons, find N, the density of carriers in the conductor, and 
draw a sketch showing the relative directions of the current, the 
magnetic induction field B, and the Hall field £,. 


What would be the transverse Hall field for a conductor having an 
equal density of positive and negative mobile charge carriers? 


The steady magnetic field of a cyclotron has a value of 0.5 weber/m’. 
What must be the frequency of the voltage variation on the two 
electrodes in order that the alternation of their potentials be syn- 
chronous with the motion of hydrogen ions? What will be the energy 
in joules and in electron volts of the ions when the radius of their 
path is one meter? How many revolutions will be required for the 
ions to gain this energy if the maximum potential difference be- 
tween the electrodes is 20,000 volts? 


A hydrogen atom consists of a proton and an electron separated by 
a distance of 0.5 X 107!°m. Assuming that the electron moves in a 
circular orbit around the proton with a velocity of 10'* eps, find the 
magnetic induction field at the nucleus due to the moving electron. 


The Helmholtz arrangement of two coils provides a large region 
of uniform field. Two similar coils carrying the same current are 
placed on the same axis, as shown in Fig. P6.21, separated by a dis- 
tance equal to the coil radius. Show that at point P on the axis, this 
arrangement gives both dB/dz and d*B/dx* equal to zero. 


Fig. P6.21 


Taking the radius of the earth as 6,400 m and the horizontal com- 
ponent of the earth’s magnetic field at the equator as 0.4 x to=* 
weber/m?, with what minimum velocity could a proton encircle the 
earth at the equator? 


An ion in vacuum starts from rest and is accelerated between two 
parallel plates having a potential difference of 1,000 volts as shown 
in Fig. P6.23. On emerging from between the plates, the ion moves 
into a uniform magnetic induction field of 0.1 weber/m?, directed 
perpendicular to the path of the ion. If the radius of curvature of 
the ion path is 0.3 m, what is the mass of the ion if it is singly charged 
(has one electronic charge)? 


Problems 
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Fig. P6.23 


Compute the tension in a circular loop of flexible wire of radius a, 
carrying a current J and lying in a uniform magnetic field of flux 
density B perpendicular to the plane of the loop. 


Show that the net force on an element of current in a uniform mag- 
netic induction field depends only on the positions of its two ends 
and not on the shape of the element. 


A current-carrying circular loop of radius r lies in a divergent mag- 
netic induction field whose lines of B make an angle @ with the plane 
of the loop, as shown in Fig. P6.26. If the loop has N turns carrying 
a current Jo in a clockwise direction as seen from above and if the 
external B field in the plane of the loop is Bo, find the magnitude 


and direction of the force on the loop. 5 


/ 
/ 


Bye 


fie oo 
Fig. P6.26 


Find the direction and magnitude of the magnetic field at the two 
points a and b (ais at the center of curvature of the semicircular loop 
of radius r, and b is midway between the two wires) as shown in 
Fig. P6.27. 


a 
Fig. P6.27 \& 


A large number N of closely spaced turns of fine wire are wound in 
a single layer upon the surface of a wooden sphere with the planes 
of the turns perpendicular to an axis of the sphere and completely 
covering its surface. The current in the winding is 7. Find the mag- 
netic flux density at the center of the sphere. 


A pair of infinitely long thin wires carry equal currents 7. They are 
bent as shown in Fig. P6.29. What is the magnetic induction B at 
the center of the circular parts? 


Fig. P6.29 


ob 
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Electrons are revolving in a uniform magnetic field. What is the 
value of the field B such that the electrons make one complete revo- 
lution in 10~* sec? 


A flat coil is wound so that it contains a very large uniform number 
of turns per unit distance along its radius, as shown in Fig. P6.31. 


Fig. P6.31 


If this number is Z, show that the magnetic induction at the center 
of such a coil of inside radius a, outside radius b, carrying a current 
i, is given by 

b 


a 
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7.1 Introduction 

In this chapter we discuss electric circuits and the factors that 
control currents in circuits. After considering resistance and Ohm’s 
law, we study the dissipation of energy when current flows in a 
resistance and discuss electromotive force as a source of electric 
energy. We develop circuit equations and study methods of 
measuring current and voltage. Finally, we depart from fundamen- 
tal electrical theory to discuss the causes of resistivity in metals, 
the mechanism by which chemical cells produce electric energy, 
and the phenomena of contact potential and thermal electromotive 
force. 


7.2 Electric Current 
In this section we limit the discussion to the simplest ideas about 
currents and metallic conduction. We postpone a more detailed 
examination of the reasons for conduction in metals and the nature 
of the metallic state. 
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7.2 Electric Current 


Basically, electric current is simply a flow of charge. If there is 
a surface through which charges are flowing steadily, such as a 
cross section cut through a wire, the current 7 is defined as 


i= coulombs/sec 


dt 
‘A current of one coulomb per second is defined as one ampere in 
both the mks and the practical system of units (see Chap. 15). The 
positive direction of current is taken conventionally as the direction 
of flow of positive charge. In a majority of cases it is actually a nega- 
tive charge flow in the opposite direction that produces current. 

When the rate at which charge is passing by varies over the 
surface, we can more conveniently discuss the current density j, 
which is related to the current by the equation 


i= fi-as amp 


where dS is an element of the area A. The integral is taken over 


“the surface through which we are calculating the current, and the 


unit of current density is the ampere per square meter. Use of 
vector notation allows the consideration of a cross-section area not 
perpendicular to the current flow. Thus in Fig. 7.1 the integral 


Fig. 7.1 Relationship 
between current and current 


density, i = [i-as. 


allows for the angle between dS and j. The value of the integral is 
independent of the shape of surface taken and thus gives the same 
current through the wire as long as the surface taken cuts com- 
pletely across the region of charge flow. When the current density is 
uniform, Eq. (7.2) can be integrated to give 


i=jeA 


When the area is taken perpendicular to the current density, this 
becomes i = jA, where A is the cross-sectional area of the con- 
ductor. 
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ds 
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Current is due to the drift of charge carriers with a mean drift 
velocity v, each carrying a charge e and having a density of N 
carriers per unit volume, so 


j = Nev 
or, if A is the cross-sectional area of the conductor, 
t = NeA 


This is shown using Fig. 7.2. We ask for the rate at which charge 
crosses the area A. In a time dt a cylinder of charge of length v dt 


vat: 
Fig. 7.2 Calculation of id 
current in terms of 
drift velocity. A 


and area A passes through the surface we have chosen. This volume 
is Ay dt and it contains NAv dt charge carriers. Since each carrier 
has a charge e, the total charge flow in the time dt isdg = NevA dt. 
Evaluation of dg/dt = 7 gives the result of Eq. (7.5). 


7.3 Resistance, Ohm’s Law 

Equation (7.5), which shows that the current is proportional to the 
mean drift velocity, provides the clue for understanding Ohm’s 
law, the law of proportionality between current flow and potential 
difference along a metallic conductor. Although the individual con- 
duction electrons in a metal move at quite high velocities (~10° 
m/sec), this motion in the absence of an externally imposed electric 
field is completely random and results in no net flow of charge. We 
may think of this random motion as resulting from random elastic 
collisions between the electrons and the metal lattice (ion cores). 
The average time between collisions is known as the mean free time, 
and the average distance traveled between collisions is called the 
mean free path. This is the same terminology used in discussing the 
random motion of molecules in a gas. Because of the random nature 
of this motion, on the average no net charge is transferred. How- 
ever, if an electric field is applied to the nietal, the path of each 
electron is bent in its random motion in the direction of the force 
produced by the field. Figure 7.3 is a crude picture of the effect of 
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the external field in causing the electron paths to curve in the direc- 
tion of the force to produce a net drift velocity. This curvature 
results from the acceleration of the charge between collisions. We 
may assume that on each collision with the lattice, the excess energy 


Fig. 7.3 Effect of external 
field on random electron 
motion. 


picked up by the electron in the external field is lost to the lattice. 
We now can associate the mean drift velocity v with the accelera- 
tion due to the externally applied electric field. Figure 7.4 shows a 


Fig. 7.4 Time variation of 
velocity produced by 
external field. The 
accumulated velocity goes to 
zero at each collision 

with lattice. 


qualitative picture of the way in which the excess velocity produced 
by the external field varies with time. During each free. path the 
electric field produces a uniform acceleration in the field force direc- 
tion (F = eE). Each collision reduces the accumulated velocity pro- 
duced by the external field to zero, after which the acceleration 
again causes a uniform velocity increase until the next collision with 
the lattice. The drift velocity is the time average of this motion 
superposed on the generally much higher random velocity of the 
electrons. 

Since the drift velocity is always much less than the random 
velocity of the electrons, the mean time between collisions is in- 
dependent of the applied field. Thus the only factor influencing 
the drift velocity is the acceleration due to the electric field force 
Ee on the electrons. Since the current is proportional to the drift 
velocity, we have at once 


txk (7.6) 
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which is the result we needed in order to understand Ohm’s law. 
The current is proportional to the force on the electrons imposed 
by the electric field because of the effect of the collisions between 
electrons and lattice. The situation is similar to viscous flow, such 
as, for example, the velocity of fall of raindrops in air under gravi- 
tational force. The raindrops fall with a constant velocity that 
depends upon the gravitational force acting on them. If, instead, 
the raindrops were in free fall, their velocity would increase con- 
tinuously, as would the current in the absence of the viscous effect 
of collisions. 

For the simple case of a conductor of uniform cross section 
and length L, an applied potential difference V between the ends 
gives rise to a uniform field given by H = V/L. For this conductor, 
we may replace the field # in the proportionality equation (7.6) by 
V/L to get 


taV 


or 


where R, the resistance, gives the proportionality between V and 7. 
This is the usual expression of Ohm’s law. With V in volts and 7 in 
amperes, R is in ohms in both the mks and practical systems of units 
(see Chap. 15). 

Although electric fields in metals vanish in equilibrium, the 
present case is not one of equilibrium, but of steady state. That is, 
charge carriers (electrons, in the case of metals) are continually 
moving under the influence of the field and are prevented from pro- 
ducing a zero field situation by the potential difference maintained 
between the two ends of the conductor. 

We may relate the resistance R to the properties of the con- 
duction electrons in the metal. Using the same simple shape of a 
conductor of length Z and cross-section area A, we calculate the 
value of R using the ideas of mean free time, etc., as discussed 
above. Using Eq. (7.5), i = NevA, we evaluate v, the mean drift 
velocity. If 27 is the mean time between collisions, 


1 2r 
v =-eH — (7.7a) 
2 m 
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This follows from F = eH = ma, where v = a(2r) is the accumu- 
lated velocity after a time 2r. The factor }4 is due to the fact that 
the mean velocity during each free path is }4 the maximum velocity 
during that interval. r is called the relaxation time. If we replace 
E by V/L, we find 


: Ne*rA 
i= V 
mL 
This gives 
R= m L ms L 
“Nerd °A 


The quantity p as defined by Hq. (7.9) is called the resistivity. It is 
equal to the resistance of a conductor of unit cross section and unit 
length. Thus, 


ohm-m 


m 
o Nex 
The conductivity o is the reciprocal of the resistivity and is given by 


Ne*r 


= (ohm-m)~ 


The resistivity depends only on the behavior and number of con- 
duction electrons and not on the shape of the conductor. 
Substitution of known quantities in Eq. (7.10) shows that for 
metals at room temperature, 7 is of the order of 10° seconds. 
Very pure metals at very low temperatures may have values of r 
as long as 10~7 seconds. This result is discussed in Section 7.10. 
Another form of Ohm’s law is obtained by starting with Eq. 
(7.6), i « E, which states that current through a conductor is pro- 
portional to the electric field. We may express this same propor- 
tionality in terms of the current density j(= 1/A) and write 


jek 
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(7.10) 


(7.11) 


Current, Resistance, and Electric Circuits 


The proportionality constant between current density and electric 
field is ¢, the conductivity, so we can write 


j=cE 


This is a vector equation since both j and E are vector quantities. 
We can show that this is exactly equivalent to our first expression 
for Ohm’s law [Eq. (7.7)] by considering a length L of a conductor of 
uniform cross section A as shown in Fig. 7.5. Let the potential 
difference across the length L be V and write 


_ Vi oVA 
poses 
R OL 


where we have replaced R by 12 , as required by Eqs. (7.9) and 
o 


(7.11). When we solve this for the current density j and replace 
V/L by E, we get the alternative form given by Eq. (7.12). 


Fig. 7.5 Length of 
conductor L with cross 
section A and applied voltage 
V. Current density is given 
by j =<cE, or current is 
given by i = E/R, where 


As long as the conducting material is isotropic, the directions 
of E and j are the same. The advantage of this form of Ohm’s law 
is that it is a microscupic expression. That is, it tells the relationship 
between current density and field at each point in a conducting 
medium. This contrasts with V = ¢R, which gives the total current 
through a finite body of resistance R across which a potential 
difference V is maintained. 

When we have a number of resistors of resistance Ry, Ro, Rs, 

. connected in series, they can be shown to be equivalent to a 
single resistor of resistance R = R, + Ro + R3 + ---. Thus, in 
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series connection the current through each resistor is the same, so 
we have for the potentials across each: 


V, = ik, 
V2 = iRe 


V3 = tR3 


Adding these to get the total voltage V across the series array, 
we find 


V =i(R, + Ro + Ra +:+-) = 1k 


so the equivalent resistance is found to be the sum of the individual 
resistances. 

In the case of parallel combinations, the voltage V is the same 
across each resistor. Thus V = 1;R; = i:R2 = ghz .... 


a 


1 1 1 1 
-ptetE es -v(z tote te)aV5 
Ry Rs R. Rs R 
Thus the reciprocal of the equivalent resistance is equal to the sum 
of the reciprocals of the resistances. 
These results may be written as follows: 
Resistances in series: 


R=DR; 
Resistances in parallel: 
— - oe — 


When the cross section of a conducting body is nonuniform, 
the current density varies through the body and the problem of cal- 
culating its resistance becomes more complicated than in the case 
of a simple body of uniform cross section, where we can use 
R = pL/A (Eq. (7.9)]. For all but the simplest shapes, the mathe- 
matical difficulties can become rather serious, but we shall take a 
very simple example to show the method of attack. The problem 
is mathematically identical with the calculation of heat flow 
through a thermally conducting body. 
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Consider the radial flow of current through a circular slab of 
conducting material from some radius a at a potential V, to the 
outer radius V, (Fig. 7.6). Let the conductivity of the circular 


Fig. 7.6 Calculation of 
resistance for radial current 
flow through a circular 

disk. Flow is from radius a 

at V, to radius b at V». 


‘slab be o and its thickness be ¢. Since the cross section of this 
conductor perpendicular to the current flow is 2mrt at any radius r 
and therefore varies as we move out from one end of the conductor 
to the other, we do not expect the voltage gradient or electric field to 
be uniform. However, the total current through any cross section 
is the same as that through any other cross section, so we can 
write an expression for the current, 


av 
i= JA = oAE = — o2ert (7.15) 


where j is the current density at any radius r. When we solve this 
for dV across a ring of width dr, we get 


The total voltage difference between the two ends of the conductor 
is 
7 bdr rt fo 
Vo—Va=] dv = —-— | —=—In— 
a QatoJ, r Ate Ty 
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The resistance of the conductor is then given by 


pL Ve = Vo a We 


t 2ntc ry 


We have chosen a case in which it is easy to find the element of 
area that is perpendicular to the current flow. This is necessary 
in order to obtain i from jA as we did in Eq. (7.15). If the current 
is not perpendicular to the cross section chosen, we must use 
i = j-A, which greatly complicates the problem. 

As we shall see in Sec. 7.9, the resistivity of metals varies with 
temperature and purity and is affected by imperfections in the 
crystal structure. In general, the resistivity in metals increases with 
increasing temperature, owing to the reduction in the length of 
electron paths between collisions with the lattice. In the case of 
semiconductors, discussed in Sec. 11.3, the resistance generally 
decreases with increasing temperature. This results from the 
higher density of charge carriers in semiconductors at higher 
temperatures. 

Some materials and devices do not obey Ohm's law. For 
example, in a gas discharge tube (see Chap. 13) and in a diode 
vacuum tube (Sec. 11.2) or a crystal diode (Sec. 11.3), the current 
is not proportional to the applied voltage. In such cases the simple 
model of a constant number of conduction electrons undergoing 
collisions as they drift under the influence of an external field 
is not appropriate. 


7.4 Energy Dissipation in a Resistance 

When current passes through a resistance, electric energy is 
converted to thermal energy. When the potential difference between 
the two terminals of a resistance R is V, an amount of work V dq 
is done by the electric field in moving a (positive) charge dq from 
the higher to the lower potential, or 


dW =Vdq 


The rate at which work is done, or power, is 
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From Eq. (7.7), V = iR, so 


P=?R _ joules/sec = watts 
or 


These: last two expressions are of course applicable only where 
Ohm’s law applies. 

The energy dissipated in the resistance goes into heat. The 
process is one in which electrons are accelerated by the applied 
field but continually lose their excess energy by collisions with the 
lattice of ions. This heats up the lattice by increasing the energy 
of thermal vibrations. Heating effects can be converted to thermal 
units through the relationship, one calorie is equal to 4.186 joules. 


7.5  Electromotive Force, Internal Resistance 

Since energy is dissipated when current passes through a resistance, 
as shown in the last section, any circuit in which there is a current 
and which involves dissipative elements such as resistances re- 
quires a source of energy. The energy source causing current 
flow in a circuit cannot be an electrostatic field. This follows 
from the fact that the change in electrostatic potential around 


any closed path is zero ( ¢ E-dli=0 }. Thus an electrostatic field 


cannot give energy to charges that move completely around a 
circuit. The source of energy in a circuit may be chemical, thermal, 
or mechanical, or it may result from a changing magnetic field, 
as will be discussed in Chap. 8. In many cases the energy source is 
localized, as in a chemical cell or battery, but there are also situations 
in which the source of energy extends over the entire circuit. A 
number of particular sources will be discussed later, but here we 
develop a generalized method for describing all sources of energy 
causing current in closed circuits. 

A source of energy is characterized by its electromotive force 
(emf) &. This is defined by the equation 
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The power P is the rate at which energy from a nonelectrostatic 
source is converted to electric energy. This rate depends on the emf 
and the current 7 in the circuit. Letting i = dq/dt, Eq. (7.20) may 
be written as 


qw sC 
&= = joules/coulomb, or volts 


Thus the emf is the work per unit charge done by the source. The 
unit of emf in mks or practical units is the volt. Because the unit 
of emf is the same as the unit of electrostatic potential difference, 
emf is often confused with electrostatic potential. The important 
difference between the two is that while an electrostatic potential 
difference can do work on a charge when the charge is moved from 
one point to another, only a source of emf can provide energy to 
cause current around a closed circuit. 

In a steady state, the rate at which energy is put into an 
electric circuit is equal to the rate of dissipation of electric energy 
in the circuit. Thus Eq. (7.20) gives not only the rate of production 
of electric energy but also the rate of electrical dissipation in the 
circuit. If the losses in the circuit are all resistive and the total 
resistance in the circuit is R, it follows that 


si =?R 


Here we are assuming a simple circuit with only one path for the 
current (Fig. 7.7). The resistance R includes all the dissipative 
elements in the entire circuit. 


Fig. 7.7 Asource of © 
electromotive force that 
produces a current ina closed 
circuit. 


In cases where the source of emf is localized, as in a battery, 
the losses in the circuit may be divided into losses within the source 
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of emf and losses in the external circuit. Figure 7.8 shows the way 
in which resistive elements can be divided into the internal resist- 
ance R; and resistance in the external circuit, R. Upon dividing 


Fig. 7.8 Schematic 

diagram showing internal 
resistance of a source of emf. 
Source shown is a chemical 
cell or battery. 

Battery terminals are 
ataand b. 


Eq. (7.22) by 7 and substituting (R + R;) for the total circuit 
resistance, we find 


& = i(k + R,) or & —7iR; = ik (7.23) 


The potential difference across the external circuit is given by 
V = iR. This is also the potential difference across the terminals 
of the source. We may then write 


&—iR; =V (7.24) 


Figure 7.9 shows a plot of the potential difference across the ter- 
minals of an energy source as a function of the current through the 


Fig. 7.9 Output voltage of a 
source of emf versus 
current. At a current i; 
there is a resistive voltage 
drop AV = i,R; within the 
source, leaving a potential 
difference V\ between 
electrodes. 


source. The emf of the source equals the potential difference 
between its terminals when no current flows. When the internal 
resistance of the source is negligible compared with the resistance 
in the external source, we may write the approximate equation 


&=V (7.25) 


7.6 Circuits, Kirchhoff’s Rules 


In the case of localized sources it is useful to look at a circuit 
from another point of view, as suggested by the diagram in Fig. 7.10. 
It may be considered that the nonelectrostatic source of energy 
causes a separation of positive and negative charge within the 
source. The separated charges produce an electrostatic field within 


Fig. 7.10 In this circuit 
the source of emf produces a 


potential difference V = + 


& — iR; between terminals 
a and b. The same potential el 
difference is across the 
load cd, causing a current 
i= V/R in the load. 


the source, and work must be done by the energy source to move 
charges against this field. A potential difference & — ik; = V is 
thus maintained between the source terminals a and b. When 
wires of low resistance connect the terminals of the source to the 
load, this same potential difference is maintained across the load 
terminals c and d. From this point of view, the source of emf pro- 
vides the electrostatic field that causes current in the load. 


7.6 Circuits, Kirchhoff’s Rules 

We now discuss some general properties of electric circuits. 
Figure 7.10 is an example of a typical circuit containing a source 
of emf and a dissipative resistance. The usual problem is to 
calculate the current in the circuit and the voltage across each 
element. We have already developed Eq. (7.23), which gives the 
solution when we know the values of emf and resistances of the 
elements in the circuit. This equation holds around any closed 
circuit. In the general case where there is more than one source 
of emf and more than one resistance in the circuit, it may be 
rewritten as 


2 — DR =0 


The first term represents the emf between the terminals of the 
source or sources, and the second term is the sum of the voltage 
drops across the resistances in the circuit, including internal 
resistance in the source. The emf is positive in the direction in 


153 


|i 


(7.26) 


Current, Resistance, and Electric Circuits 


which positive charge is displaced, and the voltage drop iR is 
positive in the direction of the current. 

Often this equation is rewritten so as to include the effect 
of the internal resistance on the left-hand side, writing V = & — iR; 
for the potential difference across the source when current flows. 
This gives 


ZV ==iR 


where F now refers only to external resistances around the circuit. 
This is essentially the same as Eq. (7.26). 

A second important rule comes from the idea of charge con- 
servation, that is, that charge is neither created nor destroyed. 
It follows that if there is no piling up of charge at any point in a 
circuit, the rate at which charge comes to that point must be 
equal to the rate at which charge leaves the point. Thus the current 
to the point must equal the current away from the point, or at any 
point on the circuit, 


21 =0 
In this terminology, current coming into a point is given one sign, 
and current leaving the point is given the opposite sign. When 


applied to a simple circuit containing no branch paths, such as in 
Fig. 7.10, this rule says that the current has the same value at 


Fig. 7.11 Circuit 
with divided current path. 


every point in the circuit, which we have already tacitly assumed 
in writing Eq. (7.23). 

In a more complicated circuit, such as shown in Fig. 7.11, we 
apply this same rule at the junctions a and b. It tells us that the 
current 7 coming into the junction equals the sum of the currents 
t, and 72 through the parallel resistances R, and Ro. 
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In circuits like that of Fig. 7.11, we can obtain currents and 
voltages by applying Eqs. (7.27) and (7.28) and by using the rules 
for series and parallel combinations of resistances already developed. 
Many complicated circuits can be broken down into simple series 
and parallel combinations of resistances, allowing simple solution. 

We give a formal solution of the circuit of Fig. 7.11, assuming 
& and all the resistances are known. We can write the circuit 
equation 


& = iR; + iR3 + Ve 
where Vz is the voltage across R, or Rg. Also, 
Vr = 1 R, = eRe 
and 
a 4g = s 
Finally, the equivalent resistance of R, and Rz in parallel is given 
by 


1 1 1 RR 
Plas ei or ——————— 
R Rh Ro Ri + Ry 
The circuit equation becomes 
648i + eke 
= ik; +i i——— 
‘i R, + Ro 


which we can now solve for 7. The values of 7, and iz are readily 
obtained once 7 is known. 

In some circuits the resistance cannot be handled in the 
simple series or parallel fashion. Such a circuit is shown in Fig. 7.12. 
This circuit will be used to describe a method for finding the current 
in each branch, given a knowledge of the emf & and of all resist- 
ances. We use 7, for the current through R,, and sc forth. The 
rules for solving such a problem are called Kirchhoff’s rules, which 
are actually simply the circuit and current equations we have just 
developed, 


2é — Lik = 0 and zi =0 (7.26, 7.28) 


The first equation applies to any closed loop, and the second is to 
be applied at junctions. The application of these rules is greatly 
simplified by establishing a definite procedure. We begin by 
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making assumptions regarding the direction of current that we 
call positive in each branch. It is not necessary that our choice be 
correct, since if a current comes out negative it merely means 
that it flows the opposite way. Correctly assigned current directions 
will be positive. 
We next prepare to apply the circuit equation to several of the 
loops. (It is not necessary to consider all possible loops. We need b 


Fig. 7.12 Use of Kirchhoff’s 
rules for current 
calculations, 


only a total number of equations equal to the number of unknown 
currents.) For each loop we decide on the direction we choose to 
go around the loop, as illustrated by the paths A, B, and C in 
Fig. 7.12. Care must be taken in choosing the signs of the emfs 
and iR drops as we proceed around the loops. Just as in the case 
of the simple circuit of Fig. 7.10, & is taken positive if we move 
through the source from negative to positive. (As we have chosen 
the direction of path C in Fig. 7.12, & is negative.) The voltage 
drops iF through the resistances are substituted into Eq. (7.27) 
as positive quantities if'we move in the same direction as the 
assigned current, and as negative quantities if we travel in a direc- 
tion opposite to the current. To illustrate these ideas, we list the 
equations for circuits A, B, and C: 


Loop Equation 
A —inRi + ieRo + isRs = 0 
B igh, — i3R3 + i5Rs = 0 


c —8 — ibRe — WRs — Ri = 0 
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We next write the junction equations according to Eq. (7.28): 


Junction i 


a ° fA 


Equation 

is=ii tie 
=i: +is 
is = is tig 
i =iit+is 


Once the equations are written down, the problem of solution 
is entirely algebraic. It usually pays to replace the symbols for re- 
sistances by their actual values since this simplifies the algebra. 

The procedure given is only one of several equivalent methods. 
However, all methods depend on the application of the same two 
principles of conservation of energy and conservation of charge. 


7.7. Current and Voltage Measurement, the Galvanometer 
We have discussed electric currents at some length without giving 
any details as to how currents can be measured in the laboratory. 
We now make up this deficiency and start with a discussion of the 
galvanometer, the most used device for measuring both current 
and, indirectly, potential difference. 

As mentioned briefly in Chap. 6, a torque is exerted on a 
current-carrying loop placed in a magnetic field as shown in Fig. 
7.13. In the galvanometer, a loop carrying the current to be 


Fig. 7.13 Galvanometer 
coil in a magnetic induction 


field. 


measured is placed in the magnetic field of a permanent magnet. 
A spring acts to hold the plane of the loop parallel to the magnetic 
field, and current in the loop causes the loop to twist toward the 
perpendicular to the field against the torque exerted by the spring. 
Motion of the loop actuates a pointer or, in the most sensitive 
instruments, moves a mirror so as to cause a light beam to rhove 
over a scale. 
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The sensitivity of a galvanometer can be determined through 
the application of our earlier equation, 


+ = NiABsiné (6.21) 


giving the torque on a coil of N turns, area A, carrying a current 
i in a magnetic induction field B. Here we have used @ for the 
angle between the normal to the plane of the coil and the field 
direction. The angular deflection 6 for a given current will depend on 
the restoring torque provided by the coil suspension. We charac- 
terize this by the torque constant k, where 


7 = ko (7.29) 


When the plane of the coil is parallel to the field, @ = 90°, or 
sin @~ 1, and we may equate (6.21) and (7.29) to give 


i = ——6= K'9 (7.30) 


where K’ is called the galvanometer constant. Thus the deflection 
angle of the galvanometer is proportional to the current through it. 
In practice this equation is made applicable over a wide angle by 
shaping the magnetic field so that the lines of B remain nearly 
parallel to the coil as it turns, as shown in the sketches in Fig. 7.14. 


Fig. 7.14 Galvanometer 
coil placed between 

magnet poles, Soft iron core 
produces radial field. 


A soft iron cylinder is often placed at the center of the coil, which 
together with the specially shaped poles of the permanent magnet 
causes the magnetic field lines to be radial. 


7.7 Current and Voltage Measurement, the Galvanometer 


A common practice with sensitive galvanometers is to quote 
sensitivity in terms of the current necessary to cause a l-mm 
deflection of a light beam reflected by the galvanometer mirror on 
a scale 1 m away. Since the light beam is deflected by an angle 28, 
we have d/L = tan 20 ~ 20, where L is the distance from galva- 
nometer to scale. Substitution in Eq. (7.30) gives 


d K 
i= K' — = ——d=kd 
2L 2,000 


where d is in millimeters. K is called the figure of merit of the gal- 
vanometer. Currents as small as 10"! amp can be measured on the 
most sensitive galvanometers. 

When the galvanometer is used as a current-measuring instru- 
ment, it is desirable that its resistance be very low compared with 
other elements in the circuit to which it is connected. This is 
necessary to avoid perturbing the circuit. A simple example is shown 
in Fig. 7.15. Here we might wish to determine the resistance R by 


Fig. 7.15 Galvanometer be- 
ing used to measure 
current. 


measuring the current flow through it when it is connected to a 
known voltage source V. We should like to have the resistance of 
the galvanometer much less than R so that all but a negligible 
fraction of the voltage V appears across R. Galvanometers for use 
in ammeters are wound with a few turns of heavy wire to keep the 
resistance as low as possible. 

The maximum sensitivity of an ammeter is fixed by the 
sensitivity of the galvanometer movement of which it is made. 
However, it is often required to reduce the sensitivity to a lower 
value. This is done by providing a shunt or parallel resistance, as 
shown in Fig. 7.16. Here the resistance of the galvanometer move- 
ment is given by R,, and the shunt resistance is Ry. Application of 
Ohm’s law to this circuit gives the value of Rp necessary to reduce 
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Fig. 7.16 Shunt resistance 
R, used to adjust sensitivity 
of galvanometer used as 

an ammeter. 


the sensitivity to any desired value. Such a shunt also reduces the 
total resistance of the ammeter. 

When a galvanometer is to be used as a voltmeter, as in 
Fig. 7.17, it is necessary that its resistance be much larger than 


Fig. 7.17 Galvanometer 
used as a voltmeter, | 
to measure voltage across R). 


any resistance across which it is to be placed. Otherwise the volt- 
meter will alter the current flow in the circuit, which is usually 
undesirable. Galvanometers to be used as voltmeters are wound 
with many turns of fine wire to give high sensitivity and high 
resistance. Usually there is sensitivity to spare, and the total 
resistance of the voltmeter is increased and its sensitivity is re- 
duced to the desired value by the addition of the appropriate 
series resistance R, as shown in Fig. 7.18. A simple calculation 


R, 
Fig. 7.18 Series resistance 
R, used to adjust sensitivity R, 
of galvanometer used as 
voltmeter. 


again allows the determination of the appropriate value of R, for 
a given sensitivity. 


7.8 The Potentiometer 161 


7.8 The Potentiometer 

The most common circuit used for measuring potentials is the 
potentiometer. This is actually a voltage comparison device that 
uses a galvanometer as a null indicator. A simple form of this cir- 
cuit is shown in Fig. 7.19. It consists of a voltage source V, con- 


Fig. 7.19 Potentiometer 
circuit. 


nected through an adjustable resistance R, to a resistance wire R. 
The voltage across the terminals AB is adjustable by moving the 
sliding contact to B. The special feature of the resistance RF is that 
it is made of uniform wire so that the voltage across AB is related 
to the total voltage across R by the ratio of the length a to L. That 
is, 


This follows at once from Ohm’s law, supposing that the wire is 
uniform in resistivity and cross section. 

In use, the potentiometer is first adjusted and calibrated by 
mbasuring the voltage of a known source such as a standard cell. 
That is, terminal B is arbitrarily placed at. some convenient 
position (for example, the distance a may be calibrated in volts, in 
which case B is set at the voltage of the known source), and the 
adjusting resistor R, is moved until the galvanometer reads zero. 
This in effect establishes a standard current in the potentiometer. 
An unknown potential is then measured by placing it across AB 
and adjusting the distance a until the galvanometer again reads 
zero. A simple Ohm’s-law calculation then gives the potential of 
the unknown voltage. When the potentiometer is balanced, no 
current is taken from the voltage source being measured. In actual 
practice, the galvanometer is shorted by a shunting resistance to de- 
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crease its sensitivity until balance is almost perfect. This prevents 
damage to the galvanometer from overloading. In a similar way 
the standard cell usually associated with the potentiometer is pro- 
tected from heavy current drain, which will damage it, by a large 
series resistance that is shorted out after almost perfect balance has 
been reached. In most potentiometers the single slide wire is re- 
placed by a series of taps and a slide wire that allows for a similar 
accurate adjustment and measurement of the effective ratio a/L. 
The term potentiometer usually refers to the entire apparatus, 
including battery, standard cell, and adjustable resistance tap used 
for measuring unknown potentials. However, any adjustable tap 
on a constant resistance that allows a variable voltage to be ob- 
tained is also called a potentiometer. Figure 7.20 shows the contrast 
Fig. 7.20 Variable 


(@) (6) 
resistance connected as 


(a) potentiometer (three 
terminals) and (b) rheostat 
or variable resistor (two wih 
terminals). Symbols 
used as shown. 


between a variable resistance, or rheostat, and a potentiometer as 
used in electronic circuits. The same device may be used either as 
a potentiometer or as a rheostat. The only difference is that in a 
potentiometer current flows through the entire resistance element 
and a variable voltage is tapped off, making it a three-terminal 
device, whereas a rheostat is a two-terminal device in which current 
flows through a variable amount of the resistance element. 


7.9 Wheatstone’s Bridge 
Another circuit used for measuring resistances is Wheatstone’s 
bridge (invented in 1833, probably by a man named Christie), 


7.10 Variations-in Resistivity of Metals 


shown in Fig. 7.21. This is also a null instrument using a galva- 
nometer to indicate “‘balance.” R, is here the unknown resistance 
and Ro, Rz, Rs are known resistances, one or more of which are 


R, 


Fig. 7.21 Wheatstone’s 
bridge, allowing measure- 
ment by null method of an 
unknown resistance R, in 
terms of three other known 
resistances (Ro, R3, Ry). 


adjustable. No current flows when the switch in the galvanometer 
circuit is closed, provided that the resistances are related so that 


This allows the unknown resistance to be calculated. This circuit 
is one example of many bridge circuits that allow null measurements 
to be made, giving high accuracy. This method does not require 
knowledge of or strict constancy of the voltage source V. 


7.10 Variations in Resistivity of Metals 

A few remarks about the variation in resistivity among different 
kinds of metals under different conditions are in order. Table 7.1 
gives resistivities of a few typical metals at 20°C. 


Table 7.1 

Metal Resistivity p, ohm-m 
Cu 1.7 X 107% 
Al 2.8 <.107% 
Ag 1.6 x 10% 
Au 2.4 X 10° 


Brass ~7 X 10° 
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In Sec. 7.3 we developed a simple classical theory of conductivity. 
A detailed understanding of the behavior of conduction electrons 
in metals involves quantum-mechanical considerations that we 
shall not present here. However, we may still use the classical ex- 
pression derived earlier, 


ee 7.10 
0 Néer oe) 
realizing that the quantities N, r, and possibly even m will have 
to be evaluated by quantum-mechanical methods. Thus we may 
use Eq. (7.10) to get a qualitative idea of how the resistivity varies 
under various conditions. 

For a given metal the main source of variation of resistivity 
with changing conditions is in the variation of 7, a measure of the 
mean time between electron collisions with the lattice of ions that 
make up the metal. Thus anything that affects the likelihood of 
these collisions influences the resistivity. Because of the quantum- 
or wave-mechanical behavior of the conduction electrons in metals, 
the ideas of wave mechanics are necessary to describe the important 
effects. One very important result is that conduction electrons can 
move through a perfectly periodic lattice containing uniformly 
spaced identical ions with essentially no collisions. This is in marked 
contrast with the random collisions to be expected on a classical 
picture and results from the wave nature of electrons. However, no 
real metal has an ideally perfect lattice, and in consequence there 
are collisions that seriously limit the mean free path or time between 
collisions. For example, the purity of a metal is not of importance 
in determining its resistivity at room temperature. There is a rela- 
tively small difference between p for pure copper and for brass, 
which, being made of a random mixture of copper and zine atoms, 
is far from a perfectly periodic lattice. The reason for this small 
effect lies in the fact that at room temperature, thermal vibrations, 
even in very pure copper, prevent the lattice from being truly 
evenly spaced or periodic, so that r is already seriously limited by 
the displacements of ions by thermal vibrations, and the additional 
effects due to random mixing of unlike ions are not important. In 
a similar way, strains and other imperfections introduced into the 
metal make rather small changes in the room-temperature resis- 
tivity. 
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The full implications of the wave-mechanical model are 
realized, however, when the metal is at extremely low temperature. 
In copper at 4°K, the approximate temperature of boiling liquid 
helium at atmospheric pressure, the effects of thermal vibrations 
are reduced to insignificance compared with other sources of lattice 
collisions. This is shown by Table 7.2, which gives some typical 
results for the ratio between resistivity at room temperature 
(300°K) and at 4°K for various samples of copper. 


Table 7.2 
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Sample 


Very pure unstrained copper 
Ordinary unstrained copper 
Brass (copper + zinc) 


Resistivity ratio 


2,000-7,000 
50-100 


4 


The very large ratio in the purest metal signifies that at room tem- 
perature most of the collisions that limit + are due to thermal dis- 
placement of the otherwise periodically spaced ions. The smaller 

- ratio in less pure copper shows that even at room temperature, 
many of the collisions are due to impurity ions and to imperfections 
in the crystal structure. These effects persist at low temperatures 
and therefore limit the ratio of resistivities to relatively low values. 
In the case of brass, impurity effects due to the two kinds of ions 
dominate, and the resistivity ratio is very small. 

Hall-effect measurements show that the density of charge 
carriers is essentially temperature-independent in metals; this 
makes these measured variations of resistivity with temperature 
very hard to understand on a classical basis. 

In view of the dependence of resistivity on quantum-mechan- 
ical details, not all of which are easily determined, we shall not 
comment further. We shall, however, explain the usual notation 
that is used to describe the temperature variation of resistance in 
the room-temperature range. Over a reasonable range (from 0 to, 
say, 200°C) resistivities of most metals are found to increase 
linearly with temperature. The resistivity in this linear range at a 
temperature 7’ can then be written as 


pr = paoec(1 + a AT) 
where AT’ is the difference between 20°C and the temperature 7’. 
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The constant a is the fractional change in resistivity per degree. 
For most metals « lies in the range of 3.5 to 4 parts in 1,000 per 
degree centigrade. In certain alloys that have been developed 
empirically, a is as low as 1 part in 10° per degree over an appre- 
ciable temperature range. Such alloys are particularly useful for 
making fixed resistances where variation with temperature is 
undesirable. 


7.11 Electromotive Force of a Chemical Cell 

One of the earliest practical sources of electric energy, and one 
that is still of great importance, is the chemical cell or battery. 
There are many different types, but they all depend on the same 
principles. Most students will have studied this problem already 
in a chemistry course, so the discussion here will be brief. 

In order to understand the production of an emf by chemical 
forces, let us examine the experimental facts. If a piece of metal, 
say copper, is placed in a dilute acid solution, there is a tendency 
for Cut* ions to leave the metal surface and go into solution. 
This tendency is called solution pressure and results from the 
attraction of water molecules for the metal ions that overcomes 
the attraction of the metal surface for the ion. Each ion that goes 
into solution leaves its electronic charge behind, so the potential 
of the metal with respect to the solution becomes increasingly 
negative. The metal continues to dissolve until an equilibrium 
state is reached. This occurs when the rate at which ions escape 
from the metal is equal to the rate at which they come back to the 
surface from the solution. Since the rate at which ions come back 
and stick to the metal surface depends on the number that strike 
the surface per second, the equilibrium depends on the concentra- 
tion of ions in solution (and also on the temperature, which affects 
their velocity). The equilibrium is also affected by the potential 
difference that has been reached as a result of the electronic charges 
left behind by the escaping ions. For a given concentration of ions 
of the metal in solution, each kind of metal comes to a charac- 
teristic negative potential upon reaching equilibrium. If we place 
two electrodes, say Cu and Zn, in a solution, the Zn becomes more 
negative than the Cu (owing to its greater solution pressure). In 
this situation, though no net flow of Cu** ions to the Cu is oc- 
curring, the more negative Zn electrode attracts Cut* ions, 
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which are deposited as Cu atoms and take up some of the net 
negative charge on the Zn electrode. The equilibrium potential on 
the Zn electrode is maintained if, on the average, for each Cut* 
ion captured, a Zn*+* escapes. Thus there is a plating of Cu on the 
Zn, and Zn** ions will come into the solution. The equilibrium 
situation involves a very low Cu** ion concentration and a high 
Zn** ion concentration. 

Suppose the two electrodes are connected together externally, 
say through a voltmeter. Electrons flow from the more negative 
Zn to the Cu electrode. This decreases the negative potential of 
the Zn electrode, allowing more Zn+* ions to go into solution. 
The Cu electrode tends to become more negative and thus allows 
more Cut+t to come back from solution. As long as this process 
can continue, the chemical action continues to maintain the elec- 
trode potential difference and we have a useful battery. 

One factor that influences the measured emf of the battery 
is the contact potential difference between the two metals. Two dis- 
similar metals when placed in contact assume a characteristic 
difference in potential owing to the escape of electrons from one 
metal to the other. We discuss this in Sec. 7.12. This contact 
potential affects the net voltage measured across the electrodes. 
By measuring the emf between pairs of electrodes, a table of emfs 
can be constructed. Table 7.3 shows such a listing, where potentials 
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Table 7.3 Electromotive Force Series for Some 


Elements 
(Relative to the hydrogen electrode) 


Element Ion Potential at 26°C, volts 
Li Lit —2.959 
Na Nat —2.715 
Zn Zn*+ —0.762 
Fe Fet+ —0.44 
Cd Catt —0.402 
Sn Sni+ —0.336 
Pb Pbt++ —0,12 
Pt, Hy Ht 0.000 
Cu Cut+t+ +0.345 
Hg Hgt+ +0.799 


+0.798 
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are given relative to a hydrogen electrode (a Pt electrode over 
which He, gas is bubbling). A standard ion concentration of 1 
mole/liter is used for these measurements. The emf between any 
two kinds of electrodes is the algebraic difference between the 
emfs listed. 

We define the emf of a battery as the potential difference 
between its terminals when no current is allowed to flow. There 
is in general a reduction in this potential difference when current 
flows, because the ions carrying the current must be given an extra 
drift velocity and the energy for this must come ultimately from 
the chemical forces. This wasted energy shows up in the heating of 
the cell when current passes through it and is the cause of internal 
resistance in the cell. 

For practical purposes we may classify batteries into those 
which wear out by using up the available chemical energy and those 
in which a reverse chemical reaction caused by forcing current 
backward through the cell renews the cell to its original state. 
Elementary chemistry books give examples of both types. Of 
particular importance in precise electrical measurements is the 
standard cell, which is constructed to give a very accurately known 
potential as long as no current is allowed to flow. Such cells must 
be used in potentiometer or other circuits that allow voltage 
measurement without drawing appreciable current. 


7.12 Contact Potential and Thermal Electromotive Force 

In Sec. 7.11 we mentioned the difference in potential between two 
dissimilar metals in contact. In order to understand this and some 
related phenomena, we must look at the behavior of conduction 
electrons from a quantum-mechanical point of view. One of the 
most drastic quantum effects is on the distribution of energies or 
velocities of conduction electrons. On a classical basis, each con- 
duction electron is expected to have a mean kinetic energy of 
36(k7'), where k is the Boltzmann constant and 7’ the absolute 
temperature. Classically there is no prohibition on many electrons 
having the same energy at the same time. In contrast, it is a central 
result of quantum mechanics that for electrons that can move 
within a metal, only certain energies are allowed and each energy 
level can be occupied by no more than two electrons (in pairs 
having opposite spin orientation). The consequence of this is that 
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in order to accommodate the large number of conduction electrons 
in a metal (one or more per atom) by successively filling the allowed 
energy levels with pairs of electrons, the energy of the highest levels 
that must be occupied is very high compared with the classical ex- 
pectation. The energy at the top of this filled band of energies is 
equivalent to the mean energy of a classical electron at a tempera- 
ture of over 10,000°K. Calculations that we shall not go into show 
that the distribution of conduction-electron energies is as given 
in Fig. 7.22. The distribution curve is shown at 0°K and at a high 


Fig. 7.22. Fermi distribution of Ww 
conduction-electron energy levels 
in a metal. dn/dW is the number 
of available energy levels per unit 

volume, per unit energy. At 0°K all 

levels are filled up to Wr, the Fermi 
level. At high temperature some 
electrons near the top of the 
distribution are thermally 
promoted to higher levels above 
Wr, leaving corresponding 
vacancies among the upper levels 
that are filled at 0°K. & 


a 


temperature, These curves show the way in which the allowed 
energies are filled with electrons. The quantity dn/dW is the number 
of allowed energy levels in a given energy range dW. The shaded 
part of the plot shows the levels occupied by electrons. At very low 
temperatures all levels are filled up to some maximum value called 
the Fermi level Wy. At high temperatures some electrons near the 
top of the distribution are excited to higher levels above W,, leaving 
behind some unoccupied levels. 

The energy necessary to remove an electron from the top of 
the energy distribution and allow it to escape from the metal is 
called the work function. Differences in the work function among 
metals produce the contact potential between dissimilar metals. 
This we can show by following the sequence of events that occur 
when two metals are brought into contact. Figure 7.23a shows 
energy diagrams of two metals A and B, which have not yet been 
placed in contact. The two energy coordinates have been adjusted 


= Work function 


Energy of a free 
electron outside 
the metal 


fer 


High 


temperature 
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to give the same energy for electrons that can just escape. We 
call this minimum escape energy W,,. Because of the difference of 
the work functions ¢4 and ¢g, the Fermi energies Wr are at differ- 
ent levels on the energy scale. When the two metals are brought 
into close contact, electrons at the top of the distributions are 


Fig. 7.23 (a) Schematic 
representation of potentials 
of two uncharged metals, 

A and B. Absolute values 

of energies are adjusted to 
give same energy for 
electrons which have 
minimum energy to escape, 
W.,. (b) Potentials of the 

two metals when in con- 
tact. Charge redistributes to 
bring Fermi levels together. 
Contact potential difference “ 
is (ba — a). ) 


free to move back and forth from one metal to the other. The 
net. flow of electrons is from the higher to the lower Fermi level. 
The transfer of charge results in the respective raising and lowering 
of the potential of the two pieces of metal as shown in Fig. 7.23b. 
The net flow stops when the energy of the electrons at the top of 
the distribution is the same for each metal. Relative to the density 
of electrons in the conduction band, the number of electrons that 
must move from one metal to the other in order to shift the energies 
to an equilibrium position, by changing the electrostatic potential, 
is very small. Thus in the final state the limit of filled states is 
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sensibly unchanged relative to the metal. That is, the major effect 
is to cause the reference level of the energy scales of the two metals 
to slide into a relative position that equalizes the two Fermi levels. 
Thus, as is clear from the diagram, we expect the contact potential 
difference to be the difference between the work functions. Work 
functions are in the range of 1 to several electron volts. 

If a complete circuit is made, containing several kinds of metal, 
the contact potentials at the junctions cancel, and there is no net 
emf around the circuit. However, since the contact potential 
varies with temperature, if the two junctions are at different tem- 
peratures there is a net emf equal to the difference between the 
two emfs. This is the well-known thermal emf used in thermo- 
couples for temperature measurement. This effect was discovered 
by Seebeck in 1821. Usual values of the emf are in the range of 
10~® volt/°K. Thermocouples are not linear in their variation of 
emf with temperature and so must be empirically calibrated for 
accurate measurements. The converse of the Seebeck effect is 
called the Peltier effect, which results in the cooling of a bimetal 
junction when the current passes in one direction and a heating 
for current in the opposite direction. In actual experiments, resist- 
ance or ohmic heating will be superposed on the heating or cooling 
from the Peltier effect. 

The Thomson effect is closely associated with the Peltier and 
Seebeck effects. In a single metal, when one end is hotter than the 
other, the electrons from the hotter end tend to diffuse slightly 
faster than those from the cold end. This results in a small potential 
difference between the two ends, sufficient to counteract the net 
flow that would otherwise occur. The effect can be observed by 
passing a current through a conductor along which a thermal 
gradient is maintained. In addition to the :?R heating, there will be 
an extra heating or cooling term depending on the relative directions 
of the thermal and electrie currents. 

These thermally induced emfs provide a means for converting 
heat energy directly into electric energy. A great deal of work is 
now going on to develop practical power sources using thermal 
emfs. However, the low efficiency of conversion has thus far pre- 
vented such sources from being of much practical importance. 
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PROBLEMS 


7.1 


7.2 


7.3 


74 


7.5 


7.6 


v4 


78 


79 


The current density in a conductor of circular cross section of radius 
a varies with radius according to j = jor. Find the total current. 


A current flows from left to right in a conducting wire. Is there any 
way in which the sign of the charge carriers can be determined? 


A current of 10 amp flows through a wire of 1 mm? cross section. If 
the density of charge carriers in the wire is 10*”/m', find the average 
drift velocity of the electrons. 


The resistivity p of copper at room temperature is 1.7 X 10~* ohm-m. 
If the density of mobile electrons is 10”/m’, find the relaxation time 
r for electrons in copper. 


Find the resistance of a block of copper of length 20 cm and cross- 
section area 2 cm*, The conductivity o of copper is 0.59 X 10° ohm- 
m7. 


Twelve resistors, each of resistance R, are joined to form the edges of 
a cube. Find the equivalent resistance between two diagonally oppo- 
site corners on a face of this cube. 


A thin square sheet of uniform material is connected to two low- 
resistance conductors along opposite sides as shown in Fig. P7.7. If 
the sheet is 1 in. on each side, the resistance between the two con- 
ductors is 1 ohm. What would be the resistance if the same kind of 
arrangement were used with a sheet 2 in. on each side? 


Fig. P7.7 


a Calculate the resistance between points A and B in Fig. P7.8. 
R, = 2 ohms, R2 = 3 ohms, R; = 4 ohms, Ry = 6 ohms, Rs = 
5 ohms. 

b Calculate the power dissipation in each resistor if the potential 
difference between A and B is held at 10 volts. 


Fig. P7.8 


A block of material 10 cm long and 2 X 1 cm in cross section has a 
resistance between ends of 10-* ohm. What will be its resistance if 
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it is deformed so as to be only 5 cm long and of uniform cross section, 
assuming no change in its resistivity? 


7.10 In Fig. P7.10, 
a Find the equivalent resistance of the network between points a 
and 6 in terms of Ry, Ra, R. 
b Find the numerical value of the equivalent resistance if R; = 4, 
R,=2,R=1. 
c Compare (b) with the equivalent resistance when R is removed. 


Ry, Ry 
Fig. P7.10 R, R, 
7.11 Find the effective resistance (resistance between a and 6) of an in- 
finitely long ladder of resistors, as shown in Fig. P7.11, each having 
resistance R. 
a — 
+ sete, 
Fig.P7.11 6 — 


7.12 A-source of emf causes a constant current i to flow through a resist- 
ance R. What is the work done during the time a total charge Q 
passes through the resistor? What is the rate at which work is being 
done? What is the rate of heat generation in calories per second in 
the resistor? 


Fig. P7.13 


7.13 In the circuit shown in Fig. P7.13 the internal resistance of the bat- 
tery (not shown) is 1 ohm. The resistance of each resistor in ohms is 
given in the diagram. Find: 

a The current in the battery 

b The current in each resistor 

c The power dissipation in each resistor and in the internal resist- 
ance of the battery 
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d The power generated by the chemical forces in the battery 
e The potential difference across the terminals of the battery 


7.14 The internal resistance of a dry cell gradually increases with age, 
even though the cell is not used. The emf, however, remains fairly 
constant at about 1.5 volts. Dry cells are often tested for age at the 
time of purchase by connecting an ammeter directly across the ter- 
minals of the cell and reading the current. The resistance of the am- 
meter is so small that the cell is practically short-circuited. 

a The short-circuit current of a fresh No. 6 dry cell is about 30 amp. 
Approximately what is the internal resistance? 

b What is the internal resistance if the short-circuit current is only 
10 amp? 


7.15 An unknown emf & is to be measured by a potentiometer circuit, as 
shown in Fig. P7.15. Show that when the circuit is unbalanced, the 
current flowing through the galvanometer is given by 


, = [Ro/(Ri + Ra) V 8 
‘* (Rike/(Ri-+ Ral Ry 


The internal resistance of the battery V and the resistance of the 
galvanometer are neglected. 


Fig. P7.15 
7.16 Find the current in each branch of the circuit shown in Fig. P7.16. 


Vi = 5 volts, Ve = 2 volts, Ri = 3 ohms, R: = 2 ohms, R; = 4 
ohms. 


Fig. P7.16 


Problems 175 


7.17 a A galvanometer gives full scale deflection when ¢ = 1 milliam- 
pere (ma). It is desired to make it into a voltmeter giving full 
scale deflection for 10 volts. The internal resistance of the gal- 
vanometer is 10 ohms. Tell how to do this. (Give diagram and 
necessary information.) 

b If itis needed, instead, as an ammeter to read full scale for 10 ma, 
how can this be done? (Give diagram and necessary information.) 


7.18 Figure P7.18 shows the internal wiring of a three-scale voltmeter 
whose binding posts are marked 3, 15, and 150 volts, respectively. 
The resistance of the moving-coil galvanometer used is 15 ohms, and 
a current of 1 ma in the coil causes it to deflect full scale. Find the 
resistances and the over-all resistance of the voltmeter on each of its 
ranges. 


Fig. P7.18 By sv 150¥ 


7.19 The resistance of the moving-coil galvanometer in the ammeter 
shown in Fig. P7.19 is 25 ohms, and it deflects full scale with a cur- 
rent of 0.01 amp. Find the magnitude of the resistances required to 
make a multirange ammeter deflecting full scale with currents of 
10, 1, and 0,1 amp, respectively. 


Fig. P7.19 0 la Ola 


7.20 In the circuit of Fig. P7.20 the internal resistance of the battery is 
R,. Find the ratio of R;/Rz to obtain maximum power dissipation in 


Ry, the load resistance. 
v R, 


~~ 


R, 


Fig. P7.20 
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Induced 
Electromoti orce, 


Inductance 


8.1 Introduction 

We have so far investigated the electric field due to static charges 
and the magnetic field of moving charges. In this chapter we add a 
third cornerstone to the theoretical structure by considering 
effects due to changing magnetic fields. We shall begin by looking 
in detail at some consequences of motion of circuits in a magnetic 
induction field, basing our conclusions on effects we have already 
studied. This leads us to a rephrasing of earlier ideas in terms of 
induced electromotive force. Finally, we show how both experi- 
ment and some general considerations lead naturally to Faraday’s 
law of induction. This prepares for an examination of inductance 
as a circuit element in a-c circuits and is also crucial in the under- 
standing of electromagnetic waves. 


8.2 Motional Electromotive Force 
In general, when a circuit of fixed shape is moved in a region con- 
taining a magnetic induction field, an emf is induced around the 
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circuit. We may calculate the magnitude of this effect by applying 
the rules for the magnetic force on a moving charge. Figure 8.1 shows 
a simple case in which a conducting rectangular loop is moving to 
the right in a field which is perpendicular to the plane of the loop 
and which varies only along the x direction. We now calculate the 
magnetic force on a charge q, at rest at a fixed position on the loop. 
Equation (6.25) gives this force as F = qu,B,, where F is upward in 


Fig. 8.1 Motional emf. 
Motion in a magnetic 
induction field produces 


Pa ae 


kL------ 


current in a conduction loop. 


the y direction for q positive, B, is the magnetic induction field into 
the paper, and »- is the velocity with which the loop is moved in the 
zx direction. The magnetic force will act on charges on the wire and 
will do work on those which can move along the vertical sides of 
the loop. Only these sides need be considered since the force is 
perpendicular to the horizontal sides, so no magnetic work is in- 
volved in moving charges along them. The emf around the loop 
may be found by calculating the work per unit charge performed 
by the magnetic force in moving a charge around the loop. We con- 
sider counterclockwise forces as positive, in agreement with the 
earlier assignment of positive to counterclockwise loop current. As 
shown in Fig. 8.1, then, the upward magnetic force F2 at the right- 
hand side of the loop is positive, while the upward magnetic force 
F; at the left-hand side is negative. The net magnetic force around 
the loop is thus Fz — F;. To clarify the situation, let us assume 
that Bs at the right-hand side of the loop is greater than B, on the 
left. The net magnetic force is then counterclockwise or positive. 

The work done by the magnetic forces in carrying a charge 
q around the loop is given by 


db 
W- pra = (Fa — Fi)b =|Ba — Bilavsb = -a 
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where d@/dt is the time rate of change of magnetic induction flux 
encircled by the loop. This result follows from the fact that Bbv, = 
Bb da/dt, and Bab dx is the flux added at the right-hand side of the 
loop in a time dt, while B,b dz is the amount of flux removed from the 
left-hand side in the time dt. The net rate of change of flux through 
the loop is thus |B, — B,|v,b = —d&/dt. The negative sign comes 
from the fact that we have chosen the direction of B to be negative 
(pointing in, or away from the observer). As the loop moves to 
the right, the magnitude of the negative flux increases. 

When we divide Eq. (8.1) by g, we find the emf, 


This emf will drive charges around the loop just as will a chemical 
cell. Thus when the resistance around the loop is R, the current is 
given by & = ik. When a loop is moving in a region where the 
magnetic induction varies with position, there arises an emf that 
can be expressed in terms of the time rate of change of magnetic 
flux contained within the loop. We discuss the sign of the emf in 
relation to the flux change in Sec. 8.4. 


8.3 Faraday’s Law of Induction 

The rule for the generation of an emf just found by an argument 
based on the magnetic force on moving charges can be made much 
more general. Figure 8.2 shows a coil (1) with galvanometer in 


qa) 


Fig. 8.2 Induced emf via 
Faraday’s law of induction. 


series, placed above another coil (2). Coil 2 is connected to a bat- 
tery that causes a current 7 and therefore produces a magnetic 
induction field in the region of the two coils. When we lower coil 1 
toward coil 2, we observe a current in (1) in a direction as shown. 
The geometry is a little different from the case previously studied, 
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but we could easily show that this induced current flow in (1) is 
exactly according to Eq. (8.2). The motion of coil 1 moves it into 
a region of greater B, resulting in an emf that could be calculated 
either on the basis of d®/dt within the coil or, more laboriously, by 
means of the magnetic force on charges in coil 1. If we move coil 1 
away from rather than toward coil 2, the induced current in (1) is 
reversed as expected. 

It is interesting to ask what happens if, instead of lowering 
coil 1 toward coil 2, we raise coil 2 toward coil 1. On the basis of 
our derivations of the induced emf, we can say very little, since 
the force on a charge at rest in a moving field is now involved—a 
situation we have not investigated. There is, however, a very 
strong argument for believing that the resulting induced current 
in coil 1 will be the same, whether (1) is moved toward (2) or vice 
versa. If there were a difference between these two experiments, 
an absolute reference frame for motion could be established. In 
fact, the experimental result is that it makes no difference which 
coil is moved. Only the relative motion is significant. This is, inci- 
dentally, one of the principal postulates of Hinstein’s theory of 
special relativity, which says that there is no absolute frame of 
motion. All the laws of electricity and magnetism are relativistically 
invariant; that is, they give results that are always consistent with 
relativity. This is not true in the simple Newtonian formulation 
of the laws of mechanies. 

A third kind of experiment can be done with the two coils. 
This time both coils are held at rest (or, more generally, held fixed 
with respect to each other) and the flux in coil 1 is changed by 
varying the current in coil 2. Here again, we cannot predict from 
prior knowledge whether or not the result for this kind of db/dt 
is identical with that due to motion. The experimental fact is that 
the result is indeed identical. 

The generalized statement, that 


is true around any closed path, regardless of the cause of the time 
rate of change of the magnetic flux threading the path, is the ex- 
perimental fact known as F ‘araday’s law of induction. It is consist- 
ent with the law of magnetic force on moving charges as discussed 
in the last section, but in its general form must be considered as an 
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independent law. A further aspect of Faraday’s law is that it applies 
in any region of space, regardless of whether a conductor is present. 
This fact is essential in the propagation of electromagnetic waves. 

Faraday’s experiments on induced emf and the laws of induc- 
tion were published between 1831 and 1854. In the following 
paragraph,! published in 1832, Faraday described one of the 
numerous experiments through which he developed his ideas of 
induced emf: 


Two hundred and three feet of copper wire in one length were 
passed round a large block of wood; other two hundred and three feet 
of similar wire were interposed as a spiral between the turns of the 
first coil, and metallic contact everywhere prevented by twine. One of 
these helices was connected with a galvanometer, and the other with 
a battery of one hundred pairs of plates of four inches square, with 
double coppers, and well charged. When the contact was made, there 
was a sudden and very slight effect at the galvanometer, and there was 
also a similar slight effect when the contact with the battery was 
broken. But whilst the voltaic current was continuing to pass through 
the one helix, no galvanometrical appearances nor any effect like in- 
duction upon the other helix could be perceived, although the active 
power of the battery was proved to be great, by its heating the whole 
of its own helix, and by the brilliancy of the discharge when made 
through charcoal. 


He summarizes the results of a whole group of such experi- 
ments involving both changing currents and moving magnets, in 
the following short paragraph,’ which, allowing for a considerable 
change in nomenclature since his time, we see is referring to the 
existence of induced emf: 


All these results show that the power of inducing electric currents 
is circumferentially excited by a magnetic resultant or axis of power, 
just as circumferential magnetism is dependent upon and is exhibited 
by an electric current. 


8.4 Lenz’s Principle 

We now come to a discussion of the relationship of the direction 
of the induced emf with respect to the sign of the rate of change 
1 Michael Faraday, Experimental Researches in Electricity, Phil. Trans. Roy. 


Soc. London, (A) 122: pp. 127, 155 (1832). 
2 Thid. 
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of flux. In Sec. 8.2, the discussion of motional emf showed that a 
negative sign appears in the equation when the convention of 
positive current and emf for counterclockwise rotation is used, 
and when positive flux is directed outward toward the viewer. 
This is true for all cases where Faraday’s law is involved. This 
negative relationship between induced emf and d®/dt follows 
directly from the principle of energy conservation, which in this 
application is often called Lenz’s principle. We use the example of 
Sec. 8.2 to determine the consequences of this rule. There the 
motion of the loop increases the magnitude of the flux , which is 
itself negative since it points inward. Thus d/dt is negative, and 
the emf is consequently positive or counterclockwise. Any current 
produced in the loop by the magnetic forces is thus positive and 
so produces an additional flux #’, which is positive or outward. 
Thus the induced flux opposes the time rate of change of the ex- 
ternally produced flux. We can always calculate the direction of 
the induced emf on this basis. 

We can show that this behavior is required on the basis of 
energy conservation by considering the alternative possibility. Sup- 
pose we have a conducting loop in a space that originally contains 
no magnetic induction fiéld. Let there be a small field imposed 
from outside (or suppose a small fluctuation in the thermal motions 
of electrons in the loop produces a very small current for an 
instant, thereby generating a very small magnetic induction field 
in the loop). If the reverse of Lenz’s principle were true, this change 
from zero field to a small field would generate an emf and a con- 
sequent current that would still further increase the magnetic 
flux in the same direction. The increasing rate of change of flux 
would produce still more current causing more increase, thereby 
causing an almost explosive generation of very high current and 
very high field. The end would presumably come when the current 
in the wire becomes so great that the energy dissipation causes the 
wire to melt. Such a series of events clearly contradicts the principle 
of energy conservation, so we have in-effect shown that Lenz’s 
principle must hold. Therefore the induced emf must always act 
in the stated “contrary” fashion. 
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8.5 Examples 

a Conservation of energy in an elementary generator We study the 
energy aspect of induced emf by considering a very elementary 
electric generator involving Faraday induction. Figure 8.3 shows 


Bin 


Fig. 8.3 Sliding wireon  ¢ 
a stationary loop in a field B. 


a sliding wire that can be moved on a stationary loop in a uniform 
field B. We pull the rod, as shown, with a uniform velocity v. This 
motion will result in a change in the magnetic flux through the 
loop and the generation of an emf, 


cl 1B & 

— =B = — 

dt 
Here d®/dt is positive since # is inward and is decreased in mag- 
nitude as the area of the loop is reduced. This means the emf is 
negative, or clockwise. (We could have ¢alculated this emf by 
means of the method of Sec. 8.2.) As a result of this emf, a current 


flows, 
& Bw 
R R 


i= 


where RF is the resistance around the loop. 
Electric energy is being dissipated in the resistance at a rate 


Bly? 
P=&= 


watts 


The source of this energy is the mechanical work being done in 
moving the rod. The force on the rod carrying a current 7 in a field 
B is F = Bil, so that the rate at which mechanical work is being 
done is 


aw , Bibet 


watts 
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We have shown the equality of mechanical work rate and electric 
energy dissipation rate. 


b Mechanical work done in moving a coil in a magnetic induction 
field We determine the mechanical work done when we move a 
coil carrying a constant current 7 in a magnetic field (Fig. 8.4). 


u 


Fig. 8.4 Work done in 
moving a loop in a magnetic 
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We use this result later in the calculation of mutual inductance 
(Sec. 8.6). Assume the current is driven by an external current 
source in a positive (counterclockwise) direction. As a result of this 
current, there are forces F; and F2 acting on the sides as shown, 
where 


F, = Byib and F2 = Byib 


If B is perpendicular to the zy plane and varies only with 2, 
the forces on the top and bottom sections of the loop are equal 
and opposite and therefore cancel. In any case, we shall move the 
loop in the x direction, so these latter forces in the y direction do 
not contribute to the work done. To be definite, we assume that the 
magnitude of B increases with z, so By > B,. The net magnetic 
force on the loop is —F = —(F2 — F;), to the left. The negative 
sign is used because the force is in the negative x direction. 

The external work done-in moving the loop to the right a 
distance dz is 


dW = F dz = (Fz — F,) dx = ib| By — B,| dz 
We wish to connect this external mechanical work done to 
the net change in the externally produced magnetic induction flux 


through the loop. The change in flux when the loop is moved a 
distance dz is 


b|By — By|dz = —d& 


(8.4) 
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The negative sign is used because the displacement of the loop 
in the positive x direction increases the magnitude of @ through 
the loop, and in this case is pointed away from the observer and 
is therefore a negative quantity. Comparison of this equation 
with (8.4) gives 


dW = —id® (8.5) 
For N turns in the coil, the mechanical work done is 
dW = —Nid® (8.6) 


Here the usual sign convention applies: 7 counterclockwise is 
positive and is positive when it is outward, toward the observer. 
In the example chosen, since 7 is positive and d® is negative, the 
external work done is positive. 

The calculation above is confined to the mechanical work done 
in moving a current loop in a magnetic field. There is of necessity 
some electric work done also. The source of emf producing the 
current 7 in the coil must do extra work beyond the 7?R term in 
order to compensate for the induced emf in the loop caused by the 
changing flux in the loop. In addition, the motion of the current 
loop produces a changing flux in the external circuit acting as the 
source of external magnetic field and requires work by this source 
to compensate for the induced emf in the external circuit. This 
electric work need not concern us at present. 


c An elementary motor We use the result of the last problem 
in an examination of a simple motor that can convert electric into 
mechanical energy. Figure 8.5 shows the device we shall discuss. 


Fig. 8.5 An elementary 
motor. 


The chemical cell of emf & causes a current 7 to flow through the 
loop whose total resistance is R. The magnetic force on the movable 
rod is 


&0 
F = ibB =—bB 
R 
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The rate at which work is done by the magnetic force F, when the 
rod moves at a velocity », is 


ee Ga — (8.7) 


where we have used Kq. (8.6) to relate work to flux change. The 
negative sign is omitted because, while d®/dt is positive, 7 is clock- 
wise or negative. The induced emf caused by d@/dt must be in- 
cluded in the circuit equation, which may be written as 


& —— =iR (8.8) 
If this equation is multiplied by 7, we get 
Ae Re os : 
&oi = = +?R = Fu+?R (8.9) 


Thus th battery supplies energy at a rate & i, producing mechan- 
ical work at the rate Fv and dissipating energy in the resistance 
of the circuit at the rate 72R. The motor is discussed in more detail 
in Fyample 8.8d and See. 10.13. 


8.6 Mutual Inductance 

We now undertake a discussion of the interaction between two 
circuits by virtué of magnetic flux linkage. As a result of flux 
linkage, combined with the Faraday induction law, changes in one 


Fig. 8.6 Mutual inductance 
between two circuits. 


circuit are felt by the other. We formulate this interaction in terms 
of the mutual inductance between two circuits. We begin the study 
by examining the energy involved in bringing two magnetic cir- 
cuits together. Figure 8.6 shows two coils, carrying constant 
currents 7; and ig and having N; and No turns, respectively. We 
start with the two coils widely separated and ask for the amount 
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of external work that must be done to bring coil 1 up to the vicin- 
ity of coil 2. Referring back to Example 8.5b, we can write 


dW = —Nyji; d®,2 (8.6) 


where d4, is the additional flux that links coil 1 by virtue of the 
current in coil 2, when the coils are brought closer together. The 
total mechanical work done in bringing the coils together from 
far apart is then 


final position final position 


Ww -/ dW = =i f dP. = —Nyi, Pi2 


We could equally well have arrived at the final state by holding 
coil 1 fixed and moving coil 2 up from infinity. This would give 


W = —Note%e, 


Since the final states are equivalent regardless of the way in 
which they are achieved, these two energies must be equal, so we 
may write 


NoiePa1 = Nii P12 
or 
Ni®i2 — No®o1 


tg tq 
These ratios are called the mutual inductance M between the two 
coils. N,®;2 is the flux linkage in coil 1 due to current in coil 2, 
that is, the flux in (1) due to current in (2) times the number of 
turns in (1). The mutual inductance is simply the flux linkage in 
one coil due to unit current in the other coil. We have proved that 
M2 = Mo, regardless of the geometries of the individual coils. 
Here we are defining 

N,®, No®: 
1¥12 an d Ma = 2°21 


tg y 


My. = 


but we have now seen that they have the same value. 

We now use the mutual inductance between two coils to 
evaluate the effect of changing the current in one coil on the be- 
havior of the current in the second coil. The two coils of Fig. 8.6 
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(8.10) 


(8.11) 


(8.12) 


(8.13) 
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are held fixed in space and the current is changed in, say, coil 2. 
There results an emf induced in coil 1, given by 
d®i2 

dt 
Since j2 = Mi2/N,, from Eq. (8.13) we can find the change in 
1. when ig is changed by differentiating to get 


& = —M, 


MO: 
d®\. = ™“ diz 


Substitution above gives 
dig 
& = = Les volts (8.14) 


Similarly, if 7, is varied, the emf induced in coil 2 is 


diy 
& = —M at volts (8.15) 


The unit of mutual inductance in both the mks and the prac- 
tical system of units is the henry, named in honor of the American 
scientist Joseph Henry, who developed the idea of inductance 
almost simultaneously with Faraday. The mutual inductance is 
unity if a change of 1 amp/sec in one coil induces an emf of 1 volt 
in the other coil. Thus one henry is one volt per ampere per 
second. We give an example of a simple calculation of the effect of 
mutual inductance in Sec. 8.8. 


8.7 Self-inductance 

Faraday induction is of equal importance in a single circuit, 
as can be seen by examining the effect in a single coil such as shown 
in Fig. 8.7. If the current in this coil is changed (say by varying 


Fig. 8.7. Self-inductance in © 
a coil. 
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the resistance R), the flux threading the coil changes, and there 
is a consequent emf induced in it. By analogy with the definition of 
mutual inductance, the self-inductance L may be defined as 


Mi? 


y 


L= 


Here %; is the flux in the coil due to its own current, so the self- 
inductance is the flux linkage in a circuit per wnit current in that 
circuit. As above, we find for the emf induced by a changing current, 
Nid%; 
dt 


From Eq. (8.16) we have 


so 


Lays 
d%,; = ™, diy 


& = —L— volts 


Any closed circuit must have a self-inductance, even if no coil is 
included, since a complete circuit involves at least one loop that 
contains some flux when current flows. However, if the area of 
the loop is made very small, the flux linkage will also be very small, 
and the self-inductance is much reduced. The unit of self-inductance 
is also the henry. 

Before continuing our discussion, we may note that the effect 
of inductance in a circuit is like inertia in a mechanical system. 
Thus any change in a steady current is accompanied by an induced 
emf that tends to counteract this change. This is analogous to the 
force exerted by a moving mass when we try to modify its velocity. 


8.8 Examples 
a Effect of mutual inductance in coupled circuits We examine 
the quantitative behavior of two circuits coupled by mutual in- 
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(8.16) 


(8.17) 
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ductance. As shown in Fig. 8.8, the current in circuit 2 can be 
changed by varying Ra. We calculate the effect on the current in 
circuit 1 of a given value of di2/dt in circuit 2. Using Eq. (8.15), 


M 


Fig. 8.8 Two circuits =" 
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coupled by mutual induct- Ry 
ance M. 


we write directly for the induced emf in circuit 1 due to the mutual 
inductance, 


& = —M ae volts 


The negative sign tells us that if the current in the two circuits is 
going around the coils in the same sense, & will be opposed to the 
source V; when diz/dt is positive. When the polarity of V, is re- 
versed or when one of the coils is rotated 180°, 8; and V, act in 
the same direction when di2/dt is positive. 

One additional effect to be considered is that of Ly, the self- 
inductance in circuit 1. This produces another emf in circuit 1, ac- 
cording to Eq. (8.17), 


2 diy 
§ = —L— volts 
dt 


which acts in opposition to di,/dt. The equation for circuit 1 
becomes 


If the value of dig/dt and the sense in which M acts on circuit 1 
are given, this differential equation can be solved by methods simi- 
lar to those discussed in Sec. 10.7. If dig/dt is not constant, the 
problem is more complicated. It has not been necessary to include 
the self-inductance Le, since we have postulated a certain value of 


(8.18) 
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diz/dt. The effect of Lz is to produce an emf in circuit 2 that must be 
compensated for when we vary Hz to cause the rate of change 
of tg. 


b Calculation of self-inductance In a few cases it is easy to cal- 
culate the self-inductance of particular geometric arrangements. 
We make an illustrative calculation for the case of a uniform long 
coil, neglecting end effects that in practice would reduce the induct- 
ance somewhat, owing to the lower flux at the ends of the coil. 
We expect the number of turns NV to enter as N?, once as the N 
in N@ and once again since @ itself is proportional to VN. We have 
already calculated in Examples 6.3c and 6.6b the field B inside a 
solenoid of length | and N turns. We found B = yoNi/I. Substi- 
tution in Eq. (8.16) gives for the self-inductance 


4 uN? A 


L henrys 


If this is a toroidal solenoid, no flux leaks out and the result 
is accurate. 


ce Calculation of emf of a generator A more practical generator 
for converting mechanical work into electric energy than the one 
discussed in Example 8.5a is shown in Fig. 8.9. A coil of N turns 


ao 


Fig. 8.9 A simple generator: 
a rotating coil in an 
external magnetic induction 


field. 


and area A is rotated in a uniform magnetic induction field B, at 
an angular velocity wo radians/sec. We calculate the emf generated 
using the Faraday induction law. The flux linkage threading the 
coil at an angle @ between the plane of the coil and the direction 
of B is given by 


N® = NAB cos é = NABwol 
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(8.19) 


8.8 


where wot is the value of @ for a particular time ¢. Then 
db 4 
&= Boar = woN AB sin wot 


Thus this generator gives a sinusoidal emf of amplitude w)NAB. 
The source of this emf is the mechanical work done in rotating 
the coil. This is zero (in a frictionless system) if no current flows 
and increases linearly with increasing current, as found in Example 
8.5a. A discussion of several types of generators is given in Sec. 
10.12. 


d Calculation of back emf in a motor A more practical motor 
than the one discussed in Example 8.5c is the one sketched in 
Fig. 8.10. Here the torque acting on a current-carrying loop in a 


Fig. 8.10 A simple motor: 

a current-carrying coil with 
commutator, in external 
magnetic induction field. 


magnetic induction field is used to cause rotation of the coil. A 
commutator is used to reverse the current at the appropriate phase 
of rotation so that the torque always acts in the same direction. 
Let us suppose that the angular velocity of the coil is wo, with 
some particular external mechanical load. Just as in the case of the 
generator, the rotation of the motor coil in the magnetic field results 
in an induced emf. Since this emf acts to oppose the flow of current 
in the motor coil, it is called a back emf and is given by 


Examples 


I~ 
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(8.20) 


(8.21) 
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where N is the number of turns in the coil. If the magnetic induction 
field strength is Bo and the coil area is A, 


& = ABo sin wot 
and 

a ABowo C08 wot 

dt 


The commutator changes the d®/dt curve from cos wot to one 
like that in Fig. 8.11. The back emf thus varies in a similar fashion, 


ag 
de 
Fig. 8.11 Back emf of 
motor as seen through 
commutator. t 


according to Eq. (8.21). If we call this back emf which varies 
periodically &(¢), the current in the coil is given by the expression 


V —&(t) =iR 


and we see that 7 will also vary with time, in a way indicated in 


Fig. 8.12 Variation 
of current in motor due to 
back emf. 


Fig. 8.12. In the figure, i is the current that would flow if the loop 
were held stationary. Here we have neglected the further modi- 
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fications that would occur if the self-inductance of the coil were 
important at the frequency wo. The average current is given by 


V —&(t) =iR 
where &(t) is the average value of the induced emf. 

In practice, rather than using a single coil, the rotating unit 
of a motor, called an armature, is made up of a number of coils, 


which are oriented at different angles around the axis of rotation. 


The commutator connects the external source of power to each 
coil consecutively in such a way that maximum torque is obtained 
from each coil in turn. 

The back emf plays an important role in the operation of a 
motor. Let us explain this by considering a motor armature in 
which the coils have very little resistance. If a power source is 
connected to the coils, a large current flows while the coils are at 
rest, limited only by the resistance of the coils. However; as soon 
as the coils begin to turn in the static magnetic field produced by 
stationary coils in the motor, a back emf is induced that opposes 
the externally applied voltage causing the current in the rotating 
coils. If the motor is running without a mechanical load, the back 
emf reduces the current to a small value, just large enough to 
supply the energy used up by friction and electrical resistance 
losses. A heavy mechanical load tends to slow down the motor, 
causing a reduction in the back emf that allows enough electric 
power to be used to account for the greater mechanical load. On 
this basis, one can understand the large electric power drain when 
starting a motor. A discussion of a number of types of motors is 
given in Sec. 10.13. 


8.9 Calculation of Mutual Inductance 

There is one situation in which it is easy to calculate the mutual 
inductance between two circuits in terms of the self-inductance 
of each circuit alone. This is the case of maximum flux linkage, 
when all the flux through one circuit links the other. One physical 
arrangement that would achieve this would be to place two coils 
of equal area (but not necessarily of equal numbers of turns) next 
to each other. Another arrangement giving maximum flux linkage 
would be two coils wound one on top of the other on a toroidal 
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solenoid. Calling the coils 1 and 2, we can write for the mutual 
inductance 


Ni®12 — N2Po1 


M= (8.12) 


tg ay 
Similarly, the self-inductance of the coils is given by 


N,® No® 
> : : and Ly = = 2 
dy iP} 


(8.16) 


Since all the flux of coil 2 links coil 1, 


‘3S 


ut 


that is, the flux $1. in coil 1 due to the current 7 is the same as 
the flux 2 in coil 2 due to the same current 7g. Similarly, 


If we replace ®,2/i2 and 2/7, in the equations for M above and 
multiply M2: by Myo, we get. 


N,N2% 
MiMy = M? = ——>—— = LL. 
Ye 
or : 
Minox = V Ly Le (8.22) 
This represents the maximum possible value of M in terms 
of L; and Lg. In general, the mutual inductance is given by 


M=kVIyL, (8.28) 


where k is a number between 0 and 1, which depends on the geom- 
etry of the coils and their relative positions. 


8.10 Combinations of Inductances 


8.10 Combinations of Inductances 
Several inductances in series, if so arranged that there are no 
interactions through mutual inductance, are easily shown to behave 
as a single inductance equal to their sum. Thus the induced voltage 
across the three isolated inductances shown in Fig. 8.13 will be 

di di di di 


= Sees 
co a ia dt 


where L = L; + Lz + Lz. However, the situation is modified 


Fig. 8.13 Three self- 
inductances in series, 
no interactions between 
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them. Equivalent value, L = SVE -VWIO VOT 


1, + In + Ly. Ly 


if the flux from one inductance links another, giving rise to mutual- 
inductance terms. Figure 8.14 shows two coils that interact in 
this fashion. The voltage across this pair of coils will be given by 


di di di 
SE 
dt dt dt 


The mutual inductance occurs twice, once for the voltage induced 
in the second coil by current changes in the first and once for the 


Fig. 8.14 Interacting 
self-inductances in 


Ly 


Ls 


(8.24) 


series. Equivalent value, L = TUM — W0T—_ 


I, + In + 2M. Ly 


converse. The + allows for the possibility that the mutual inter- 
action adds to the total flux or that it gives flux in the opposite 
direction from that due to the self-induction. The sign of M and 
its magnitude depend on the geometric arrangement of the coils. 
From Eq. (8.24) we find for the equivalent self-inductance of the 
pair of coils in series: 


L=1l,+1,.+2M 


(8.25) 
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Le 
Fig. 8.15 Two inductances 
in parallel. 
For the case of noninteracting inductances in parallel as 
shown in Fig. 8.15, we may write 
diy 
& = -l, a 
dig 
Reval 
2 2 
But in the parallel arrangement, 8; = &, and also 
di diy dig 1 i 
rr ale Pelee | naman sey ba 
dt dt dt LI, Ly 
The equivalent inductance L is given by 6 = —Ldi/dt, so 
we have 
1 | rs 1 LL. (8.26) 
— — or = ———— bd 26 
De Dy bg L, + Le 
Note that these rules for combining noninteracting inductances 
turn out to be of the same form as the rules for series and parallel 
combinations of resistances. 
8.11 Stored Magnetic Energy 
The induced emf in a circuit resulting from changing magnetic 
flux can be shown to lead to the expenditure of energy in order to 
set up a magnetic field in a region of space. Since this expended 
i 
L 


Fig. 8.16 Buildup of current 
in an inductance. 


energy can be recovered and used, for instance, to generate heat 
in a resistance, we are led naturally to the idea of energy stored 
in a magnetic field. The situation is analogous to the storage of 
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energy in an electric field, as discussed in Chap. 4. We begin the 
discussion by asking how much energy must be expended to build 
up a current 7 in an inductance L; as shown in Fig. 8.16. The 
induced emf across the inductance is 


The amount of work required to move a charge dq against this 
emf is 

Wawel cet oe ue 8.27 

=- =L—dg=L—d= i h 
9g Pics 5 (8.27) 

Here we have changed variables and used i = dq/dt. The total 
work to build up the current from 0 to 7 is obtained by integrating 
Eq. (8.27): 


v= faw = 1f sai = sau (8.28) 


We have written this as the stored energy U since, as we shall 
show, the energy expended can be recovered. 


Fig. 8.17 Energy stored in 
two interacting circuits. 


If two interacting circuits are involved as in Fig. 8.17, the 
energy required to build up the currents 7; and i, in the two 
circuits is obtained similarly. Thus, 


oe diy uy +(1 nee 
ae gee aren aie au) 


= Lyi; diy + Mi; dig + Loig dig + Mig diy 


Since Mz; dig + Miz di; is a perfect differential, these two terms 
can be written as d(Miji2). Integration of the entire expression 
then yields 


U = MLyiy? + Loin? + Miri (8.29) 
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We can show that this energy is stored rather than dissipated 
by arranging that the stored energy be used to heat up the resist- 
ance. Suppose, then, that while the current 7 is flowing steadily 
we instantaneously remove from the circuit the battery producing 
the current. The circuit becomes that shown in Fig. 8.18. This 


Fig. 8.18 Dissipation of L 
energy stored in the mag- 
netic field of an inductance. 


change can be made essentially instantaneously by simply shorting 
out the battery. In the absence of the inductance, the current in the’ 
circuit would fall to zero immediately the battery was removed by 
shorting. However, with the inductance present, the circuit equa- 
tion becomes 


—-L—=ik (8.30) 


The inductance acts so as to try to maintain the current 
constant. Since in its absence the current would decrease, di/dt 
is negative, and we see from Eq. (8.30) that the induced emf acts 
in the same direction as did the battery. The inductance thus 
supplies the energy to force the current through the resistance. 
The instantaneous rate of energy dissipation will be 

a rae (8.31) 

dt 
obtained from Eq. (8.30) by multiplying by the instantaneous 
current 7. Since in this situation i and di/dt have opposite signs, 
the left-hand term is positive. The total energy supplied to the 
resistance is the integral of this expression over the time while both 
i and di/dt are not zero. We have already found this to be 4Li?. 


This is equal to. | #R dt, the total energy dissipated in the re- 


sistance after the battery is removed from the circuit. 

We have now demonstrated that an amount of energy 141i? 
is necessary to build up a current 7 in an inductance and that this 
energy is stored. This energy is associated with the existence of 
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current in the inductance. A more useful point of view, however, 
is that the energy is stored in the magnetic field existing in space 
because of the current. This is closely analogous to the situation 
in the case of energy stored in an electrostatic field, where we found 
U/vol = YeoE? in a vacuum. A rather similar calculation gives 
the energy storage in a magnetic field. We choose a toroidal 
solenoid because the field exists only inside the toroid and also 
is essentially uniform within it, making the calculation easy. We 
have already found that the inductance of such a solenoid is 
L = woN?A/l henrys. The total energy stored in the field is then 
U = WLi? = VouN?A7?/l joules. The energy per unit volume 
is the energy divided by the volume inside the solenoid, Al. This 
gives U/vol = 4u.N7i?/?. But since B inside is B = poNi/I, 
we find 
UB? 


—=-— _ joules/m® 
vol 2p : / 


for the case of a magnetic field B in a vacuum. 


8.12 Further Discussion of Faraday’s Law of Induction 

There are some aspects of Faraday’s law of induction that have 
not yet been discussed. So far we have been interested in the emf 
induced around a conductor placed in a region where B is changing 
with time. The emf produces a force on charged particles in the 
conductor and so gives rise to an electric field, which can be related 
to the induced emf & by the equation 


& -$ E-dl = g Etan dl 


When we take a circular conductor (Fig, 8.19) whose plane is 


Fig. 8.19 Tangential electric 
field, induced along a 
circular wire in a region 

of changing B field. 
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(8.32) 


(8.33) 
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perpendicular to the lines of a uniform B field, this tangential 
electric field is uniform around the circuit and is given by 


6 
Evan = —— (8.34) 
Qnr 
where r is the radius of the circular path. The work done on a 


charge q during one revolution of the charge is 
Ww -f QE tan dl = qE tan 2ur = GE coulomb X volts (8.35) 


Notice that the direction of this electric field is not defined. The 
direction of E,an depends entirely on the path chosen, so it is 
really quite different from an electrostatic H field. Another differ- 


ence is that for this induced field, f E-dl # 0. 


Another important property of the induced emf is that it 
exists whether or not a conducting path is present. This fact is 
well exemplified in a kind of electron accelerator called the betatron. 
In this machine, electrons in a vacuum travel in circular paths in 
a magnetic field. The strength of the magnetic field changes with 
time, and as a result of the changing magnetic flux in the area en- 
closed by the electron orbit, an emf is induced that accelerates the 
electrons. 


8.13 Applications of Inductance 

In Chap. 10 we discuss inductances as circuit elements in transient 
and a-c circuits. Here we discuss two applications of induced emfs 
to practical problems. 


The ballistic galvanometer Perhaps the most popular method for 
measuring the strength of a constant magnetic field is the use of a 
flip coil. A small coil of known geometry is placed in the unknown 
field so as to be threaded by the maximum flux. Then the coil is 
suddenly removed from the field, or rotated so as to reduce the flux 
through it to zero. If the rate of change of flux that occurs could be 
integrated from beginning to end, the flux and hence B could be 
obtained. Thus, 


d& 
[Ga-e- 3a 
dt 
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where @ is the value of the original flux through the coil. We now 
show that under suitable conditions, this change in flux can be 
related to a galvanometer deflection caused by the induced emf in 
the flip coil, 6 = — N d&/dt. 

The method involves the use of the ballistic galuanometer, a 
galvanometer built with its natural period of mechanical oscillation 
reasonably long. The galvanometer is connected across the coil 
as shown in Fig. 8.20. When the magnetic flux in the coil is suddenly 


Flip coil 


Fig. 8.20 Flip coil used R 
with ballistic galuanometer 
to measure B. 


changed, the galvanometer coil is given an angular impulse, the 
magnitude of which is proportional to the total change in flux. If 
the galvanometer characteristics are known, the absolute magni- 
tude of the field can be determined. 

The principle involved is as follows: The magnetic torque on 
a galvanometer coil, when its plane is parallel to the magnetic 
field, we have found to be 


7 = NiAB (8.36) 


where the quantities NiAB refer to the galvanometer coil, not the 
flip coil. When, instead of a steady current i, we supply a short 


Fig. 8.21 Typical current 
pulse through ballistic 
galvanometer. Pulse must be 
finished before appreciable 
motion occurs in 
galvanometer. 


pulse of current such as shown in Fig. 8.21, the angular impulse 


given to the galvanometer coil is [ 7 dt, where the integration is 
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over an interval covering the entire time during which current: 
flows. Using Eq. (8.36), we integrate this to get 


fra = wea i dt = NBAQ (8.37) 


We have used the fact that | i dt is the total charge through the 


galvanometer. This is the special feature of the ballistic galvanom- 
eter. It receives an angular impulse that depends only on the total 
charge pulse flowing through it and not on the way the charge flow 
varies with time. However, since in Eq. (8.36) the more general 
expression is r = NiAB sin 6, where @ is the angle between the coil 
and field direction, the pulse must be completed before the coil has 
time to move from its initial position where sin @ = 1. The pulse 
must therefore be short compared with the natural period of the 
galvanometer coil. From mechanics we have that this angular 
impulse gives the coil an angular momentum Iwo, where J is its 
moment of inertia and wo is the angular velocity just after the pulse 
has passed. Thus we have 


[: dt = Ia = NBAQ (8.38) 


The initial angular momentum Jw corresponds to an initial kinetic 
energy Jw ”. As the coil turns against the restoring torque of 
the galvanometer coil suspension, this kinetic energy is converted 
into potential energy. At the maximum deflection @max, conversion 
is complete and we may write 


KE = Vu? > PE = Vk6" max (8.39) 


where k is the torque constant of the suspension. Solving for wo 
in Eq. (8.38) and substituting in Eq. (8.39), we find 


Q = — 4max (8.40) 


This equation can be put in a more useful form by substituting 
the expression for the period of oscillation 7’ of a torsional pendulum, 
T = 2n(I/k)”, in Eq. (8.40): 

kT K'T 


= ————— aha 
"oe 


K’ is the galvanometer constant (Sec. 7.7). 
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In terms of the figure of merit of the galvanometer [Eq. (7.31)], 
this becomes 


Q a 
baat Qn max . 


where dmax is the initial deflection of the galvanometer in milli- 
meters on a scale 1 m away. If the galvanometer is appreciably 
damped, correction must be made for the effect of damping on the 
initial deflection. 

We have now seen that knowledge of the galvanometer con- 
stant or figure of merit and of the period of oscillation of the 
galvanometer coil allows us to measure the total charge passing 
through the galvanometer in a time short compared with its period. 
We now show how this property of the ballistic galvanometer is 
used to measure the value of B. The current flowing in the flip 
coil connected across the galvanometer is given by 


emf 1 ( db ) 
(ek iy pees 
dt dt 
Here L represents the self-inductance in the circuit, and N’ is the 


number of turns in the flip coil. Upon integration, we find the 
total flow of charge to be 


o-[ ia ‘a %;) [a= (@ ®)) 
= t= — a = i. — as 
0 re Va : 0 Ro : 


where (#2; — ,) is the change of the flux involved. If we pull the 
coil entirely out of the field, 2 becomes zero and we have 


where A’ is the area of the search coil. Here it is assumed that the 
coil was originally oriented with its plane perpendicular to the 
magnetic field. 


Eddy currents and skin depth Whenever a conductor is placed in 
a region of varying magnetic field, Faraday induction sets up 
currents. These currents result in 27 losses in the metal, causing 
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(8.41) 


(8.42) 


(8.43) 


(8.44) 
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heating and energy loss that may be undesirable. It is for this reason 
that in designing transformers the ferromagnetic metal cores 
usually used are made up of thin insulated slabs of metal (lami- 
nated) rather than of solid metal. To show how this cuts down on 
losses, we make a simple approximate calculation. We show in 
Fig. 8.22 two metal blocks in identical varying fields. The first 


Fig. 8.22 Solid and 
quartered block 
for eddy-current calculation. a 


block is solid, while the second is divided into four insulated quar- 
ters. We calculate the eddy-current losses in the first block of di- 
mensions a X a with thickness ¢ and compare these with the losses 


in four quarter-blocks of area : m8 = 


Figure 8.23 shows the first block broken into a set of thin 
square paths of length / and cross-section areas ¢ dx. This is not 


Fig. 8.23 Idealized 
current path for calculation 
of eddy-current losses. 


the exact path that the current will take, but it provides a good 
first approximation. If we let 2x be the length of the side of the * 
square path, its length J is 8x. The area enclosed is (2x)’. Now if 
B is directed into the face of the block and dB/dt is uniform over 
the block, the induced emf is proportional to the area enclosed 
by the path. The emf 6 around the path can thus be written as 


8.13 Applications of Inductance 


k(2x)?, where k = dB/dt. The average induced electric field E 
6) ake? 1 
along the path is then Z = — = BE Peete 
l 8x 2 
We now express the power dissipation due to the current 
around the path. We start with the general expression for power 


dissipation in a conductor, P = Vi, and transform it as follows: 
P = Vi = Eli = ElAj = Ej = oE*v 
where A = cross-section area of current path 


v = volume of current path 
conductivity. 


o 


For the power dissipation in the path we have chosen we can then 
write 
dP = cE? dv 


Integration over all such paths gives the total rate of energy 
dissipation in the block. 


al tk? 
P= oft d= of (5 ke 80 de = ot 
pune 2 


This result shows immediately the advantage of dividing the 
area into small islands, since it shows that the area of the block 
enters as its square. Thus if the block were divided into quarters, 
the power dissipation would be 


atk? /a\* 1 otk? 
P= i) =-—-—at 

2 \2 42 
or one-fourth the dissipation in the unquartered block. It is in 
planes perpendicular to the lines of B that the conducting path 
must be broken up. Thus the cores of transformers are usually 
built up of many laminas insulated from each other. Magnetic flux 
circulates around the laminas, but induced currents caused by 
d&/dt are held to a minimum in the plane perpendicular to the 
laminas by their small, thin cross section. 

In the simplified example we have assumed that the resistivity 
of the conductor is high enough that eddy currents in the several 
elements do not seriously affect-dB /dt in the material. This is realis- 
tie for many situations. At high enough frequencies the eddy cur- 
rents indeed reduce the value of dB/dt inside the metal so as to 
limit the penetration of electromagnetic waves into a conductor. 
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This gives rise to the skin effect in conductors. For example, high- 
frequency currents along a wire are confined to the outer surface of 
the wire, called the skin depth, by this eddy-current effect. It is 
also this effect which makes metals opaque to light, which is itself 
an electromagnetic wave. 


PROBLEMS 


8.1 A metal rod of length L moves with a velocity v in a direction perpen- 
dicular to its axis and to a constant magnetic induction field B, as 
shown in Fig, P8.1a. 


Fig. P8.la i “ 


a_ Write the expression for the force on charges in the rod by virtue 
of the motion of the rod. 

b What will be the magnitude and direction of the electric field set 
up by the separation of charges due to this motion? 

c What will be the potential difference between the ends of the rod? 

d Ifthe rod moves on a stationary conducting loop as shown in Fig. 
P8,1b, what current will flow in the loop if the resistance of the 
loop and rod is R? 

e Calculate the emf induced by the motion by means of Faraday’s 
law of induction and compare the result with (c). 


Fig. P8.1b 


8.2 A coil of n turns and area A rotates with a frequency w about a diam- 
eter that is perpendicular to a uniform magnetic induction field B. 
Calculate the peak emf (amplitude) induced in the coil. 


8.3 Two identical coils are connected in series and spaced in such a way 
that one-half the flux from one coil threads the second coil. If the 
self-inductance of one coil is L henrys, find the self-inductance of the 


8.4 


8.5 


8.6 


8.7 


8.8 


8.9 


pair of coils connected in series, assuming the coils are connected in 
such a way that the fluxes add (rather than subtract). 


A small loop of wire of radius a is coaxial with a large loop of wire of 
radius b. The two loops are separated by the distance /. Under the as- 
sumption that b>>a, compute the mutual induction between the 
loops. (Note: The problem is easy or hard depending on which loop 
you let produce the magnetic field.) 


A conducting rod of length L rotates with an angular velocity w about 
one end in a plane perpendicular to a uniform magnetic induction 
field B. Find the emf induced in the rod, first in terms of the motional 
emf and then by means of the Faraday induction law. 


State a situation in which the emf in a conducting loop can be caleu- 
lated by means of Faraday’s induction law but cannot be obtained by 
means of motional emf. 


A stiff wire bent into a semicircle of radius R, as shown in Fig. P8.7, 
is rotated at a frequency f in a uniform magnetic field B, as shown 
below. What are the amplitude and frequency of the induced voltage 
and of the induced current when the internal resistance of the meter 
is 1,000 ohms and the remainder of the circuit has negligible resistance? 


Fig. P8.7 


A large electromagnet has an inductance of 5 henrys. If a current of 
10 amp flows through its coils, what is the energy stored in the induct- 
ance? When the current is interrupted, it drops to 1 amp in 1/20 sec, 
Approximately what voltage is induced in the coil? How might this 
voltage have a detrimental effect on the coil windings? 


A solenoid is moving toward a conducting loop as shown in Fig. P8.9. 
As viewed from the solenoid, what will be the direction of the induced 
current in the loop? 


Problems 
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8.10 The accelerating action in a betatron depends on the induced emf 
produced by a changing magnetic field. Electrons in a vacuum travel 
in circular paths in a magnetic field that increases with time. The 
radius of curvature of the electron orbit depends on the field Br, at 
the orbit and perpendicular to its plane. The accelerating force de- 
pends on d®/dt over the area enclosed by the orbit. 

a Show that for the radius of the orbit to stay constant as electrons 
are accelerated, the average field B within the orbit must be 2Br. 
b Express the energy gained per cycle in terms of dBr/dt. 


8.11 The rectangle shown in Fig. P8.11 is moving with a uniform velocity 
V away from the long wire carrying current 7, The wire and rectangle 
remain coplanar. Calculate the electromotive force induced in the 
rectangle. What is the mutual inductance between the two circuits 
as a function of time if the nearer wire of the rectangle is distance | 


from the long wire at time t = 0? 
a 
b 
Fig. P8.11 , 


8.12 A current loop is made by connecting the ends of two long parallel 
wires of radius a separated by a distance d between centers. Neglect- 
ing end effects and the magnetic flux within the wires, show that the 
self-inductance of a length / of the parallel wires is 


a 


8.13 The self-inductance of a coil can be computed by equating the stored 
energy in the magnetic induction field of the coil to the work neces- 
sary to build up the current in the coil from zero. Do this for the 
simple case of a toroidal solenoid of length J, cross section A, having 
N turns. 


8.14 How can 50 volts be generated across the terminals on a 2-henry in- 
ductor of negligible resistance? 


8.15 The inductance of a close-packed coil is 10 mh, The coil has 100 
turns. Find the total magnetic flux through the coil when the current 
is 0.5 ma. 


8.16 Find the magnetic energy stored inside a 1 m length of wire carrying 
10 amp. The wire is 1 mm in radius and the current density is uni- 
form. 


8.17 A current of 10 amp produces a total flux of 10 webers in a closely 
wound coil of 200 turns. Find the energy stored in the magnetic field. 


8.18 


8.19 


A horizontal magnetic field of strength B is produced across a narrow 
gap between square iron pole pieces as shown in Fig. P8.18. A closed 
square wire loop / meters on a side is allowed to fall with the top of 
the loop in the field. The loop has a resistance R and a weight mg. 
Find the terminal velocity of the loop while it is between the poles 
of the magnet. How would this velocity be modified if the cross 
section of the wire of the loop were doubled? 


Fig. P8.18 


A uniform field of induction B is changing in magnitude at a constant 
rate dB/dt. Given a mass m of copper to be drawn into a wire of ra- 
dius r and formed into a circular loop of radius R, show that the 
induced current in the loop does not depend on the size of the wire 
or the loop and is given by 

__m dB 

© axpé dt 


where p is the resistivity and 6 is the density of copper. 


i 


Problems 
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9.1 Introduction 

In this chapter we show what modifications must be made in the 
picture of magnetism in order to account for magnetic effects in 
matter. After a brief preliminary discussion of the sources of mag- 
netic behavior in matter, we derive some general relationships 
between the magnetic parameters in common use. Following this, 
we discuss in more detail the atomic contributions to magnetism, 
which account for the three most important types of magnetic 
behavior: paramagnetism, diamagnetism, and ferromagnetism. We 
next study some problems relating to the magnetization of magnetic 
bodies placed in a uniform field and then discuss briefly the various 
ways of considering permanently magnetized bodies. Finally, we 
consider briefly the magnetic circuit, of particular importance in the 
design of electromagnets. 
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9.2 Magnetic Contributions of Matter 

We begin our discussion by referring to a very simple experimental 
arrangement that can be used to measure the magnetic contri- 
bution of matter. Figure 9.1 shows a toroidal solenoid, with a small 


Fig. 9.1 Toroidal solenoid 
with secondary winding for 
flux measurement. 


extra or secondary winding that can be connected to a ballistic 
galvanometer. With the space inside the toroid empty, the ballistic 


galvanometer can be used to measure the total flux | B-dA inside 


the coil due to a current 7 in the toroid by measuring the galva- 
nometer swing when the current is suddenly turned off. When the 
experiment is repeated with matter filling the entire toroid, a 
different deflection is found, in general, for the same current. It is 
this extra contribution to the total flux that we wish to describe. 

In a vacuum the magnetic induction in the solenoid is given by 

Ni 

B= uo —s oj’ webers/m? (6.10) 
where j* is the solenoidal current density as defined in Sec. 6.3. 
This value of B was obtained by integrating 


dB = — (6.2) 


for the geometry of the solenoid or, alternatively, by using Ampére’s 
circuital law, 


Ba = pot 


around the path inside a toroidal solenoid. 


Magnetism in Matter 


Experiments with matter filling the toroid show that, in 
general, B is modified by the presence of matter. With matter 
filling the toroidal solenoid we must add another term to the flux 
® = BA. This extra term increases B (or in some cases, decreases 
it). We thus rewrite Eq. (6.10) as 


B = wWo(Jiree + Jmag) 


where jfree = Ni/L is the solenoidal current density in the coil, 
and jmag is an effective solenoidal current density that describes 
the magnetic effect of the matter. 

It is possible to show that if magnetized matter consists of a 
certain number of magnetic dipoles aligned jin the direction of the 
magnetic induction field, these magnetic dipoles will indeed produce 
a macroscopic magnetic induction field of the same kind as would 
be obtained from this effective solenoidal current density. We shall 
show this connection after first describing qualitatively the nature 
of magnetic materials. 

The magnetic effects in magnetic materials are due to atomic 
magnetic dipoles in the materials. These magnetic dipoles result 
from the effective current loops of electrons in atomic orbits, from 
effects of electron ‘“‘spin” (intrinsic magnetic moments of electrons, 
which can be described in terms of an effective toplike motion of 
the electrons), and from the magnetic moments of atomic nuclei. 
The effect of an external field is to tend to align these magnetic 
moments along the field direction. We may characterize the degree 
of alignment as the total magnetic moment per unit volume of the 
material, where the total magnetic moment is the vector sum of the 
individual moments. This is the magnetization M of the material. 
This quantity M plays a role in magnetism similar to that of the 
polarization P in dielectrics. 

In order to show the connection between M and the effective 
solenoidal current density jmay, we consider a small cube (see Fig. 
9.2) which contains a certain number of atomic magnetic dipoles 
aligned in the direction of the external magnetic field. More cor- 
rectly, since not all dipoles will be pointed in the field direction, these 
dipoles represent the net magnetization of the cube. As we have seen, 
the magnetic moment is a vector quantity, and the field of each 
dipole is given by Eq. (6.24). We want to find the magnetic induc- 
tion field at points away from the cube such as the point S. We 
argue that the field at S could be equally well represented by a 
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Fig. 9.2 Aligned 
dipoles represent the net 
magnetization of a small 

cube. They produce a 
magnetic induction field at 
points like S. 


sheet of current ima, circulating around the sides of the cube as 
shown in Fig. 9.3. Such a current loop acts as a dipole, just as do 
the individual atomic dipoles, so from any point S away from the 
cube, the field would be the same, whether due to individual 


Fig. 9.3 Effects of magnetic 
dipoles at external points 
can be simulated by an 
effective current imag 
ciroulating around 

each volume element. 


atomic dipoles or to a current around the cube. The dipole moment, 
of the cube is 


Pm = tmagA 
where A is the area of the loop. We may also express the magneti- 
zation M, or magnetic moment per unit volume in the cube. This is 
= — = — = fina amp/m (9.2) 
where jmag is the equivalent solenoidal current density circulating 
around the cube and giving the same magnetic moment as the sum 
of the individual atomic magnetic dipoles. 
We now extend this argument to a large cylinder of magnetic 
material. In order to avoid end effects, let us consider a toroidal 
cylinder placed inside the toroidal coil of Fig. 9.1. We examine a 
small slice of this sample, as shown in Fig. 9.4. Consider the slice 
to be made up of many identical cubes such as the one described 
above. As before, we replace the magnetic effect of the individual 
magnetic dipoles in each cube by a circulating solenoidal current 
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density jmag. The effects of all the current loops will cancel inside 
the slab, since currents on the surfaces of neighboring cubes are 
equal and opposite, leaving only the circulating currents around the 
outer surface of the slab. The magnetic moment per unit volume 
in the slab is that of the individual cubes, that is, M = jig. But 
now we may consider jmay as the effective current density circulating 
around the outer surface of the slab. This is the Amperian surface 
current, which may be used to replace the magnetic effects of the 
actual atomic magnetic moments. Since the magnetic induction 


Fig. 9.4 The circulating 
currents that account for 
the magnetic properties 

of matter can be replaced by 
an equivalent solenoidal 
current density called the 
Amperian surface current. 


field intensity inside a long solenoid is uniform, the Amperian 
current gives a uniform field inside. This uniform field corresponds 
to the average field inside the magnetic material. The Amperian 
current in magnetic materials corresponds to the induced surface 
charges in dielectric materials. We have replaced the atomic currents 
that produce magnetic effects in matter by a fictitious surface 
current that is much easier to handle mathematically. 

The geometry we have chosen for this discussion is very 
special. In effect, the toroidal solenoid is a long rod without any 
ends. If we had placed a smaller piece of matter within the coil, 
having finite ends, the problem would have been much more com- 
plicated, since in order to satisfy boundary conditions, the original 
vacuum field would be seriously modified by the sample. We show 
in Sec. 9.12 that whenever the magnetization M of a medium has 
a component perpendicular to the surface of the medium, the 
original field outside the medium is modified by its presence. In 
our special case, the contribution of the matter is a field that exists 
only in the matter and is everywhere parallel to the original vacuum 
field of the solenoid. The general problem of finding the field inside a 


9.3 Magnetic Field Intensity H 


piece of matter of any shape is more difficult, and we treat only 
some simple cases later on. 

An additional complication that arises is that if the magneti- 
zation of matter is not uniform, the individual current loops will 
not cancel completely, and we must add to the effective surface 
current density a term involving a volume distribution of effective 
currents. For the time being, we shall continue to consider the 
very much simpler case of a toroidal sample, uniformly magnetized. 

In later sections we shall see that certain kinds of dipoles tend 
to be aligned on the average in the direction of the field (paramag- 
netism), while other effects result in induced dipoles aligned against 
the field (diamagnetism). 


9.3 Magnetic Field Intensity H 

In Eq. (9.1) we have seen that the magnetic induction in the sample 
arises from two sources, one the current in the coil—the external 
effect—and the other the magnetization of the sample, which we 
find can be calculated from an effective current density. The term 
that depends on external effects is of considerable importance, and 
we shall call it the magnetic field intensity H. In the case of the 
solenoid 


i Ni, y 
=— = jie amp/m 
7 It P, 


If the solenoid is empty, there is no contribution from the 
magnetization, and 


B = oH 


that is, B and H differ only by a constant factor uo. H represents a 
vector field somewhat similar to the induction field B, but differing 
in that it ignores the effect of matter, much as D in electrostatics 
ignores the effects of a dielectric. Later, in Sec. 9.12, we shall see 
that for non-toroidal samples, H is affected by boundary effects in 
magnetic materials. Thus our present definition of H = Ni/L is 
incomplete. The importance of the H field lies partly in its con- 
venience in the solution of problems involving boundaries. Equally 
important is the fact that magnetization is induced in matter to an 
extent that depends on H. It is very often true that the induced 
magnetization M is proportional to H, and we can then describe 
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the properties of the material in terms of its magnetic susceptibility 
Xm or its magnetic permeability u. We define these terms in the next 
section. 


9.4 Magnetic Parameters in Matter 
For the special case of a toroidal sample, Eq. (9.1) can now be 
rewritten as 


B = yo(H + M) 


Here the first term is the contribution of the current in the solenoid, 
and the second term is due to the magnetization of the sample 
and can be simulated by an effective solenoidal surface current. 
This equation is true in general, but for other than toroidal sample 
shapes, the calculation of H becomes more involved. We discuss 
this problem in Sec. 9.12. 

For the large class of materials in which the magnetization is 
proportional to H, we may define the magnetic susceptibility of 
the material by xm, where 


M = xnH 


As defined here, x», is a pure number, since M and H have the same 
units. It then follows from Eq. (9.5) that 


B = uo(l + Xm)H 

If we write 
= (1 + xm) 

where yu is the magnetic permeability, we have 
B= .H or B= Hjtroe 


It is useful to define a relative permeability u/uo. The relative 
permeability in the mks system has the same numerical value as p, 
the permeability, in egs magnetic units (emu). 

We can classify magnetic matter in terms of the susceptibility 
Xm- In paramagnetic materials, x,, is positive and much less than 1. 
In diamagnetic materials, x» is negative and also small compared 
with 1. The characteristic of ferromagnetic materials is that xm 
is positive and very large. However, in ferromagnetic materials 
M is not accurately proportional to H, so xm is not a constant, 
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(9.6) 


(9.7) 


(9.8) 


(9.9) 


9.5 Characteristics of Band H 


except over a small range of H. We discuss these three cases in 
detail later. 

We may also classify magnetic materials in terms of the 
magnetic permeability u. From its definition, we may characterize 
magnetic matter as follows: 


Diamagnetic: n< wo 
Paramagnetic: 4 > uo 


Ferromagnetic: 4 > uo 


9.5 Characteristics of B and H 

We now turn back to our earlier consideration of the two magnetic 
vector fields: B, the magnetic induction, and H, the magnetic 
intensity. In the earlier discussion of B, in Secs. 6.2 and 6.4, we 
found that in a vacuum the lines of B are continuous and form 
closed loops. This will continue to be true in the presence of matter, 
since we have shown that the magnetic effect of uniformly mag- 
netized matter can be simulated by an effective current density 
circulating around the magnetic material. Thus, we imagine re- 
placing the matter by suitable coils of appropriate shape and 
current density and thereby return effectively to the vacuum case. 
Therefore, under all situations the surface integral of B over a 
surface completely enclosing a volume is zero. Even when matter is 
present, we get 


/ B-dS =0 
cs 


That is, the number of lines of B emerging from any volume 
surrounded by a surface S is the same as the number entering it 
(since all lines are continuous and have no beginnings or endings). 
This is Gauss’ law applied to B and is exactly the same as the 
rule for E in electrostatics in a region where there are no charges 
to act as sources or sinks for the lines of E. Under no conditions 
are there sources or sinks for lines of B. 

Another property of lines of B refers to the line integral around 
a closed path. We showed in Sec. 6.4 that 


g B-dl = pot (6.14) 
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where 7 is the current threading the closed path taken. Now that 
we are including the effects of magnetic matter, we should rewrite 
this as 


paea = po(ttree + tmaz) = Hottotal (9.11) 


where tee is the real current and imag is the fictitious Amperian 
current that describes the magnetic behavior of matter. 

This last equation for the line integral of B can be made 
more useful if we derive from it an equation for H. The first step is 
to use the general equation (9.5), B = uo(H + M), to express B 
in terms of H and M. Making this substitution, we get 


1 
—QDB-dl -pua =e f mea = trotal (9.12) 
Ho 


Now if we can evaluate the term involving M, we can solve for 


g H-dl. But since we already have M = j;,,,, we see at once that 


g M-dl = tmag. Let us clarify this point with the aid of Fig. 9.5, 


which shows a section of a toroidal solenoid sample on which the 


Fig. 9.5 Evaluation of 

the line integral of 

the magnetization around a 
closed path. 


Amperian surface current has been indicated. This current re- 
places the effects of the oriented magnetic dipoles of the sample. 
The magnetization is produced by real current in a solenoidal coil 
surrounding the sample and not shown in the figure. We evaluate 


the line integral ¢ M-dlaround the closed path abcd. Along ab, M is 


parallel to the path and equal to jnay. If we let the distance ab 
be x, the integral from a to b becomes jy,qt. The line integral is 
zero over the rest of the path, since M is perpendicular to the 
paths be and da and is zero over the path cd. Since jnagt is the 
total Amperian current imag enclosed by the path, we have 


¢ M<dl = imag 
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If we substitute this in Eq. (9.12), noting that total = tree + tmasy 
we find 


pra = ttre (9.13) 


This is a fundamental property of H and is the analogue of Eq. 
(6.15), ¢ B-dl = 0, which we found for the vacuum case. Equa- 


tions (9.10) and (9.13) are basic equations for B and H that are 
valid under all conditions. 

In any region of space where there are no current-carrying 
conductors (and no moving charges), tree is zero, and Eq. (9.13) 
becomes 


¢ H-dl =0 (9.14) 


9.6 Boundary Conditions for B and H 
We shall now use these powerful new rules to show how B and H 
behave at the boundary of a magnetic material. The procedure 
will recall the similar development of the conditions on E and D 
at a dielectric boundary, since the mathematics is identical. 

In the case of B, we proceed by imagining a cylindrical Gaussian 
surface as shown in Fig. 9.6, drawn so as to have one surface in 


Fig. 9.6 Gaussian surface 
for obtaining boundary dS; 
condition on B between two 
different magnetic media. 


region 1 and the other in region 2. The two regions have different 
magnetic properties; for example, region 1 may be a vacuum, 
while region 2 could be a magnetic material. We make the thickness 
of the cylinder vanishingly small, so the lines of B that come out of 
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the sides of the cylinder may be neglected. Then we can write, 
from Eq. (9.10), 


[B-as, = -[ Bo -dS, (9.15) 
Si Se 


This means that the normal components of B; and By are equal, 
or 


Bn = Bre (9.16) 


We next study the behavior of H at this boundary by taking 
the line integral as shown in Fig. 9.7. If the magnetic matter is not 


Fig. 9.7 Line integral for 
obtaining boundary 
condition on H between two 
different magnetic media. 


wrapped with a coil carrying current, as we are to assume, we can 
use Eq. (9.14) to show 


b a 
[ea = -[ Hy: dl. (9.17) 


This means that the tangential components of H are equal on the 
two sides of the boundary, or 


Hy = He (9.18) 


So far we have made no assumption as to how H and B are 
related. When we are dealing with materials in which B = uH, 
we can determine the behavior of B and H at a boundary, using 
the rules just derived for B, and H;. Since these conditions are 
identical with those for D,, and EZ, found for dielectric boundaries, 
we may take over the earlier results directly, to write 

tan ®, My 


=— 9.19) 
tan Bp Me a) 
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for the directions of B and H on the two sides of a boundary (see 
Sec. 5.6 for the electrostatic case). 


9.7 Stored Energy in Magnetic Matter 
We have already found in Sec. 8.11 that the energy density in a vac- 
uum containing a magnetic induction field B is 


—=-— ___joules/m® (8.32) 
Identical arguments, using a toroidal solenoid filled with magnetic 


material, allow the calculation of energy density in magnetized 
matter. We need only replace the vacuum equation 


B = pojirce (6.12) 
by 
B = bjiree 


to obtain the required result. It is left as a problem for the studerit 
to show by this means that the energy density in matter is given by 


In Sec. 5.8 we showed how the stored energy in the electric 
field’ could be used to calculate the forces acting on a dielectric 
plate placed between capacitor plates. Similar problems exist in the 
case of magnetic materials. In the dielectric case, if the system is 
isolated, mechanical work done by the electric field in displacing 
the dielectric is done at the expense of stored electrostatic energy. 
However, in the problem discussed, a battery was connected to the 
capacitor plates to maintain constant electric field. We showed that 
the work done by the battery during a displacement of the dielectric 
was twice the mechanical work done by the electric forces. As a 
result, instead of finding a decrease in stored energy of an amount 
—dU, we found that the stored energy was increased by an amount 
—dU +2dU =dU. The work-energy relation then becomes 
F dx = dU instead of F dx = —dU, where F dz is positive work 
done by the electric field. This result is general for any linear 
system (for which the susceptibility is constant). 
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In the case of a magnetic system, such as in Figures P.9.2 and 
P.9.9, the same effect is seen. Motion of magnetized material causes 
work to be done by the external source which has built up the 
stored energy in the magnetic field, and for linear systems the work 
done by the external energy source compensates twice over for the 
loss of stored magnetic energy. F dx = dU should thus be used in 
the problems cited. 


9.8 Paramagnetism 

The essential feature of a paramagnetic material is that it has a 
positive but small magnetic susceptibility (xm <« 1), which results 
from the existence of permanent magnetic dipoles that are free 
to be oriented under the influence of an external field. The dipoles 
exert very small forces on each other; therefore, at ordinary tem- 
peratures, thermal vibrations of the solid ensure random orientation 
of the dipoles, giving an average magnetization of zero. The greater 
the applied magnetic field, the more nearly the dipoles tend to be 
aligned and the greater is the net magnetic moment per unit volume, 
or magnetization M. 

Let us consider the magnetic susceptibility of a paramagnetic 
substance, considering that there are N atoms in a unit volume, 
each having a magnetic dipole pm, which can be aligned in an ap- 
plied field. Let us assume, as is often the case, that in an applied 
field there are only two possibilities—either the dipoles are aligned 
parallel to the field or they are aligned antiparallel.’ The magnet- 
ization at a given temperature and applied ‘field depends on the 
excess number of magnetic moments aligned parallel to the field 
over those aligned antiparallel. The excess fraction of moments 
aligned parallel to the field is given by 


mB 


I= oer 


where k is the Boltzmann constant and 7 the absolute tempera- 
ture. We shall not derive this result but we note that the numerator 
relates to the energy of orientation of dipoles in the external field, 
1 Tt is a result of quantum mechanics that magnetic dipoles in a field are subject 
to the condition that they may take up only certain specified average positions 
with respect to the field direction (see Sec. 14.7). If all orientations are allowed, 
‘the same result is obtained within a numerical constant. 


(9.22) 
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and the denominator relates to the thermal energy of the substance. 
Thus the higher the temperature, the more seriously thermal vibra- 
tions interfere with alignment and the smaller is the excess fraction 
of aligned moments. 

The susceptibility is obtained from the last equation as follows: 
The magnetization is given by ' 


Npm? oH 
Mame phe en 
Pol = — Sep 
Then 
M = Nuopm? 
XH 3kT 


This dependence of the susceptibility of paramagnetic materials on 
T is known as the Curie law. 

Figure 9.8a shows a plot of the magnetization M against the 
magnetizing field H. The slope of this curve is the susceptibility x. 
A plot of the susceptibility x against 7, in Fig. 9.8b, shows the 
way the susceptibility falls off with temperature, according to 
Eq. (9.23). It is common practice to plot the reciprocal 1/x against 
temperature, in which case a straight-line plot as shown in Fig. 9.8¢ 
is obtained. 

We now want to investigate the nature of p,,, the atomic dipole 
moment. Beginning with a discussion of free atoms or ions, we 
avoid the use of quantum mechanics by accepting certain simple 
facts about atomic structure that result from their quantum- 
mechanical nature. Classical considerations will then answer our 
questions. Thus we start with an atomic model in which electrons 
revolve in orbits about the much heavier nucleus. These electrons 
in motion act as small current loops and therefore contribute 
magnetic moments p», = Ai, where A is the area of the orbit. We 
begin by calculating p,, for a simple orbit, such as that of a single 
electron around a nucleus in a free atom. 

The area of a circular orbit is A = mr’, and the current due to 
an electron of charge e is e times the number of times the electron 
passes any point in the orbit per second, or i = ef = ev/2mr, 
where f is the frequency of rotation and v the electron velocity. We 
determine v classically in terms of the orbit radius by equating the 
1 The magnetic induction field B has been replaced here by 4oH. This amounts 


to neglecting the effect of M in the equation B = yo(H + M), as justified by 
the small value of M in paramagnetic materials. 


(9.28) 
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Fig. 9.8 Paramagnetic 
susceptibility. (a) Slope of 
magnetization M versus 
applied field H curve gives the 
susceptibility x = M/H. 

(b) Susceptibility x asa 
function of temperature. (c) 
1/x versus T plot is a 
straight line. 


Coulomb force between the electron and the nucleus of charge Ze 
to the centripetal force holding the electron in orbit. Thus we write 


mv? 1 Zé 
a oe Soe 9.24 
r dreg 1? ( ) 
to give 
z 4% 
raf) 
4megmr 
Substitution gives for the moment, 
Ai Ee Zr 0 (0.25) 
Hah ie, 2 \4aregm ‘ 


For an atomic radius of 107!° m this gives pm ~ 107°? amp-m?. 
Most of the electrons circulating about the nucleus need not be 
considered as contributors to the permanent magnetic moment. 
This results from the tendency in atoms for the electrons to pair 
off in such a way that they produce equal and opposite moments 
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that cancel out. Classically this would result from two electrons 
going around in opposite directions in the same orbit. However, 
in many atoms and ions there is one electron (or more) whose 
moment is not canceled by that of another. 

Another source of magnetic moment, in addition to the con- 
tributions from orbital motion described above, is the spin of the 
electron. That is, the electron behaves as though it were spinning 
on its own axis. This again produces an effective current loop with 
a consequent magnetic moment. In atoms and ions it is again 
usually true that electrons have a strong tendency to pair up in 
arrangements having opposite spins, with a consequent cancellation 
of the magnetic moments. However, all atoms or ions having an 
odd number of electrons, as well as some other cases of incomplete 
cancellation, will exhibit spin magnetism, The magnetic moment 
due to electron spin is of the same order of magnitude as that due 
to orbital motion. 

As a matter of fact, in solids the magnetic moment due to 
electron spin is usually the principal contributor to the magnetic 
properties. This results from the effect of the local electric fields 
that exist in solids on the orbital motion of electrons. These fields 
tend to cause the plane of the orbit to precess rapidly so that 
the average value of the magnetic moment in any given direction 
is zero. Thus the magnetic moment of the free atom or ion is usually 
not the correct value in solids or liquids. 

An additional, though much smaller, contribution to the 
magnetization in matter comes from the fact that some nuclei 
have magnetic moments. This can be thought of as due to the 
motion of charge within the nucleus. The magnitude of nuclear 
moments is about 10~* that of electronic moments. 

Substituting real values of moments in Eq. (9.23), we find 
that paramagnetic materials at room temperature have at most a 
susceptibility of order 10~°. Thus magnetic effects in these ma- 
terials are quite weak, and the value of u differs from yo by less than 
1 per cent. Even so, it is possible to measure these effects with con- 
siderable accuracy. One method is to use the arrangement shown 
in Fig. 9.1, though a more accurate result can be obtained by 
measuring the force on a paramagnetic sample in a nonuniform 
magnetic field. 
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9.9 Diamagnetism 
Diamagnetism results from the negative magnetic moments in- 
duced in all matter upon the application of an external magnetic 
field. It is characterized by a negative susceptibility and is inde- 
pendent of temperature. Since it is small compared to paramagnetic 
(and ferromagnetic) magnetization, it can be observed directly 
only in materials that are otherwise nonmagnetic. This negative 
susceptibility can be understood on the basis of Faraday induction 
acting on the orbital motions of electrons in atoms or ions. 

We can understand this effect and its negative sign by thinking 
of an electron in a circular orbit, such as shown in Fig. 9.9, and 


2 oe 


Fig. 9.9 Effect of external 
field on electronic orbit. 


asking what happens if a field B is introduced perpendicular to 
the plane of the orbit. According to the Faraday law, there is an 
emf acting on the electron given by 


dé dB 
A 


during the time the field is changing, where A is the area of the 
orbit. This emf has the effect of changing the nature of the circulat- 
ing motion of electrons in atomic orbits. We show below that 
for magnetic induction fields that make reasonably small changes 
in the circular motion, the size of the orbit is not altered. We 
therefore make a calculation based on constant orbital radius. The 
emf produced by the changing B field results in an electric field 
£,, which acts tangentially to the direction of the electronic motion. 
The magnitude of this field is 


& 


eee 
As a result of this field, the electron will be accelerated accord- 
ing to Newton’s law, giving 
dv eE e d® 


m— = ek, = = 


= 2 
dt 2ur Qnur dt eae) 
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To find the total change in velocity during the time the magnetic 
flux is being increased, we integrate both sides of Eq. (9.26) to get 


e 
i= — ——_ 


where @ is the final magnetic flux through the loop and Av is the 
total change in velocity due to the force from the Faraday induction. 
When we express this as a change in angular velocity through the 
relationship Av = rwz, we have 

e e e 


aoe Diiirrs AB=-——B 
2ar“m 2ur-m 2m 


oe, =— 


This change in angular velocity, wr, is called the Larmor frequency. 
The negative sign means that wz is negative (clockwise) when B 
is positive (outward), in conformity with Lenz’s principle. 

This additional velocity accounts for an induced magnetic 
moment that always acts antiparallel to the field, to give a negative 
susceptibility. Before showing this we establish the fact that the 
radius of the orbital motion remains unchanged. We begin by 
showing that, in the absence of a magnetic induction field, the 
electrostatic force between nucleus and electron provides the 
centripetal force that holds the electron in circular motion. Thus 
we write 

mu” 

F = ma = —— = mr? 
where F is the electrostatic force and wo is the angular velocity of 
the electron. 

When a magnetic field B is turned on, the velocity wo changes 
to wo + wz, as we saw above (wy may be either positive or negative, 
depending on the direction of B with respect to the original motion). 
Also, a new term e(v xX B) is added to the centripetal force. For 
the geometry we have taken, this term is evB. We wish to show that 
this new magnetic force due to the applied B accounts for the 
change in the centripetal force necessary to balance the new 
rotational velocity wo + wz. We do this by writing the equation 
for the balance of forces similar to Eq. (9.28) under the new con- 
ditions of an applied B. This is 


F = mr(wo + wr)? + eB 
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When this is multiplied out, using v = r(wo + wr), we find 
F = mrag” + 2mraqwr, + mraz? + erwoB + erw,B 


When B is expressed in terms of wz, according to Eq. (9.27), the 
second and fourth terms exactly cancel, leaving F = mrao” plus 
terms in wz”, which can be neglected as long as w, X w.! This is 
the case we wish to consider. This important result tells us that 
after the magnetic field is applied there is a cancellation of terms 
which shows that the original electrostatic force for an orbit of 
the original radius r is still the required value for equilibrium. 
The applied field B, which causes a change in velocity as it is 
turned on, also provides just the necessary additional (magnetic) 
force to keep the orbit in equilibrium. Thus the radius remains 
constant. 

We next calculate the contribution to the magnetic moment 
of the orbit due to the additional angular frequency w,. The 
magnetic moment of a circular current is p, = iA, where 7 is the 
current and A the area of the current loop. Since w, = 2f, and 
i = ef,, where f,, is the frequency of rotation due to the magnetic 
field, we have 


F Cor 
Pm = 1A = ef, A = —A 
Qr 


Lenz’s rule gives the result that the direction of the induced 
dipole moment is always such as to minimize the change in flux 
threading the loop. This means that pm always acts in opposition 
to the applied B change, resulting in the negative magnetic 
susceptibility of diamagnetism. 

An example that brings out the nature of the diamagnetic 
effect is the case of two electrons traveling in opposite directions in 
the same orbit. In the absence of an external field, the magnetic 
effects of the orbital motion of these electrons will vanish. When 
a magnetic field is applied, however, the velocity of one electron 
will be increased and that of the other will be decreased by the 
Larmor frequency, so both orbital motions will contribute to a 
negatively oriented induced magnetic dipole. 

We have examined only the case where the applied magnetic 
field is perpendicular to the orbit. Although we shall not show it 


1 The fifth term involves wz” since from Eq. (9.27), Bewr. 
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here, the induced diamagnetic moment is the same for any orienta- 
tion of the orbit with respect to the field. In the nonperpendicular 
case, however, wy, will not be parallel to wo. That is, the motion ia 
the applied field is circular motion in an orbit that itself precesses 
in the magnetic field with a precessional frequency wp. 

Since the diamagnetic effect involves induced magnetic 
moments that are independent of the orientation of atoms, thermal 
vibrations do not affect diamagnetic susceptibilities. A plot of 
diamagnetic susceptibility against temperature is thus as shown 
in Fig. 9.10, We are neglecting certain other effects such as the 


Fig. 9.10 The diamagnetic 
susceptibility x is negative 
and approximately independ- 
ent of temperature. 


changing of lattice constants with temperature, which may make 
the diamagnetic susceptibility vary slightly with temperature. 

Since paramagnetic susceptibilities decrease with temperature, 
while the diamagnetic term stays essentially constant, it follows 
that all materials become diamagnetic at high enough temperatures. 

Table 9.1 gives a listing of the net susceptibility of a number 
of paramagnetic and diamagnetic materials. Ferromagnetic mate- 
rials will be discussed in Sec. 9.10 

Some metals are diamagnetic, while others are paramagnetic. 
In the case of metals, the net susceptibility is made up of contri- 
butions from the ion cores and the conduction electrons. There 
is a diamagnetic term contributed by the conduction electrons. 
This has to do with a quantum-mechanical effect in the presence 
of a magnetic field. There is also a paramagnetic contribution 
from the electron spins, which more than cancels the diamagnetic 
term, Only a small fraction of the electron spins contribute to the 
paramagnetism, since most of the conduction electrons are arranged 
in pairs with opposite spin orientation. Since the net susceptibility 
of a metal is made up of a number of terms, it is often difficult to 
predict whether a given metal will be diamagnetic or paramagnetic. 
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Table 9.1 Magnetic Susceptibilities, x», = M/H, 
of Various Substances * 


(At approximately room temperature) 


Substance Xm X 10-*, mks units 
Aluminum +0.82 
Iron ammonium alum +38.2 
Calcium +14 
Chromium +45 
Cuprous oxide +15 
Ferric oxide +26.0 
Magnesium +0.69 
Manganese +1. 
02 liquid (—219°C) +390 
Platinum +1.65 
Tantalum +1.1 
Bismuth —17 
Cadmium —0.23 
Copper —0.11 
Germanium —0.15 
Helium —0.59 
Gold —0.19 
Lead —0.18 
Zine —0.20 


* Paramagnetic materials have positive susceptibilities, 
diamagnetic materials have negative susceptibilities. 
These values are given in mks units and are 4x times 
values quoted for cgs units. This factor results from the 
cogs definition of magnetization, B = H + 47M. 


9.10 Ferromagnetism 

We now come to the most easily observed of all magnetic effects, 
and indeed to the historié beginning of the study of magnetism: 
ferromagnetism, so called because of its occurrence in metallic 
iron and in a number of iron compounds. The experimental facts 
about ferromagnetic materials include the following. Although the 
magnetization is not usually proportional to H, as in the previously 
studied materials, in certain situations a susceptibility of several 
thousand can be measured, and very large magnetizations can be 
obtained. The value of the magnetization depends not only on 
the applied field but also on the previous history of the sample. 
In some cases, for example, a sample may retain its magnetization 
even in the absence of an external applied field. This is the source 
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of the permanent magnets with which we are all familiar. However, 
it is notable that the very same material that can show such a 
large permanent magnetization can also exist in a state showing 
little or no permanent magnetization. These phenomena alone 
require considerable explanation, and even so we have left out 
some of the more esoteric experimental facts. It is of historic 
interest to note that the magnetism of permanent magnets has 
been known for at least 2,500 years, although the connection of 
magnetism with moving charges was discovered less than 150 years 
ago by Oersted, in 1820. 

We begin by showing how the very large magnetic effects of 
ferromagnetism can occur. The ultimate source of magnetic mo- 
ments in ferromagnetic materials turns out to be (as is primarily 
the case in paramagnetic materials) the magnetic moments of 
electron spin. The big difference, however, is that in ferromagnetics 
there are large interactions between spins that cause them to align 
parallel with each other. Even at room temperatures the torques 
of interaction are so strong that thermal vibrations cannot destroy 
the alignment. Thus the very large maximum magnetization is of 
the same order as would occur in a paramagnetic material if all 
the dipoles were perfectly aligned along one direction. The source 
of the interaction between dipoles in ferromagnetics is of quantum- 
mechanical nature. As a result of the quantum-mechanical torque, 
the energy of two neighboring dipoles (of two neighboring atoms) 
is very much less when they are aligned parallel than for any 
other arrangement. They therefore are highly constrained to take 
a parallel orientation. Only when a ferromagnetic material is 
heated to a very high temperature are the thermal motions suffi- 
cient to destroy this alignment, thus causing the material to change 
its behavior to that of a paramagnetic material. 

A question that arises immediately is how a ferromagnetic 
material can ever exist in a nonmagnetized state, in view of the 
large forces tending to align the dipoles. The solution to this 
puzzle was suggested long before there was any direct experimental 
evidence on the subject. The answer given, which has indeed been 
shown experimentally to be correct, is that there is a strong tend- 
ency for the material to break up into domains (regions in which 
all dipoles are aligned), each with a different direction of magneti- 
zation, so that the macroscopic effect is to give zero magnetization. 

We are still faced, however, with the problem of why the 
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material chooses to break up into domains, since at their boundaries 
(the domain walls) there will be dipoles that are not parallel. We 
must account for the forces that pull the dipoles at the boundaries 
away from the highly desirable parallel arrangement. This phenom- 
enon can be accounted for if we examine the situation from the 
point of view of stored energy. Figure 9.11 shows schematically 


4 


Fig. 9.11 Effect of domains in diminishing the 
external field. 


a number of alternative domain configurations in a piece of material, 
starting with all the material in a single domain and proceeding to 
a larger and larger number of domains, which have been chosen 
in a rather idealized way, to illustrate the idea involved. The 
orientation of all the dipoles in each domain has been indicated 
by an arrow. The field outside the material is also indicated in a 
qualitative manner. A magnetic field outside the material involves 
stored energy of an amount 

Wg 

-— joules/unit vol 

2 uo 
As the number of domains is increased, the external field produced 
is smaller and smaller, so that the energy stored in the field is 
greatly decreased. This decrease must be balanced against the 
energy stored in making the domain walls, and the equilibrium 
state is that for which the total energy stored is a minimum. 
Calculations based on the known work required to disorient 
adjacent moments indicate that the stable configuration occurs 
with domains of dimensions of the order of 10~° em. This agrees 
with the measured size of domains in a number of ferromagnetics. 
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We are now in a position to understand the nature of the 
magnetization curves of ferromagnetic materials. Figure 9.12 


Fig. 9.12 Magnetization 
curve of a ferromagnetic 
material. 


shows a typical curve of M versus H. As the magnetizing field is 
applied, domain walls move so as to favor the growth of domains 
that happen to have their direction of magnetization more or less 
along the external field direction. As the field is further increased, 
forces are great enough to cause the gradual rotation of magneti- 
zation direction into exact alignment with the field. There are 
certain directions of orientation of the dipoles in a domain with 
respect to the crystal axes that are of lower energy than others, 
and these directions are taken until the external field forces over- 
come the internal orienting forces. Finally, when all the dipoles 
are aligned, M has reached a constant value, or is saturated. It is 
often more convenient to plot B than M, but the difference is often 
rather small except for the factor uo since B = yo(H + M), and 
M is usually much greater than the magnetizing force H. 

A typical experimental curve of B versus H is plotted in 
Fig. 9.13, showing the effect of past history on the magnetization 
of a ferromagnetic sample. We start with the material unmagnetized . 


Fig. 9.13 Hysteresis loop. 
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at a and apply an increasing H (via a current winding around the 
sample) until the point b is reached. When we decrease H, the mag- 
netization M or B decreases, but along a different path. When H 
has been decreased to zero, we find magnetization remaining 
(point c). The value of B at c is called the remanence, which gives 
the state of permanent magnetization of the sample. Point d 
gives the coercive force, the reverse field necessary to demagnetize 
the sample. If we continue to point e and reverse the direction of 
change of H, we eventually can trace out a closed loop, called 
the hysteresis loop. The cause of this loop lies in the difficulty of 
shifting the domain walls. Crystal imperfections cause the walls 
to tend to stick where they are instead of moving smoothly with 
the applied force. It is this hysteresis, which is very great in some 
materials, that allows highly magnetized permanent magnets to 
exist, a fact of tremendous practical importance. Ferromagnetic 
materials with large hysteresis are called hard, while those having 
small hysteresis are called soft. 

Knowledge of the nature of magnetic materials has been greatly 
increased in recent years by the use of neutrons in the investigation 
of permanently magnetized materials. The method depends on the 
fact that neutrons themselves have magnetic moments’ and that 
as a result the passage of neutrons through matter is affected by the 
orientation of the atomic magnetic moments in the matter. Thus 
neutron diffraction experiments can give information on the relative 
orientation of the magnetic dipoles of neighboring atoms. Such 
experiments show the parallel orientation of neighboring dipoles in 
ferromagnetic materials and the antiparallel orientation of neigh- 
bors in antiferromagnetic materials. In the latter class of materials, 
the magnetic moments may be divided into two interpenetrating 
sublattices in which all moments associated with one lattice are 
parallel to each other but are antiparallel to the moments on the 
other sublattice. Such materials do not give rise to external mag- 
netic fields, since the effects of the two sublattices cancel. 

Another class of materials, called ferrimagnetic, consists of two 
sublattices with the moments on one lattice contributing larger 
fields than those on the other, resulting in a net ferromagnetic 
1 It may seem surprising that a neutron, which has a net electric charge of zero, 
has a magnetic moment. This is explained by the idea that the neutron is a 


compound structure made up of equal amounts of positive and negative circu- 
lating charge, whose contributions to ‘the magnetic moment do not cancel. 
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effect. One group of such materials is called ferrite, which because 
it happens to be a non-conductor is widely used in high frequency 
microwave work. The absence of conduction electrons prevents the 
serious eddy current losses that would otherwise occur in high 
frequency applications. 


9.11 Hysteresis Losses in Magnetic Materials 

When a system is carried through a hysteresis loop, a loss of energy 
results. We examine this problem in the case of the hysteresis 
loop of a ferromagnetic material. The simplest formulation can be 
made fora toroidal solenoid sample, which can be magnetized by a 
solenoidal current density jiree = Ni/L, where N is the number 
of turns carrying a current 7 and L is the length of the solenoid. 
For this geometry we have seen that 


H = Stree = Tr amp/m (9.3) 


We now ask for the amount of work that must be done to build 
up a current 7 in the coil, producing a field B in the material. We 
first consider the simple case for which B is linearly proportional 
to H, as given by B = uwH, and then apply the same reasoning to 
the more complicated situation where B follows a hysteresis loop. 
The dissipation of energy in the resistance of the coil is neglected, 
since we are concerned only with energy in the magnetic matter. 

The work necessary to build up a current in the coil results 
from the induced emf of Faraday induction while the field B is 
increasing. Since & = —d@/dt = —NA dB/dt, we can write, for 
the rate of doing work against this emf, 


We can cast this equation in terms of H by using Eq. (9.3) quoted 
above, according to which i = HL/N. If this relationship is 
used, the last equation becomes 


dB 
P = LAH — 
dt 
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Since LA is the volume of the sample, we have that the rate at 
which work goes into magnetic energy, per unit volume of material, 
is 

dw dB 

——a H 


P a 
dt dt 
or, multiplying by dt, we get a very basic equation, 
dW = HdB (9.33) 


When we consider the case where B = uH (Fig. 9.14), we 
can at once calculate the work per unit volume to build up a 


B 
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Fig. 9.14 Evaluation aan 
Bo Hy 
of [ H dB for case where B 
varies linearly with H. 
magnetic induction field Bo by means of an applied magnetic 
intensity Ho. We simply replace H in Eq. (9.33) by B/u and then 
integrate from B = 0 to B = Bo. Thus we find 
Bo 1 0 1B) 1 
w=faw =f nap =~ [ BdB =-— = — BoHo (9.34) 
0 uo 24 2 


This is the same result we found in Sec. 9.7, but here we are able 
to see the relationship between work done and the BH curve. 


B 
i H dB is simply the shaded area of Fig. 9.14. The factor 14 in the 


expression is characteristic of all situations where B and H are 
linearly related, as was assumed in Sec. 9.7. When the process is 
reversed, by letting H decrease to zero, and if the BH curve 
follows the same path on the way down, an equal amount of energy 
is fed into the current circuit, since the work integral will have 
the opposite sign. 

On the other hand, if the magnetism follows a BH hysteresis 
loop such as shown in Fig. 9.13 and if we start from a given point 
and perform a complete cycle back to the original starting point, 
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the integral of Eq. (9.34) should be taken around a closed loop. 
In this case the integral has a value just equal to the area of the 
hysteresis loop. Because of the hysteresis, more energy goes into 
producing the magnetization than is returned when the magneti- 
zation decreases. The lost energy goes into heat. 


9.12 Magnetized Bodies 

We next discuss the magnetization of bodies in the general case 
where we are no longer confined to the special toroidal geometry of 
our previous studies. These discussions will apply equally to para- 
magnetic, diamagnetic (with appropriate change in the sign of xm), 
and ferromagnetic matter. 

In all our previous discussions we have used a toroidal sample 
shape, where we have shown that inside the magnetic material 
B = u(H +M). The special feature of this shape is that the 
magnetization vector M in the material is everywhere parallel 
to the surface. We shall show that whenever M has a component 
perpendicular to the surface, as in the case of all shapes other 
than toroidal, there result additional effects which influence H 
inside and outside the material, and which therefore modify 
both M and B. It is still true that the equation B = yo(H + M) 
applies, but there are other contributions to H in addition to the 
term Ni/L from real currents. 

To give a particular example, suppose we have a cylindrical 
sample of magnetic material magnetized by an externally applied 
field (Fig. 9.15), with the magnetization vector parallel to the 


Fig. 9.15 Cylindrical 
magnetic cylinder in an 
applied field. 


axis. We are going to show that there are contributions to H both 
inside and outside the sample due to the effects of the ends. The 
ends act as sources of H that must be accounted for in applying 
the equation B = uo(H + M) inside the sample, or B = yoH out- 
side the sample. This is remindful of the effects of induced polari- 
zation surface charges in dielectrics. 
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We now investigate the effect of the ends of a sample in situa- 
tions such as shown in Fig. 9.15. We start with Gauss’ law for B, 


i B-dS = 0 (9.10) 
cs 


As we have seen in Sec. 9.5, this is true in general, whether or not 
matter is present. The other general statement we have made is 
that in a magnetic medium, B is given by 


B = »o(H + M) (9.5) 


When we substitute for B in Eq. (9.10) the value of uo(H + M), 
we can write 


wf H-dS + 4 / M-dS = 
cs 


or 


We apply Eq. (9.35) to the right-hand end of the sample of 
Fig. 9.15. Take a Gaussian pillbox enclosing the end, which has 
an area A equal to the area of the sample. We find 


M-dS = —MA 
cs 
This follows from the fact that the total number of lines of M 
entering the left-hand side of the pillbox is MA, while the number 
of lines leaving the pillbox surface outside the sample is zero, since 
M is zero outside the sample. The negative sign results from the 
fact that the lines of M are directed inward at the Gaussian surface. 
If this result is substituted in Eq. (9.35), we get 


H-dS = MA 
cs r 
This is Gauss’ law for H. It tells us that, in addition to the closed 
lines of H originating from real currents, there is a net flux of H out 
from any region in which there is a component of M perpen- 
dicular to a surface. Lines of H emerge from the surface (or, in 
the case of the left-hand end of the sample in Fig. 9.15, where M 
is directed out of the Gaussian pillbox in the sample, the net flux 
of H lines is into the surface). These extra lines originating or 
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ending at surfaces modify the field both inside and outside the 
sample. Furthermore, it can be shown that the lines of H from 
any small region of surface emerge radially outward just as do lines 
of E from a point charge g. We now show this, starting with 


pa = tree (9.18) 


There are no real currents at the surface, so this becomes ¢ H-dl 


= 0. The argument is as follows: Since Gauss’ law is obeyed by 
this H arising from the discontinuity of M at a surface, it follows 
that lines of H coming from this surface effect originate and end 
only on such surface regions. Thus the concept of lines is valid 
just as in the electrostatic case for E. However, we have not yet 
shown whether the lines emerge uniformly outward, or whether 
they may be concentrated in some special direction or directions. 
Figure 9.16 shows a closed path over which we shall evaluate 


Fig. 9.16 (a) Hypothetical 
nonuniform distribution 
of lines of H about a source 


M-dS, showing fp H-al ~0. 


(b) True symmetrical 
distribution of H lines 
about a source, giving 


¢ H-dl = 0. 


pia in the two cases, In case 1 (Fig. 9.16a), where we have 


assumed a nonuniform distribution of lines of H, the line integral is 
clearly not equal to zero, since the path is parallel to H only 
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between a and b. The path cd is in a region of zero H and so does 
not contribute to the line integral. Thus for this case, ¢ H-dl ~ 0. 


In case 2 (Fig. 9.16b), where the lines are uniformly distributed 
around the point source M-dS, the path segment ab contributes 
exactly the same magnitude to the line integral as does the segment 
ed, and since the two contributions have opposite sign, their net 
contribution is zero. The remaining segments of the path are 
perpendicular to H, so they also contribute nothing to the line 


integral. Thus for uniformly distributed lines of H, pra =0. 


This line of reasoning leads directly to the result that Coulomb’s 
law is obeyed. That is, the effects of H originating from each small 
end element fall off as 1/r®. By analogy with the electrostatic case, 
we can define the effects of the end discontinuity by 


—| M-dS = qn 
cs 

where we call g, the magnetic pole. Gauss’ law for these sources of 

H then becomes 


p H-dS=q,  amp/m 
cs 


In a paramagnetic or ferromagnetic material, M is in the 
direction of H. As a result, the extra contribution to H from the 
ends is opposed to the H in the sample and decreases the net 
value of H inside. Outside the ends of the sample the lines of H 
originating at the sample ends augment the H due to currents 
causing the magnetization and thus enhance B = oH outside 
the sample. In the case of ellipsoidal samples the effects of the ends 
can be discussed in terms of a demagnetizing field, just as we 
treated the depolarizing field in dielectrics. Although we may 
discuss other shapes of samples in terms of the demagnetizing 
factor, results will be only approximate, as was discussed in the 
case of dielectric materials.' 

We next discuss the magnetization of two extreme shapes of 
1 When magnetic material is non-uniform, so that the susceptibility is not the 
same throughout a sample, there can be discontinuities in M within the volume 
of the sample. Such discontinuities produce an additional term in Eq. (9.37), 


giving in effect additional sources of lines of H within the volume. We shall not 
discuss this complication further. 
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samples. We first take a long, thin rod with its axis parallel to an 
originally uniform field B (Fig. 9.17). If the rod is very thin com- 


Fig. 9.17 A long, thin rod of 
magnetic material with its =e 
axis parallel to the origind) G—___—__) a 
uniform field B. a 


pared with its length, the modification of H-near the center of the 
rod due to end effects is very small, since MA is very small when 
the cross section A is very small. We may reason qualitatively 
that H in the rod is approximately the same as in the absence of 
the rod. Thus B in the rod is B = 4o(Ho + M), where Hb is the 
value of H before inserting the rod. Since M = xHp, this becomes 
B = uo(l + x)Ho = uHp. This is the same result we found in the 
toroidal sample, and is to be expected since here the effects of the 
sample ends are negligible. 

Another line of reasoning leading to the same result is that 
near the central section of the rod, Ho outside the rod is essentially 
unperturbed by the small ends far away and so has its original 
value. But since Hp is parallel to the surface in this middle region 
both inside and outside the rod and since Hy = Hi2, H = Ho 
inside the rod. This leads again to B = wHo. This result can be 
described in terms of the demagnetization factor. Thus H inside 
a body is given by 


H = H) — LM (9.40) 


where L is the demagnetization factor appropriate to any particular 
sample shape. For the long, thin rod parallel to a uniform field, 
we have found L ~ 0. 

We next examine the case of a thin flat plate of magnetic 
material placed with its surface perpendicular to an originally 
uniform field (Fig. 9.18). Here the lines of H originating at the 


Fig. 9.18 A thin flat plate of 
magnetic material with its 
surface perpendicular to 

the original uniform field. 
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surface discontinuity of M emerge uniform and perpendicular to the 
surface in both directions, just as lines of E from a uniform plane 
distribution of charge. Since the lines of H are parallel, H is 
uniform inside the plate. We can obtain its value inside the plate 
from 


H-dS = —| M-dS (9.35) 

cs cs 
using Gauss’ law. Thus the contribution from the right-hand surface 
of the plate, inside the plate, will be —M/2 (since half the lines 
emerge outward). But the left-hand surface will also contribute 
—M/2, so the total H inside due to the surfaces is H = —M. 
Outside the plate on either side, the contributions from the two 
surfaces cancel, so H outside is unmodified by the plate. 

For this case then, inside the plate the demagnetizing field 
is —M, so the net value of H is Hy — M, the demagnetization 
factor L has its maximum value of 1, and 


B = uol(Ho — M) + M] = poH (9.41) 


The boundary condition for B, Bn; = Bn, is satisfied since B is 
perpendicular to the surface and has the same value inside and out- 
side the plate. 

We now examine the case of a magnetic sphere placed in a 
uniform magnetic field. The resulting B field, inside and outside 
the sphere, is plotted in Fig. 9.19. We are assuming that inside the 


ae 


Fig. 9.19 Field perturbation 
due to magnetized sphere 
in a uniform field. 


sphere «4 > yo. The field B inside the sphere is increased over its 
original value and is uniform. This uniformity is to be expected 
because the sphere is a special case of the general ellipsoid, for which 
the demagnetizing field is uniform inside the sphere. 

In view of the similarity between the dielectric and magnetic 
equations, it can be argued that the demagnetization factor for 


9.13 Permanent Magnets 


the sphere is the same as the depolarization factor for a dielectric 
sphere, which is determined in Appendix C. If we use the result 
found there, L = \4, the field H inside the sphere is 


H = Hy) — 4M 


where Hy is the original value in the absence of the sphere. Then 
we obtain B from 


B = uo(H + M) = wol(Ho — 44M) + M] = Ho(Ho + 78M) 
Since M = XH, we can write H = Ho — 44XmH or 
1 


H = ——-o 
1+ Wxm 
for the internal H in the sphere. For the general case, this is 
if 
H = —— 
1+ LXm 


Just as in the dielectric case, the perturbation on the external 
field due to the uniformly magnetized field will be exactly the field 
of a dipole. This applies only outside the sphere, since the field in 
the sphere is uniform. Although for all these examples of magnetic 
bodies we have chosen to think in terms of the end effects caused 
by the discontinuity in M at the body surface, it would be equally 
satisfactory to replace each magnetized body by the effective mag- 
netic solenoidal surface currents. Thus if a magnetized sphere is 
replaced by the equivalent surface solenoidal current density 
j'nag = M, the value of B inside is ?4uoM rather than yoM, the 
value for a toroidal sample. H inside is thus 24M rather than M. 
Here, without any consideration of the discontinuity of M at the 
surface, we find the same result obtained using the ideas of the 
demagnetizing field of magnetic poles. The two points of view 
always give identical results. 


9.13 Permanent Magnets 

Up to this point we have attributed the magnetization M to the 
existence of external fields that caused alignment of the elementary 
magnetic dipoles in matter. In the case of permanent magnets we 
must consider that the alignment of dipoles results from internal 
forces within the matter. We then inquire as to the resulting B 
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and H fields that this self-magnetization produces, both inside and 
outside the matter. 

We again use the equation B = yo(H + M) for calculating 
the field inside the material, but since Ho, the applied field, is 
zero, H arises only from end effects from the permanent magneti- 


zation M, as given by the equation [peas = — [,eas. In the 


simple case of ellipsoidal shapes, as we have seen, H = Hy — LM, 
but since Ho is zero, this becomes H = —LM inside the sample. 
Thus H inside the sample is opposed to M (and to B) and in fact is 
just the demagnetizing field we considered in the last section. Only 
for ellipsoidal samples in which M is uniform will H be uniform. 
Outside the sample H will not be uniform, but it can be calculated 
on the basis of effeetive poles as discussed below. 

For nonellipsoidal shapes, the field will not be uniform inside 
or outside the magnet. However, we can calculate the values of B 
and H by using Coulomb’s law for the effective poles. Consider 
the case of a bar magnet as shown in Fig. 9.20, in which we assume 


Fig. 9.20 Permanent bar 
magnet showing sources by 
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and sinks of lines of H at ends H H 
of magnet. 


M is uniform, We have shown the lines of H originating and ending 
at the discontinuities in M at the ends of the magnet. The strength 
of these poles, we have seen, is given by 


Gm = —| M-dS=MA (9.38) 
cs 

where A is the cross section of the magnet. The end of the magnet 
from which lines of H emerge is called the north pole, and the end 
on which lines of H converge is called the south pole. When we 
examine the field at a point far enough away from the end of the 
magnet so that the size of the end region is small compared with 
the distance from the region to the point in question, the pole can 


be taken as a point. Applying Gauss’ law for H, [pees = Gm, 


over a Gaussian sphere of radius r gives us 


(9.45) 
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This gives B anywhere outside the rod due to the pole gm. Since 
there are always both a north and a south pole associated with a 
magnetized body, the net field at any point is the vector sum of 
contributions from both poles. This is exactly the same situation 
we had in electrostatics when we calculated the electric field from 
an electric dipole. Since lines of H emerge from a north pole, gm is 
positive for a north pole and negative for a south pole. If the 
point at which we are examining the field is far away from the 
magnet relative to its length L, the equations for B or H reduce 
to the usual dipole equation (6.24), where the magnetic dipole is 
Pm = Ql. 

The torque on a permanent bar magnet placed in a uniform 
field, using the magnetic-dipole equation, is 


T = PmB sin 6 (6.23) 


Furthermore, we can obtain the expression for the force on a mag- 
netic pole. We modify the torque equation by replacing pm by dmL, 
to obtain 


T = QmLB sin 0 


This is exactly analogous to the case of an electric dipole in an 
electric field, where the force is F = gH. By analogy, the force on 
a magnetic pole must be 


F = qmB 


For a north pole (+), the force is parallel to B; for a south pole (—), 
the force is antiparallel to B. 

We have ‘now developed the field and force equations for 
permanent bar magnets. We can calculate the field anywhere in 
space due to an assembly of permanent magnets through Eq. (9.45) 
and can calculate the force on each pole in a given field through 
Eq. (9.47). This treatment is possible only if the magnetization of 
the magnets is constant and not affected by external fields. For 
many situations this is a good approximation. In principle, all the 
results we have obtained by using the concept of magnetic poles 
could have been obtained by replacing each magnet by an equiva- 
lent solenoidal surface current. 

A word must be said about the nomenclature of north and 
south magnetic poles and the connection between this and the mag- 


(9.46) 


(9.47) 
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netic field of the earth. A more correct name for the north pole of a 
magnet as we have defined it would be the north-seeking pole. The 
south pole of a magnet is more correctly the south-seeking pole. 
Since opposite poles attract, this means that the magnetic pole near 
the north of the earth is a south magnetic pole. The magnetic field 
of the earth is approximately described in terms of a magnetic 
dipole whose axis is roughly parallel to the axis of rotation of the 
earth. The horizontal component of the earth’s field points gener- 
ally in the south-north direction. The principal source of the earth’s 
field is probably the convection currents of molten conducting 
matter in the central volume of the earth. This motion gives rise 
to an electric current within the earth and a consequent magnetic 
field. It is unlikely that ferromagnetic materials play a dominant 
role in the earth’s magnetism, since it is expected that they lose 
their very large susceptibility and become paramagnetic at the 
high temperatures in the interior of the earth. 


9.14 Examples 

a The field in and around a permanently magnetized rod In 
Sec. 9.12 we found that the demagnetization factor L for this shape 
is about zero. Therefore, inside the rod H = Ho — LM is approx- 
imately zero, since the externally applied field is zero. Whatever H 
does exist in the rod is opposed to M. Outside the rod, the field can 
be calculated by the use of Eq. (9.45), B'= * 4m | applied to both 
xr 


ends, where gm = MA. The resulting field is shown in Fig. 9.21. 


Fig. 9.21 Bar magnet. 
External field can be 
described by poles of strength 
4m separated by a 

distance L, 


b The field in and around a thin plate permanently magnetized 
perpendicular to its plane For this magnetization, we found in 
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Sec. 9.12 that the demagnetization factor is 1. The equation for 
B inside the plate was 


B = pol(Ho — M) + M] = soHo (9.41) 


so in this case, where the applied field Ho = 0, B = 0 inside the 
plate and H = —M. Thus H inside the plate is opposed to M and 
equal to it in magnitude. Outside the plate, since By; = Bng, B is 
also zero, as is H. We neglect the perturbing effects of the edges 
of the plate. 


c The field in and around a uniformly magnetized sphere We found 
in Sec. 9.12 that the field inside a sphere of magnetization M in an 
external field is 


B = uo(Ho + 24M) (9.43) 


In the absence of an external field then, B = 24u9M. This result 
followed from the fact that the demagnetizing factor for a sphere, 
as shown in Appendix C for the dielectric case, is L = 14. The 
field inside the sphere is then H = —)4M. H is uniform and 
opposed to the permanent magnetization M. Outside the sphere 
we have argued that the shape of the field is that of a dipole. We 
can determine the magnitude of the dipole moment by matching 
boundary conditions at the surface of the sphere at the point on 
the sphere along its axis of magnetization. This is the point P in 
Fig. 9.22. At this point, B is normal to the surface, so B inside 


Fig. 9.22 Magnetic field in 
region around a uniformly 
magnetized sphere;,M, B, 
and H are uniform inside the 
sphere. Note that H is 
opposite to B inside 

the sphere. 
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and just outside the surface must have the same value (since 
Bn, = Bno). The value of B inside the surface at P is 24u9M. 
Using the dipole formula outside the sphere and setting cos @ = 1, 
we have from Eq. (6.24) 


0 20m 


B, = 9.48 
4n a? ( ) 
where ais the radius of the sphere. Comparing these two expressions, 
we can solve for p, to obtain 
Pm = 44n0°M (9.49) 


The value of B anywhere outside the sphere may now be obtained 
by taking the vector sum of the two perpendicular components of 
B, B,, and B,, obtained by substitution of this value of p» in the 
dipole equations (6.24). The dipole moment of the sphere is just its 
magnetization times its volume. 


d Calculation of the field inside a permanently magnetized sphere by 
means of the effective solenoidal surface current. We show this calcu- 
lation as an illustration of the fact that the effect of magnetized 
bodies can be simulated by an effective solenoidal current density 
at the surface of the body. We found in Sec. 9.2 that the magnetic 
effects of a uniformly magnetized body can be simulated by the 
Amperian surface current density jmag, where 


mag = M (9.2) 


Figure 9.23 shows a few of the turns of wire wound around the 
sphere in which a current 7 produces the field equivalent to that of 
the Amperian surface current. The turns are wound uniformly along 
the z axis in order to give a uniform solenoidal current density. We 


Fig. 9.23 Uniform 
solenoidal current winding 
on surface of a sphere 
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now calculate the field due to this current, at the center of the 
sphere. We calculate the contribution from one turn and then inte- 
grate over all the turns on the sphere. 
The contribution from the one turn we have chosen is given by 
; 2 
bot a boi a 
dB = —-—.—5,,°= =3 6.8 
2@+0)% 27 a 
If z is the distance along the z axis from the center of the sphere to 
a given turn, 2 = rcos@ and dz = rsin @dé. If dz is the thickness 
of one turn, then i = j dz. Also, the radius of the turn is a = r sin 6. 
Substitution of these quantities into Hq. (6.8) gives 
Hod r° sin? 6 dé 


os 
2 bad 


or 
1 . 
B= an sin? 9 dé = Me | "cos 0 (sin? 0+2)| 
2l 3 5 
= Yuoj 
Since the current density j is to simulate jmag, We set it equal to M. 
Then we have 


B= % uM 


which is the value found in the last problem, using the method of 
magnetic poles. Note that our proof is only for the point at the 
center of the sphere. We could show, however, that B is indeed 
uniform throughout the sphere. 


9.15 Magnetic Circuits 
The general problem of magnetic bodies in external fields is ex- 
tremely difficult. We are involved in the simultaneous solution of 


ua = tree (9.18) 


B-dS =0 (9.10) 
cs 


B = .H (9.9) 
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and the boundary conditions on B and H [Eqs. (9.16) and (9.18)]. 
However, there is one kind of situation involving ferromagnetic 
materials that is both important practically and very easy to solve 
approximately. An example is shown in Fig. 9.24. This is an electro- 


Fig. 9.24 Electromagnet, 
illustrating a magnetic 
circuit. 


magnet. The problem is to determine the value of B anywhere 
in the path through the magnetic circuit shown. In particular, 
we might wish to know the value of B in the air gap. We shall 
assume we know the magnetizing current 7 through the N turns 
of the coil, the cross-section area A of all sections, and the value 
of u for all parts. We must further assume that the lines of B are 
parallel to and confined to the circuit of matter. This is approxi- 
mately true if the material used has a large u (as is the case for 
ferromagnetic materials). 

We first use Eq. (9.13) and take the line integral around the 
circuit, 


pra = Ail + Hole + Hglg + --- = Ni (9.51) 


We have here divided the line integral into sections, each taken 
over a length having a constant value of » and a constant cross- 
section area. The cos @ term of the scalar product goes to 1 because 
H is everywhere parallel to the path taken. Equation (9.10) tells us 
that the lines of B are continuous around the circuit. Therefore the 
flux @ passing through any cross section of the circuit is the same. 
We can relate the value of H in any section to the flux, using Eq. 
(9.9) to give 


@ = BA = yHA (9.52) 


where the » and A must be taken for that section. We thus find 


& & 
Hy=——- H,=— 
mA ugAg 


Substitution in Eq. (9.51) then gives 


; ( k lL ) 
Nt 2d ‘ayaa 
mA, ed 
This equation can be solved for 4, after which B = #/A can be 
found for any section required, in particular for the air gap in 
our example of an electromagnet (for the air gap we use u = Ho)- 
We may think of Eq. (9.53) asa circuit in analogy toa series electric 
circuit, V = i(R; + Ro + ---). Just as current is continuous, in 
the magnetic case the flux @ is continuous. The terms 1/uA are of 
the same form as resistance and combine in series and parallel in 
the same way. They are often called the magnetic reluctance &. 
The driving force for the magnetism is Ni called the magnetomotive 
force (mmf), The equation can be written as 
mmf 
a 


It is easy to see from the foregoing ideas why the magnetic field of 
an electromagnet can be increased by tapering the poles of the 
magnet. The total reluctance of the magnetic circuit is almost un- 
changed by tapering the poles, so the flux is almost unaltered. 
However, the effective cross-section area of the air gap is greatly 
reduced so that B = &/A will be much increased. If the tapering 
is too sharp, the lines of B will not be pulled in, and improvement 
may be only slight. 


PROBLEMS 


9.1 A toroidal sample of magnetic material of susceptibility xm = 2 X 
10-2 is wound with 1,000 turns of wire carrying a current of 2 amp. 
The toroid is 15 em long. 
a Find the solenoidal current density jiree- 
Determine the magnetic field intensity H produced by the current. 
Calculate u, the magnetic permeability of the material. 
Calculate the induced magnetization M in the material. 
Calculate the magnetic induction field B resulting from the current 
and the magnetization of the material. 
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9.2 A rod of paramagnetic material of uniform cross section A is placed 


9.3 


in a nonuniform magnetic field between the poles of a magnet, as 
shown in Fig. P9.2. Calculate the vertical force on the rod as a result 
of the nonuniform field. Proceed by calculating the effect on the 
stored magnetic energy of a small displacement dx of the rod in the 
direction of its axis. To simplify the problem, consider that instead 
of moving the entire rod, a thin slice of thickness dz is removed from 
the bottom of the rod and added to the top. If the field at the bottom 


Fig. P9.2 


of the rod is H; and at the top is H2, show that the change of magnetic 
energy is given by (see Sec. 9.7) 


dW = 4A(u — uo)(Hi? — Hy?) dz 
Using this result, show that the force on the rod is 
F = WApox(HY — H,") newtons 


This is a method often used for measuring the static susceptibil- 
ity of paramagnetic substances. Note that the force is in the opposite 
direction if the material is diamagnetic. 


An iron ring of radius 5 em has a cross section of 2 em?. Its permea- 
bility is 1,000 uo (assumed constant). It is wound with 1,500 turns 
carrying 5 amp. Calculate the following: 

The self-inductance of the coil 

The magnetic field intensity 

The solenoidal current density of the coil 

The magnetization of the iron 

The induced Amperian surface current density 

The stored magnetic field energy 
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9.4 


9.5 


9.6 


9.7 


Two uniformly magnetized rods have length L and cross-section 
areas A. They have a magnetization M amp/m. Find their pole 
strengths gm. One magnet is suspended above the other by the repul- 
sion of like poles. The mass of each magnet is m kg. Find the equation 
whose solution will give equilibrium spacing x between the rods. 


Two similar permanent magnets A and B, having magnetic moments 
Pm, are arranged as shown in Fig. P9.5. They are separated by a dis- 
tance large compared with their lengths. A compass needle is placed 
a distance x; from one magnet and 22 from the other. The compass 
needle takes up a position @ as shown in the figure. Find the ratio 
21/22. 


Fig. P9.5 


The electromagnet shown in Fig. P9.6 is made of iron with a mag- 
netic permeability 4 = 800 uo. The cross section of the iron is 10 X 
10 cm, and the length of the path around the iron and across the 2-em 
gap is 200 cm. How many ampere-turns will be required in the wind- 
ings to give a 5,000-gauss (0.5 weber/m?) field in the gap, assuming no 
bulging of magnetic field lines out of the gap? What is B inside the 
iron? What is H in the gap? What is H in the iron? What is the mag- 
netization M in the iron? 


Fig. P9.6 


Metallic iron contains approximately 10” atoms per cubic meter. The 
magnetic moment of each iron atom is 1.8 < 10-** amp-m’. If there 
were no internal ferromagnetic forces tending to align the dipoles 
(ie., if iron were paramagnetic), what would be the susceptibility of 
iron at 300°K? What would be the dipole moment of an iron bar (if 
it were paramagnetic) of dimensions 10 cm long and 1 cm cross sec- 
tion in a field of 1,000 gauss (0.1 weber/m?)? If all the dipoles were 
aligned in one domain as a result of ferromagnetic interactions, what 
would be the magnetization M in the bar? What would be the mag- 
netic moment of the bar? What would be the torque on this ferro- 
magnetic bar in a field of 100 gauss perpendicular to the axis of the 
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bar? What would be the magnetic pole strength of the ferromagnetic 
bar? 


9.8 An inductance is formed of 100 turns of wire wrapped around a 
closed iron loop 20 cm in length and of 1 X 1 em cross section, as 
shown in Fig. P9.8. A 60-cps alternating current is passed through the 


Fig. P9.8 


coil. The iron goes through the hysteresis loop once each cycle. Find 
the approximate power loss due to hysteresis. Use the expression for 


H-dl to obtain the peak current in the coil from information given 


on the hysteresis plot. What is the self-inductance of the inductor 
under the conditions of the problem? If twice the current were 
passed through the coil, how would this affect the inductance (quali- 
tative)? 


Fipis 


Fig. P9.9 


9.9 An electromagnet is constructed as shown in Fig. P9.9. The total 
length of iron in the two parts is L, the cross-section area is A, and 
the permeability of the iron is ». A current 7 through N turns activates 
the magnet. The two halves of the magnet are separated by a distance 
X, where X < A. Find the force of attraction between the two halves 
of the magnet (see Sec. 9.7). 


9.10 A variable inductance is made by winding a coil on an iron core 30 
em long, which has an adjustable air gap. With no air gap, the self- 
inductance is 2 henrys. For what air gap is the inductance reduced to 
1 henry? The permeability of the iron is 1,000 po. 
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10.1 Introduction 

We turn next to a consideration of circuits. This involves no new 
electric or magnetic principles but depends on the characteristics 
of the three passive circuit elements R, C, and L, which have 
already been investigated. The a-c circuit is of major importance 
in applied electricity, though here we shall limit our discussion to 
elementary circuits and the study of some simple methods for their 
analysis. Our objective is to be able to describe currents and voltages 
in a circuit such as shown in Fig. 10.1 when it is connected to a 
sinusoidal source of voltage. We shall develop the ideas of phase 
and amplitude of sinusoidal functions, which are used to describe 


Fig. 10.1 Series a-c circuit. 
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the behavior of the circuit and its individual components. The 
analysis of a-c circuits involves the setting up and solving of certain 
differential equations. In order to gain insight into the behavior 
of such circuits, we shall examine the problem from several points 
of view. 

In addition to developing the ideas necessary for discussing 
current-voltage relationships in a-c circuits, we give brief mention 
to a-c filter circuits, discuss power dissipation in a-c circuits, and 
list a few instruments used for measuring a-c current, voltage, and 
power. We conclude this chapter with short discussions of the 
transformer, generators of electric power, and motors for convert- 
ing electric energy into mechanical energy. 


10.2 Sinusoidal Voltage 

In Chap. 8 we saw that according to Faraday’s law of induction, 
an emf & is induced in a coil of N turns, area A, rotating with 
an angular velocity w in a uniform field B: 


& = NABw sin wt (8.20) 


Such a coil rotating at a constant frequency amounts to an a-c 
generator, such as might be used as a source of voltage in the circuit 
of Fig. 10.1. Before proceeding further, we discuss various models 
and mathematical ways of describing such a voltage. We rewrite 
Eq. (8.20) as & = & sin wt, or since the emf develops a voltage v 
across the circuit, we may write 


v = Vosin ut 


for convenience and plot its meaning in Fig. 10.2. Vo is called the 


Fig. 10.2 Time variation of a 
sinusoidal voltage of 
amplitude V). 


amplitude, w the angular frequency (w = 2nf, where fis the frequency), 
and the argument wt of the sine gives the phase of the voltage. 
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(10.1) 
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We may understand this simple terminology by constructing a 
generating circle as shown in Fig. 10.3. Imagine the wheel shown 


Fig. 10.3 Generating circle forms sine function. 


as rotating at a frequency f rps or w = 2xf radians/sec, in a counter- 
clockwise direction. A line is painted on the wheel, and at the time 
t = 0 this line is in the position marked wt = 0. The point of pro- 
jection on the y axis moves sinusoidally up and down, and if we 
move the projected point along the ¢ axis as shown, the sine 
function is traced. The terms amplitude, phase, frequency, and 
angular frequency are obvious here. 

We could have arrived at the same result by using the equation 


v = Vo coswt (10.2) 


The only difference is in the starting point of the function at ¢ = 0, 
which is zero for the sine function and the maximum value Vo for 
the cosine function. Clearly, either equation can be used here. 

In the following discussions, emphasis is given to the behavior 
of circuits when a sinusoidal voltage is applied. Although there 
are many more complicated kinds of voltage variation, there 
are two reasons for concentrating on this simple form. One is that 
a large fraction of the practical applications of alternating current 
involve simple sinusoidal voltage and current. The other is that 
the best approach to the solution of circuit behavior for more 
complicated time variations is to analyze the time variation in 
terms of the superposed effects of appropriate sine and cosine 
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functions. Thus the basic problem in all cases is to understand 
the behavior of circuits for sinusoidal applied voltages. The analysis 
of the behavior of circuits in terms of superposed sine and cosine 
functions depends on the linear nature of the basic circuit elements. 
For example, we shall find that when the a-c voltage applied to a 
resistance, capacitance, or inductance is doubled, the a-c current is 
also doubled. 


10.3 Current-Voltage Relations 

Before solving for the behavior of a circuit such as in Fig. 10.1, we 
summarize what we know about the relationship between voltage 
and current when a sinusoidal voltage is applied to the three circuit 
elements separately. 


Resistance The equation for the circuit shown in Fig. 10.4 is 


Fig. 10.4 Circuit with emf 
and resistance. 


& =v = iR. Since R is a constant, if either v or 7 is sinusoidal, the 
other is also and has the same phase. For instance, we may take as 
the sinusoidal voltage v = Vo cos wt. Substitution in the circuit 
equation gives for the current 


Ve 
7 = — cos ot 
R 


The amplitude of this sinusoidal current is thus Vo/R. If we call 
this current amplitude I, we have 


Io R 
Since both 7 and v are proportional to cos wt, the current through the 
resistor is in phase with the voltage across it. According to Eqs. 
(10.3) and (10.4), Ohm’s law is valid not only for the instantaneous 
relationship between 7 and v but also for the sinusoidal amplitudes 
To and Vo. 


re. = 


(10.3) 


(10.4) 
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We can show the results above graphically as in Fig. 10.5. 
Here the two lines Vo and J» on the rotating wheel give the ampli- 
tudes and relative phase of the two sinusoidal quantities v and i. 
When we also fix the angular frequency w of the wheel, we know 


Fig. 10.5 Current-voltage relationship in a resist- 
ance. Current and voltage are in phase. 


all there is to know about v and 7. We call these lines Vo and Jp on 
the wheels the generating vectors for voltage and current. 


Inductance We show in Fig. 10.6a an inductance connected to an 


é,= -L# 
é 
(a) 
Fig. 10.6 A pure inductance 
connected to an alternating 
emf. (a) The circuit te 4 
equation gives & + & = 0. €=0 La 


(b) For an applied voltage 

& = v, the potential drop 

across the inductance is 
v = Ldi/dt. (0) 
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alternating emf &. The emf induced across the inductance is given 
by 


Sey vb (8.17) 


The circuit equation is then 
6+ & =0 


This gives 
di 
&6-L—=0 or & = L— 
dt 


We may redraw the circuit as shown in Fig. 10.6b. Then, since 
the alternating emf produces an alternating voltage v across the 
terminals of the generator, the last equation can be written as 


ups 10.5 
v= Lo (10.5) 


Thus an applied voltage v produces a changing current in the 
inductance. The magnitude of di/dt is given by Eq. (10.5). 
If we take v.= Vo cos wt, solving for di/dt gives 


di Vo 
— = — C08 wt 
Ci a F 


Upon integration, we obtain the expression for current, 


i ® [cos wt w at J in wt 10.6, 
= — eae ee : 
‘ oL ‘ie on 


ow. 


When, as before, we let Jo be the current amplitude, we have 
Ip = — (10.7) 


The quantity wL plays the role of R in Eq. (10.4). This is called the 
inductive reactance. Equation (10.7) has the same form as Ohm’s 
law, but the current and voltage do not have the same phase. If v 


Alternating-current Circuits 262 


varies as cos wt, 7 varies as sin wt. This result is plotved in Fig. 10.7. 
From the graphical model we see that the phase of the current lags 


Fig. 10.7 Current-voltage relationship in an induct- 
ance. Current lags the voltage by a phas 
angle of 90°. 


the voltage source by a phase angle of 90°. We can also get this from 
the trigonometrical transformation, 


Pome) ge Vo 7 
7 = —sin wt = — cos Cae 


wL oL 


Capacitance The circuit equation for a capacitance (Fig. 10.8) 


Fig. 10.8 Circuit with emf 
and capacitance. 


is § = v = q/C. Using i = dq/dt, we convert this by differentiation 
to 
d 1 


a ac (10.8) 


Again choosing v = Vo cos wt, we find dv/dt = —wVo sin wt, so 


i = —wCVo sin wt ; (10.9) 
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A plot of this is given in Fig. 10.9. The amplitude of the current is 
Ip = wCVo (10.10) 


Here the term that replaces R in Ohm’s law is 1/wC. This quantity 
is the capacitative reactance. In this case the phase of the current is 


Fig. 10.9 Current-voltage relationship 
in a capacitance. The current is 
90° ahead of the voltage. 


90° ahead of the voltage. This is again readily available from the 
trigonometric relationship, 


{= —a0Vosiaal’ = oCVs c0s(wi ae *) (10.11) 


10.4 Series LCR Circuit 

We now discuss the complete series circuit of Fig. 10.1. In order to 
determine the behavior of the circuit, we must first note the impor- 
tant fact that in such a series circuit the instantaneous current in 
all parts is the same. This follows directly from the continuity 
equation. Although charge does build up inside the capacitor, 
outside this there is no storage place, and motion of charge along 
one conductor implies similar current everywhere else. Even in the 
capacitor we see that growth of positive charge on one plate requires 
an equal growth of opposite charge on the other plate, which is 
equivalent to equal currents on both sides. With this principle in 
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mind, we may obtain the solution to the problem by a simple 
graphical method. 

Figure 10.10 pictures the three generating diagrams shown in 
Figs. 10.3, 10.5, and 10.7, modified in two ways. The scale has been 


Fig. 10.10 Generating circle used to obtain graphi- 
cal solution for a series LCR circuit. 


changed so that the current amplitudes are equal, or Jp = I, = Ic. 
Also, the diagrams have been rotated relative to each other until 
the current-generating vectors are parallel. These two modifications 
are appropriate to the series circuit, in which the current every- 
where in the circuits is the same. Having made the amplitude 
and phase of the current the same in each element, we find that 
the corresponding voltage-generating vectors Ve, Vz, and Ve 
now give the relative amplitudes and phases of the sinusoidal 
voltages across the three elements. 

The instantaneous value of the source voltage is equal to the 
sum of the instantaneous voltages across each element. However, 
since the sum of sinusoidal voltages of the same frequency is 
always another sinusoidal voltage, we may express this same fact 
by saying that the generating vector of the resultant voltage 
across all three elements is just the vector sum of the individual 
generating vectors. In order to obtain the amplitude and phase of 
the generating vector (which is shown dotted in Fig. 10.10), the 
individual voltage vectors are redrawn as Shown in Fig. 10.11 so 
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Fig. 10.11 Vector diagram 
showing vector addition 

of voltages in a series LCR 
circuit. 


that their vector sum may be obtained. Rotation of the whole 
diagram at the appropriate rate generates the sinusoidal source 
voltage of amplitude Vo. Since the current is in phase with Vp, the 
angle @ is the phase angle between the current and the source 
voltage Vo. Since our convention is to rotate the diagram counter- 
clockwise, in our example the current leads the source voltage by @. 
When we use the current-voltage relationships for resistance, 
inductance, and capacitance as worked out above and use the 
vector diagram as a guide, we can get a quantitative solution for 
the current in the series LCR circuit as shown in Fig. 10.1. We 
summarize our earlier results, giving the voltage across each circuit 
element and its relation to the current through the element: 


Vr = [rR Tr in phase with Vr 
Vi = IpwoL Ty, lags Vi by 90° 
Ve =Ic— Ic leads Vc by 90° 
As stated earlier, in the series circuit the current everywhere has 


the same amplitude and phase. Thus we have 


Since in this series circuit the voltage applied to the circuit is the 
vector sum of the voltage-generating vectors, we can write 


if 
Vo = VatVi+Vo=1(R +L +—) 
co) 


Here we have indicated the vector nature of the sum by letting 
R, wL, and 1/wC take on the vector nature of the voltage-generating 
vectors, after dividing out the common term Jo. The vector diagram 
for the separate terms will'now be the same as in Fig. 10.11 except 


ML: 


(10.12) 
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Fig. 10.12 Vector diagram of 
impedance vectors. The 
impedance Z is the vector 
sum of resistance 

and reactance terms. 


for scale. This is shown in Fig. 10.12. Because of the right angles 
involved, the solution of Eq. (10.12) for Jp becomes 


pe Vo p aia: 
Oo VR? + Gla fae? Z 
We have introduced the quantity 


Z= .[R? +(at - ba 
aC 


Z is called the impedance of the series circuit. Since 


the impedance in this a-c circuit takes on the role of resistance in 
a d-c circuit. Note that whenever the reactance terms contribute 
to Z, the voltage vector Vo across the circuit is out of phase with 
the current vector Jo. We have arbitrarily chosen the direction of 
Lw in Eq. (10.13) as positive, which makes 1/wC negative. Since 
the reactive term (Lw — 1/wC) enters as the square, this choice has 
no effect on the magnitude of the impedance. 

The result given in Eq. (10.13) relates only the amplitude of 
the a-c current through the circuit to the amplitude of the a-c 
voltage applied across it. In order to determine the phase relation- 
ship between current and applied voltage, we write an expression 
for the instantaneous current, 


: Vo cos (wt — 0) 
6 
V R? + (Lw — 1/wC)? 

As defined by this equation, @ is the angle by which the current 
lags the voltage applied. We use Fig. 10.11 or 10.12 to obtain the 
value of 6. We obtain 
wl — 1/00 

R 


tan @= 


(10.13) 


(10.14) 


(10.15) 


(10.16) 


(10.17) 
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As we have chosen the signs of wl and 1/w( in the vector diagram, 
if (wl — 1/wC) is positive, @ is positive. In our example, @ is nega- 
tive, corresponding to a current that leads the applied voltage. 

It is common practice to write the reactive terms in the im- 
pedance as follows: 


Inductive reactance: 
owl = X, 
Capacitative reactance: 


1 


eee 
wT * 


Total reactance: 
X =X,-Xc 


Using this nomenclature, the impedance becomes 
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Z = VR? + xX? (10.18) 


We now obtain the same solution to the series LCR circuit of 
Fig. 10.1 somewhat more formally. If a sinusoidal voltage is applied 
to the circuit, then the resultant current is also sinusoidal. We may 
therefore write the following expression for the current and voltage: 


t = Ip sin wt and v = Vosin (wt — 6) 


Here we have made only the assumption that the voltage v across 
the three elements (which must equal the driving voltage of the 
power source) is sinusoidal, with the same frequency as the sinus- 
oidal current. We are solving to obtain the amplitude and phase 
angle. The fact that the instantaneous voltages across the three 
elements add up to the driving voltage can be expressed by 


RIo sin wt + LwIo cos wt — Ze cos wt = Vo sin (wt — 6) 
1) 
We have added the instantaneous voltages across each circuit 
element, taking account of phase lag or lead of the voltages by use 
of the appropriate trigonometric function. Solution of this equation 
allows us to find the ratio of Vo to J, as well as the value of the 
phase angle @ between them. Since this equation is true for all 


(10.19) 


(10.20) 
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times, we may rewrite it for wt = 0 and for wt = 1/2, to get the 
equations 


I 
Lol) — — = Vosin(—0) = —Vosin® (wt = 0) 
wC e 


v LA 
RIo = Vo sin (Z-) = Vo cosé (wi = 4) 


We square each equation and add; using sin?@ + cos”@ = 1, we find 


1 2 
baicenerete she 


If we take the square root and solve for Jo, we have again arrived 
at Eq. (10.13), obtained earlier by graphical solution. 

A still more elegant method for solving a-c problems is the 
method of complex variables. A brief description of the application 
of this technique is given in Appendix D. 


10.5 Parallel LCR Circuit 
Another circuit we may examine with ease is the parallel arrange- 
ment shown in Fig. 10.13. Here the voltage across each element 


Fig. 10.13 Parallel 
LCR circuit. 


is the same in both phase and amplitude. This then requires that 
the currents be different. We obtain the individual current ampli- 
tudes by use of the following equations: 


Vo 
ee 
|Te| 7 
Vo try 
(l= 
Xe 1/Cw 
V V 
it 


(10.21) 


(10.22) 


(10.23) 


= 
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The relative phases of the currents are obtained by noting that in 
the capacitor the current leads the voltage by 90° and in the induct- 
ance it lags by 90°. Thus we may plot a phase diagram for the 
currents as in Fig. 10.14. We have called I the vector sum of 


Fig. 10.14 Vector diagram 
for parallel LCR circuit, 
showing vector addition of 
currents. 


these currents. I is then the current leading to and away from the 
combination of elements. Since the applied voltage is in phase 
with the current in the resistance, as we have indicated in the 
diagram, @ is the phase angle between the resultant current and the 
applied voltage. We calculate the magnitude of the current using 
the relationship 


1 1 i 1 
Ip =|L I I = vo(= pee ee 10. 
o=|Ik+Io+l| Antz, X. °F (10.24) 


where the vector sum must be taken. Thus, for the parallel circuit, 


, F +(> eof (10.25 
Ae NX a Xt - 
Note that the signs of X¢ and X, are reversed in comparison with 
their use in the series circuit. This results from the equal phases of 


the voltages in the parallel case compared with equal phases of the 
currents in the series case. The full expression for the current be- 


comes 
; 1 1 1.\7]* * 
i= [a + (= =) | 10 Cos (wt — 6) (10.26) 
where 
/Xe—1/X_, wl — 1/wob 
OD eee lend a 


1/R 1/R 
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10.6 Resonance 
There is one other aspect of the series circuit of Fig. 10.1, which we 
now examine. If we look again at the equation for the current in 
the series circuit, 


Vo cos (wt — 8) 


1= VRP + (L — 1/a0)! 


we find that for a given set of values of R, L, C, and Vo, the im- 
pedance Z = [R? + (wl — 1/wC)"]* varies and hence i varies 
in both amplitude and phase as the frequency varies. The maximum 
current occurs for the frequency such that 


(10.16) 


if 
wl —-—=0 


w 


If we call this the resonance frequency wo, we have 


1 \*% 

“ =e) 

For this particular frequency, 7 and v are in phase and the current- 
voltage relationship is as given by Ohm’s law. From the diagram 
of Fig. 10.11 we see that the condition for resonance is that the 
voltages across L and C are just equal and opposite, so the phase 
angle is zero. Note also that if the resistance term is very small, 
the current becomes very large on resonance. Also, the lower the 
resistance, the more rapidly does the current vary with frequency 
at frequencies near resonance. 

The importance of this resonance type of behavior is very 
great, since exactly similar effects are found in other fields of 
physics. One simple example is that of a pendulum in which there 
is some damping (giving a term equivalent to the resistance term). 

The parallel circuit of Fig. 10.13 also shows resonant behavior. 
In this case the resonance is given by 1/X¢ = 1/Xz, leading again 
to wo = (1/LC). Note that on resonance Z is a maximum, giving 
a minimum current. One way of looking at the situation at reso- 
nance is to note that Jo is just equal to the current through the 
resistance, while there are large circulating currents through L 
and C which are of equal magnitudes and in opposite directions and 
which therefore cancel out to give no contribution to the external 
current Jo. 
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(10.27) 


(10.28) 
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10.7 Transients 
In any circuit in which energy can be stored, as in a charged 
capacitor or in an inductance-carrying current, when we apply 
or remove a voltage suddenly, there is a period during which the 
circuit adjusts to the new conditions. These temporary effects are 
called transients. We shall discuss a few cases. 

The first example is that of an inductance and resistance in 
series to which we connect a voltage by closing a switch as shown 
in Fig. 10.15. The resistance here might be simply the minimum 


v 


Fig. 10.15 Circuit for 
showing transient behavior 
of series RL circuit. 


unavoidable resistance in the circuit or it might be a resistor put 
in on purpose. As soon as the switch is closed, the situation is 
described by 
V=Ri+L . 
= Ri ais 
dt 
This is a differential equation, whose particular solution for 
this situation requires us to put in the initial conditions. In this 
equation it turns out that the variables can be separated, making its 
solution very easy. Thus we can write 
—-Rdi R 


-= ——dt 
V-Ri L 


where we have multiplied both sides by —R to make the left-hand 
side a perfect differential. Integration gives 


—R 
mY =) ee 


where we evaluate the constant of integration C from the initial 
condition that at t = 0, when the switch is closed, ¢ = 0. This 
gives C = In V. We put this in and convert the equation to the 
exponential form, 


V — Ri = Ve@t 


a> 
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(10.29) 


(10.30) 


(10.31) 
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The current is given by 

ay 

i=; (1 — ePID) = 71 — e(RID (10.32) 
We have replaced V/R by J, the steady-state value of the current, 


after a sufficiently long time has passed. A plot of this solution 
is given in Fig. 10.16. The behavior of the circuit. is completely 


Fig. 10.16 Time variation of 
current in an RL circuit. 


determined by the value of R/L, or by its reciprocal L/R = 7, 
the characteristic time of the circuit. With the use of 7 as defined, 
the equation becomes 


t= 11 —e"") (10.33) 


7 is the time for the current to build up to (1 — 1/e) or 0.632 
of its final value. We see this by letting ¢ = 7 = L/R, giving 


1 
i= (1 - -) = I(1 — 0.368) = 0.6327 
e 


We next investigate the effect of suddenly removing the voltage 
from the circuit, by suddenly changing the switch from A to B as 
in Fig. 10.17. If we let t = 0 at the moment the switch is moved, 


Fig. 10.17 RL circuit 
arranged to produce 
transient by sudden removal 
of voltage source. 


the equation describing the circuit becomes 


0 Pee 
= Ri = 
dt 
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Separation of variables and integration gives 
Int RY +¢ 
t= —— 
L 


Putting in the initial condition that at ¢ = 0,7 = I, the steady- 
state current, we get 
t= Te PIL) Teale (10.34) 


A plot of this equation is shown in Fig. 10.18. Here 7 is the time for 


Fig. 10.18 Decay of 
current in RL circuit after 
voltage source is removed. 


the current to fall to 1/e th of its steady-state value. 
We next turn to the capacitor circuit shown in Fig. 10.19. 


Fig. 10.19 Series RC ==>V tk 


circuit for applying a voltage 
V suddenly. 


The equation that applies once the switch is closed is 
V=R—+-— (10.35) 


using dg/dt for the current so as to limit the variables to q and t. 
Separating variables and integrating, we are led to 


n(v 2) = et 
£) = 


When we evaluate the constant of integration K by using the 
condition that at t = 0, q = 0, that is, starting with the capacitor 
uncharged, we obtain 


ee : Ve-t/Re 
Cc 


Solving for q gives 
g = CV(1 — eFC) = Qo(t — e~“*) (10.36) 
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where we write Qo for CV, the equilibrium charge on the capacitor, 
and r for RC, the time constant here. We can solve for the current 
by obtaining dq/dt: 


= =i = ett = ett (10.37) 


The decay curve is shown in Fig. 10.20. We have also plotted the 
growth of charge on the capacitor according to Eq. (10.36). 


Fig. 10.20 Transient 
response of a series RC 
circuit. 


Finally, we study the case of the discharge of a capacitor 
as shown in Fig. 10.21. We start with the capacitor charged to a 


R 
Fig. 10.21 Discharge c 
of a capacitor through 
a resistance. 
potential Vo = Qo/C. When the switch is closed, the situation is 
described by 
q dq 
oe ate, p= emt 10.38) 
C as i (10.38) 
This is the same as Eq. (10.35), except that the battery voltage is 
zero. Solution by the usual method gives 
q = Qoe-t/RC (10.39) 
The equation for current is 
dq Qo t/RC Vo t/ 
Pe peel = lt 10.40 
"a RO’ R® se 


This result is identical with that of Eq. (10.37). However, the 
current is flowing in a direction to discharge the capacitor in the 


10.8 Filter Circuits 275 


latter case, whereas in the former case the current was in the direc- 
tion to charge the capacitor. 

It is possible to make capacitance-resistance circuits having 
time constants ranging from very short times up to many seconds. 
Asa result, there are many practical uses of such circuits for timing, 
or time-delay circuits. For example, the most common method 
of measuring very-high-resistance resistors is to measure the 
decay rate of charge on a capacitor when the resistor is connected 
across it. Resistances as high as 10! ohms can be measured in this 
way. The method, of course, involves the determination of r, from 
which R can be determined via RC = 1, if the capacitance is known. 


10.8 Filter Circuits 

Another field of great practical importance is associated with the 
response of inductance, capacitance, and resistance circuits to 
alternating current. This is the design of filters. A filter is a circuit 
that passes certain frequencies of electric signals and attenuates 
others to a greater or lesser extent. We examine in a qualitative way 
the behavior of two very simple filter circuits, shown in Fig. 10.22. 


Fig. 10.22 Two simple 
filter circuits. (a) is a 
low-pass filter and (b) is 
a high-pass filter. (b) 


The electric signal is brought in at terminals a and b and is taken 
off at c and d. In (a) we can recognize the RC circuit studied above, 
where we can think of an a-c voltage attached to terminals a and b. 
The output is the voltage across the capacitor. The impedance 
across the resistance is R and across the capacitor is 1/wC. The 
impedance of the C and R in series is 


le +(Z)P 
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For a constant input voltage amplitude, we may obtain the output 
voltage as a function of frequency by taking the ratio 
v 1/oC 

"(R$ (1/ocyy4 
This result is plotted in Fig. 10.28. When 1/wC = R or w = 
1/RC, the output is (1/+/2)V;,. In our simple derivation of Eq. 


(10.41) 


Vout = 


Fig. 10.23 Output of a 
low-pass filter. 


(10.41) we have ignored the possible effects of the impedance across 
the output. In many applications this will be a resistance or im- 
pedance much higher than R or 1/w( in the frequency range of 
interest, so its effects can be ignored. This circuit is called a low-pass 
filter, since high-frequency signals (w a few times 1/RC) are highly 
attenuated. 

Circuit b of Fig. 10.22 works in the opposite way and is called 
a high-pass filter. The output voltage is given by 

R 

Vout = Vin + Jad) (10.42) 
using the same.reasoning as above. The attenuation curve is shown 
in Fig. 10.24. 

In general, a sharper cutoff (more rapid variation of attenuation 
with frequency) can be obtained with more complicated circuits, 


Fig. 10,24 Output of 
high-pass filter. 
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usually involving both capacitance and inductance. An inherent 
feature of considerable importance is that if the attenuation is a 
function of frequency, it is necessarily true that the phase difference 
between input and output varies with frequency. 

In many applications the signal, or voltage input, to a filter 
is far from sinusoidal. As discussed in Sec. 10.2, however, the be- 
havior of the filter can be understood by dividing the signal into 
its equivalent sinusoidal components and treating each separately. 
The method of Fourier analysis treats the problem of the relation- 
ship between a time-varying function and its sinusoidal compo- 
nents. An example of the selective action of a filter is its effect on 
music that has been converted into a (complicated) electric signal, 
as in a radio or phonograph. The ear easily detects the effect of a 
low-pass filter that removes all sinusoidal components above some 
fixed frequency, or conversely, the effect of a high-pass filter that 
removes sinusoidal components below some fixed frequency. More 
complicated filter networks can be constructed that pass signals 
only through a certain band of frequencies and stop all others at 
higher or lower frequencies. 


10.9 Power in A-C Circuits 

So far we have discussed sinusoidal signals in terms of their fre- 
quency and amplitude. In considering power dissipation it is usual 
to deal with effective values of current and voltage. The effective 
value of an a-c signal is the d-c or constant signal that would 
develop the same power as the a-c signal. An example that we all use 
is in calling the a-c voltage in home circuits 110 volts. This is the 
effective value of the voltage; the a-c amplitude, or peak value, is 
actually 110 X 4/2 = 155 volts. We show how this comes about 
and also discuss the effect on power dissipation of voltage and 
current being out of phase, as they usually are in a-c circuits in- 
volving capacitance and inductance. 

We can develop the relationship between effective and peak 
values by considering a resistance of value R through which passes 
a d-c current Jo for a time ¢, dissipating an amount of heat Io”Rt. 
We then replace the direct current by alternating current and wish 
the heat developed to be given by 


Ti,Rt joules (10.43) 
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We want to determine the relationship between I, defined in this 
way and the peak value of the alternating current Jo, where i = I 
sin wt. 

We know that the instantaneous rate of heating is 7? watts. 
Then in a time ¢, the heat developed will be 


t t 
Tey Rt -/ PR dt -/ I(?R sin? wt dt 
0 0 


When we cancel out R and remove the constant Jo from inside the 
integral, we can solve for J’ a: 


ups a 
Tey = Ig? Gf sin? wt at) = I? sin? wt 
0 
where sin? wt stands for the quantity in parentheses, the average 
value of sin? wt. There are numerous ways to show 


sin? wt = 4% 


A simple graphical way is illustrated in Fig. 10.25, where sin? wt is 
shown compared with sin wt. Since the former is also a sinusoidal 


sin” wt 


Fig. 10.25 Graphical 
demonstration that 


sin’ wt = 4. 


wave, displaced from the zero axis, we see by symmetry that its 
average value is 14. This argument can be carried through ana- 
lytically, by writing the trigonometric relationship 

sin? wt = 14(1 — cos 2wt) 
Since the average value of cos 2wt is zero, the result of Eq. (10.46) 
follows at once. 


(10.44) 


(10.45) 


(10.46) 
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Once we have this result, our problem is solved, since we can 
then write 


1 
Py=— of Ly = 1p = 0.707 I 
eff 2 eff V2 0 0 


The same kind of argument gives 


1 
Vu = Va Vo = 0.707 Vo 

The effective values of current and voltage are usually called 
the root-mean-square (rms) values, and these are usually used 
when a-c power is involved. 

We now discuss the effect of a phase angle between Jo and Vo 
as regards power dissipation. We already know that for direct 
current, the power fed into a circuit that passes a current 7 and has 
across it a voltage v is given by P = iv. For alternating current, if 
the current and voltage are in phase and given by 7 = J sin wt and 
» = Vosin wt, the power involved will be P = i = IVo sin? wt, 
and the average value will be 


P = [Vo sin® ot = WIoVo = Ley Vey 


On the other hand, if a phase angle @ exists between current and 
voltage, so that 


i= ZI sin at 


v = Vosin (wt + 4) 
then the power is given by 
1 t 
P=w= toval -f sin wt sin (wt + 0) at| 
0 
We must again evaluate the quantity in brackets, which gives the 
average value of the quantity inside the integral. Using a familiar 


trigonometric equation, we rewrite Eq. (10.51) as 


1 t 
P= hve [ sin wt (sin wt cos 0 + cos wt sin 0) at| 
0 


1 t 
= hve [ (sin? wt cos @ + sin wt cos wt sin 4) at| 
0 


(10.47) 


(10.48) 


(10.49) 


(10.50) 


(10.51) 


(10.52) 
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The second term has an average value of zero since sin wt cos wt 
is symmetrical about zero and multiplies a constant, sin @. Thus 
we find 


P = VYIoVo cos 0 = LayV ay cos 0 


It follows that the average power dissipation in a pure inductance or 
a pure capacitance is zero. Cos @ is called the power factor. 


10.10 A-C Instruments 

Because of the mechanical inertia of the coil of an ordinary gal- 
vanometer, it is too much to expect it to respond to a-c currents. 
In this section we shall examine the principles of a number of a-c 
measuring instruments that solve this problem by various methods. 


Hot-wire ammeter This instrument solves the problem that the 
torque on a current-carrying coil in a fixed magnetic field reverses 
when the current reverses by avoiding it completely. It depends 
instead on the heating of a wire by the current. The heated wire 
is under slight spring tension so that it elongates when heated, 
and a pointer is connected so as to measure the extension. As 
might be expected, this device is not useful for very small a-c 
currents. Since the heating will be proportional to 7”, if calibrated in 
terms of 7 it will give nonlinear response. It can of course be used to 
measure d-c current, but since galvanometers are usually much 
more convenient, this is not normally done. If it is calibrated using 
direct current, it will measure effective or rms current. 


Dynamometer This is a galvanometer-type device in which the 
fixed magnetic field of the usual permanent magnet is replaced by 
a field produced by current in an auxiliary coil. Both coils are 
placed in series or parallel so that the current variation is the same in 
both. Since the magnetic field will now reverse its direction in step 
with the current in the suspended coil, the torque on the coil keeps 
the same sign and the deflection is proportional to the average 
torque. Since the torque is proportional in the first place to the 
current in the suspended coil and in the second place to the mag- 
netic field, which also depends on the current, the torque depends 
on 7”. The dynamometer can be used to measure either voltage or 
current, just as can a galvanometer. 
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(10.53) 
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When the two coils are connected separately, one to measure 
the current to a system and the other to measure the voltage across 
the system, the dynamometer measures power directly. A sche- 
matic diagram is shown in Fig. 10.26. Even if V and J are out of 


Fig. 10.26 Schematic 
diagram of a wattmeter. 


phase, this meter still gives the correct power since the torque is 
iv = IpVo sin wt sin (wt + 8), and, as we have seen, the average 
value of this is Io(V/2) cos 6. This type of wattmeter can be used 
with direct current. Sensitivities of dynamometer devices tend to 
be low because of the relatively small magnetic fields obtained from 
available currents compared with the fields of the fixed magnets 
used in galvanometer movements. 


Rectifier galuanometer A rectifying device, usually a semiconductor 
crystal, is sometimres used to provide direct current, which is then 
measured by a conventional galvanometer. We discuss rectifiers 
later. It is sufficient here to remark that the d-c voltage obtained 
in this way is proportional to the amplitude of the a-c voltage, so 
the galvanometers give readings proportional to voltage (or cur- 
rent) amplitude. 


Cathode-ray oscilloscope (CRO) Although this device comes in a 
rather different category than the other instruments mentioned, it 
is in constant use in laboratories for the measurement of a-c and 
sometimes d-c voltages. In this day of universal familiarity with 
the CRO in the form of television display tubes, it is probably un- 
necessary to go into great detail, and in any case this is not the 
place. A few sentences will suffice. The heart of the CRO is the 
electron beam, obtained from a hot cathode and focused after 
electrostatic acceleration on fluorescent material inside the face of 
the tube. The position of the beam is controlled by either an elec- 
trostatic field or a magnetic field produced by a coil. The special 
advantage of the device is the extremely rapid response of the beam 
to the voltage applied to the signal electrode. It is common prac- 
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tice to look at signals in the megacycle frequency range. In addi- 
tion, the use of an appropriate electronic a-c or d-c amplifier makes 
possible the easy observation of signals in the range of 107% volt or 
less. Although the CRO is not an absolute device, it can be easily 
calibrated so that its signals can be measured directly in volts. 
Another great advantage of the CRO is that it has a high impedance 
input so that it draws very little current and does not upset the 
circuit it is being used to measure. 


10.11 The Transformer 

A transformer is a device that allows a’ change to be made in an a-c 
supply voltage without appreciable loss of power. Thus a 6-volt 
lamp may be lit by a 110-volt a-c supply by connecting it through 
an appropriate transformer, or we can obtain 10,000 volts for an 
X-ray generator by using an appropriate transformer on the same 
110-volt line. If some of the magnetic flux due to current in one coil 
links another coil so that there is a mutual inductance between the 
two coils, the pair of coils can be used as a transformer. Usually, 
however, efforts are made to ensure that as nearly as possible, all 
the flux of one coil links the other. A very common’design is to wind 
both coils on the same closed ferromagnetic core (Fig. 10.27). As 


Primary Secondary 
Fig. 10.27, The transformer. (input) (output) 


we have mentioned earlier, the flux tends to be confined within the 
ferromagnetic path so the mutual inductance between the two coils 
is a maximum. 

The ratio of primary to secondary voltage is just the turns 
ratio of the primary to secondary windings. Suppose the a-c supply 
voltage to the primary (power input) coil is V. If the resistance of 
the coil is negligible compared with its inductive reactance, an a-c 


a5 


Conventional 
transformer diagram 
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current 7; will flow in the coil, causing a varying magnetic flux that 
is just enough to give an emf equal and opposite to V;, so we have 


where m, is the number of turns in the primary. Now since all the 
flux links the secondary coil, we have at once for the output voltage 


d® 


V2 = tae 


where d®/dt has the same value as in Eq. (10.54). 
Combining these equations, we have 


Vo M2 


This is the basic transformer equation that relates the voltage ratio 
of the primary and secondary windings to the turns ratio of the 
windings. 

We may determine the magnitude and phase of the current in 
the primary for no load on the secondary by relating the flux ® to 
the mmf. As we have seen earlier, 


mmf 
6 = — (9.54) 
R 
where @ is the reluctance of the magnetic circuit. When we apply 
this to the primary winding and assume a sinusoidal primary cur- 
rent, we get 
mi, nyo sin wt 
i =< ————— 
R aR 
Thus the flux varies sinusoidally with time and has the same ampli- 
tude and phase as 7;. When we now differentiate to get db/dt and 
substitute in Eq. (10.54), we get 


—wn? Ip cos wt 
R 


This shows that 7; and V, are out of phase by 90°, as was to be ex- 
pected from our general result for a pure inductance. According to 


(10.54) 


(10.55) 


(10.56) 


(10.57) 


(10.58) 
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our earlier argument, since the power factor is zero, there is no 
power dissipation. Also, if the reluctance of the magnetic circuit: is 
small, the current amplitude Jo is small. Actually, in practical cases 
there is some power loss because the power factor is not exactly 
zero. This is the result of the finite resistance of the winding, and of 
the eddy-current and hysteresis losses in the iron core. In practice, 
however, these losses are negligible compared with the power con- 
sumed by a normal load placed across the secondary winding. 

We now examine the change in the situation when a load is 
connected to the secondary winding, allowing a secondary current 
tg to flow. For simplicity we assume a pure resistive load, so that 
Vo and ty have the same phase. As a result of the current i2, an 
additional magnetic flux is produced in the iron. By Lenz’s rule, 
this flux opposes the original flux due to 7, so the flux is now given 


But the magnitude of the sinusoidally varying flux must remain 
fixed if we are to continue to satisfy Eq. (10.54) for the voltage 
across the primary. This argument uses the fact that © and d/dt 
are proportional when the frequency is held constant. Thus, as a 
consequence of introducing 72, 7; must increase, and we may write 


mt + 11) — note 
R 


where 7; is the increase in 7, produced by allowing i in the second- 
ary circuit. Comparison of Eq. (10.60) with Eq. (10.57) gives 


Mt = Notg 


If we neglect the primary current for no load, :{ becomes the total 
primary current and we get the relationship that 


ig ™m 


a Ne 


that is, the primary and secondary currents are inversely propor- 


(10,59) 


(10.60) 


(10.61) 


(10.62) 


10.12 Generators 


tional to the primary and secondary turns. Equations (10.56) and 
(10.62) lead to 


Vit, = Vato 


showing that the power input to the transformer is equal to the 
power output. We are here neglecting the losses, which may 
amount to a few per cent in ordinary transformers. We shall not 
make a quantitative study of the losses in transformers but shall 
discuss briefly the efforts made to reduce eddy-current losses to a 
minimum. Since these increase with frequency, the problem is most 
serious at high frequencies. For ordinary 60-cps applications, it is 
usually sufficient to construct the iron core out of laminations, as 
we have described in Sec. 8.12. For higher-frequency applications, 
losses are kept sufficiently low by using finely divided iron particles 
immersed in an insulating matrix. Finally, for very-high-frequency 
application, ferrites, which are insulating magnetic materials, are 
used (see Sec. 9.10). 


10.12 Generators 

We have already discussed in Examples 8.5a and 8.8¢ the connec- 
tion between Faraday’s induction law and the operation of an elec- 
tric generator. Here we add to those discussions a few of the details 
of construction of practical generators. We saw in Example 8.8¢ 
how a rotating coil in a magnetic induction field gives a-c power. 
For d-c operation, two kinds of modification are usual. The first: in- 
volves the use of a commutator to reverse the connections to the coil 
at the proper time to keep the emf always in one direction, as dis- 
cussed in connection with the rotating coil used as a motor in Ex- 
ample 8.8d. This gives the equivalent of a d-c output with a ripple 
superimposed. This is carried further, as was discussed in connection 
with motors, by constructing an armature composed of many sep- 
arate coils, each of which is connected to the output by the commu- 
tator for only that part of the cycle for which its output is nearly 
maximum. The resulting output has a very much reduced ripple, 
which can be even further reduced, if necessary, by external filter 
circuits. The second important modification is to supply the current 
to the fixed coils, which provide the static magnetic field, from the 
output of the armature itself. This is the self-excited generator. 
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Figure 10.28 shows two circuits used for applying voltage to the 
field coils. 

The rate at which mechanical energy is converted to electric 
energy is &¢,, where & is the emf generated in the armature coils and 
iq is the current through them. This neglects the power dissipation 


Me BN irascrus 
(@) 
Fig. 10.28 Two types of Shunt * Me 
field-coil excitation circuits feld coil cate 
for d-c generators: (a) Shunt coll 
excitation; (b) 
compound excitation. (b) 


in the resistance of the field coils that maintain the magnetic flux 
in the generator. In a well-designed generator this loss. is a small 
fraction of the power converted into electric energy. 

The usual a-c generator is constructed somewhat differently. 
The armature coils are placed in fixed positions outside a set of 
rotating magnetic poles. The poles are made of iron and are kept 
polarized by a d-c current fed through slip rings to the rotor. 


Fig. 10.29 Schematic 
drawing of a three-phase a-c 
generator. Rotating 
magnetic field produces a-c 
voltages across each pair 

of terminals, with phase 
separations of 120°. 


In many power applications there are three sets of armature 
coils connected so that there is an a-c voltage between each of three 
terminals coming from the coils. The phase of the alternating cur- 
rent between each pair of terminals is different, so that the three 
lines from the generator deliver what is called three-phase power. 
Figure 10.29 shows a schematic diagram of this arrangement. The 
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phase angle between each pair of terminals is 120°, as can be in- 
ferred from the arrangement. This three-phase power is used for 
specially designed three-phase motors, which we discuss in the 
next section. 

In ali mechanical generators the internal resistance comes from 
the actual resistance in the coils in which the emf is induced. In the 
compound-wound d-e generator, an increase in the current to the 
load results in an increase in the magnetizing current in the series 
field coil (see Fig. 10.28b). The resulting increase in static field can 
compensate for the otherwise lower voltage output under heavy 
loads, to give a very low effective internal resistance over a wide 
range of currents. 

We mention briefly two kinds of electrostatic generators. One, 
the Wimshurst machine, is used now primarily as a low-power, 
high-voltage machine for lecture demonstrations of the effects of 
high voltages. It is a mechanized version of the electrophorus ap- 
paratus discussed in Sec. 1.5, in which charging is produced by the 
induction effect. A more sophisticated electrostatic generator is 
the Van de Graaff machine. In this device an insulating motor- 
driven traveling belt carries a charge sprayed onto it by a corona 
discharge from needle points up to a high-voltage terminal where 
the charge is taken onto a metal sphere surrounding the high- 
voltage terminal. On sufficiently large models, voltages as high as 12 
million volts have been obtained. Most modern machines for use 
at 1 million volts or more are built inside a pressure jacket to in- 
hibit the loss of charge by corona that tends to occur in air in the 
high field that develops at the high-voltage terminal. Van de Graaff 
machines can be made to operate at very constant voltages over 
considerable periods of time and are therefore of considerable use in 
nuclear research where thresholds for nuclear processes are to be 
determined with high accuracy. They are also of great importance 
for the production of high-energy X rays. 


10.13 Motors 

In Example 8.5¢ we have seen how magnetic forces on a current- 
carrying conductor can be used to convert electric to mechanical 
energy. In Example 8.8d we have discussed the back emf in a motor, 
resulting from the flux change when the moving coil rotates. These 
ideas cover the fundamentals of motor operation. Here we add a 
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few more remarks regarding the operation of several common types 
of motors. 

The usual d-c motor consists of a rotating armature containing 
a number of separate coils connected to the current source by means 
of a commutator. In miniature motors the magnetic field is pro- 
vided by permanent magnets, but for most motors the field is pro- 
duced by electromagnets consisting of iron cores wound with field 
coils and energized by the external current source. 

In the shunt-excited motor, the field coils are connected in 
parallel with the armature. The current in the armature is given by 


V,—6=%Ra 


where V, is the source voltage, & the average back emf due to the 
motion of the armature coils in the field, and 7, and R, are the 
current and resistance in the armature coils. The back emf & is 
proportional to 4/, where & is the magnetic flux cut by the coils in 
one revolution and f is the frequency of rotation. The rate at which 
electric energy is converted into mechanical energy is given by 
&i,. This neglects the power dissipated in the resistance of the field 
coils that maintain the magnetic flux, which is usually small com- 
pared with the mechanical work rate. The expression for power 
conversion is the same as that for conversion from mechanical to 
electric power in a generator. The rate at which mechanical work is 
done by the motor is P = rw, where + is the torque and w is the 
angular velocity of the motor. When we equate the electric power 
going into mechanical work to the mechanical power output, we 
find 
dw 
81g = Tw x fig = — tg 
2r 
or 
oS. 
To —tg 
us 

Thus the torque is proportional to the current through the arma- 
ture windings in a shunt-excited motor. 

In a series-excited motor, the field coils and armature windings 
are in series, so the circuit equation is given by 


V,—6& = (Ra + Ry)ia 


where R; is the field-coil resistance. The magnetic flux ® will be 
roughly proportional to 72, and since the torque is proportional to 


10.13 Motors 


i,, it will therefore be proportional to 7,”. This contrast between 
the torque in shunt- and series-excited d-c motors shows that the 
series motor has a higher starting torque since current requirements 
increase only with 7 rather than with r. 

A-c motors can be constructed on the same principles as d-c mo- 
tors, since the torque depends on #i,, and both @ and 7, change sign 
at the frequency of the a-c voltage, giving a torque always in the 
same direction. In a shunt-excited motor, however, there is the 
difficulty that the phases of the current in the field windings and 
armature are not the same, since the inductances of the two wind- 
ings are different. This problem does not exist in series-excited 
motors, where the currents are necessarily in phase. However, the 
large inductance of the motor windings limits the current to small 
values, and this seriously limits the torque available, using ordinary 
voltage supplies. The iron cores of the field coils must be laminated 
in order to avoid excessive eddy-current losses. 

The most common a-c motor is the induction motor, in which a 
rotating magnetic field induces currents in a set of copper loops in 
the rotor. Magnetic forces on these current loops exert a torque on 
the rotor and cause it to rotate. The rotating field can be produced 
by feeding three-phase power from a three-phase generator, as 
described in the preceding section. The motor windings are similar 
to the windings on the generator. When they are connected to the 
three out-of-phase lines from the generator, a rotating field is pro- 
duced in the motor. Another method of producing a rotating field 
uses a single-phase power supply, but a phase shift in part of the 
field-coil windings is produced by connecting a capacitance to part 
of the windings. The intensity of the rotating field is increased by 
including a laminated iron core in the rotor, thus decreasing the 
reluctance of the magnetic circuit. This type of motor is not syn- 
chronous with the rotating field, since if the rotor moves at the same 
speed as the field, no currents are induced and there is no torque. 
A simple induction motor has a low starting torque, since the large 
induced a-c currents on the stationary rotor induce a large back 
emf on the field coils, reducing the field-coil current and the mag- 
netic flux. The starting torque can be increased by bringing con- 
nections from the rotor loops out through slip rings, to an external 
resistance that is connected in series while starting. 

A synchronous motor can be built by combining regular arma- 
ture windings that are fed current from the external supply with 


289 


Alternating-current Circuits 


some short-circuited loops as in an induction motor. With no load, 
the rotor comes into synchronism with the rotating field just as a 
permanent magnet would rotate with the field. When mechanical 
torque is applied, the rotor falls back in phase and a-c currents are 
induced in the induction loops. The extra force on the induced- 
current loops keeps the rotor in synchronism with the rotating 
field, though behind it in phase. The induction torque increases to 
a maximum when the phase lag becomes 90°. If the mechanical 
torque applied produces a lag greater than this, the motor falls out 
of synchronism. 


PROBLEMS 


10.1 An inductance of L henrys and a resistance of R ohms are connected 
in series across a source of a-c voltage given by V = Vo sin wt. 

a Find the current i in the circuit and the phase angle between the 
voltage source and the current. Explain the meaning of phase 
angle. 

b What is the phase angle between the current in the inductance 
and the current in the resistance? 

c What is the phase angle between the voltageacross the inductance 
and the voltage across the resistance? 

d Find the amplitude of the voltage Vr across the resistance, and 
the amplitude Vz, of the voltage across the inductance. 

e Explain why |Vra| + |Vz| # Vo. Prove that the vector sum 
Vr + Vi = Vo. 


10.2 In Prob. 10.1, replace the inductance L by a capacitance C farads 
and answer the same questions. 


10.3 a Compute the inductive reactance of a 2-henry inductor at 60 eps. 
b Compute the capacitative reactance of a 50-uf capacitor at 60 
cps. 
c At what frequency would the reactances of these two elements be 
equal in magnitude? 
d Plot a qualitative curve of the reactance of each as a function of 
frequency, 


10.4 A tightly wound circular coil of area A has N turns of wire and 
rotates about its diameter, which is perpendicular to a uniform mag- 
netic induction field B. It has a frequency of rotation w = 2xf. The 
coil has a self-inductance L and is connected to an external resist- 
ance R. 
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10.6 


10.7 


10.8 


10.9 


10.10 


a Write the expression for the magnetic induction flux linkage 

through the coil as a function of the angle @ = wt between the 

plane of the coil and the direction of B. 

Write the expression for the emf induced in the coil. 

What is the amplitude of this emf? 

Find the current in the coil. 

Find the phase angle between the induced emf and the current 

and explain what this means. 

f What is the phase angle between the voltage across the external 
resistance and the current through it? 

g What is the phase angle between the voltage across the coil and 
the current through it? 


cane 


A 60-cps voltage of amplitude 120 volts is placed across a pure 
resistance of 20 ohms. What is the rms value of the applied voltage? 
Find the peak current, average current, rms current, and power 
dissipation. 


A pure inductance of 0.2 henry is placed across a 400-cps voltage 
source of amplitude 120 volts. Find the peak current, average cur- 
rent, rms current, and power dissipation. 


A 60-cps voltage is placed across a 400-ohm resistance in series with 
a capacitor of unknown capacitance. An a-c voltmeter across the 
source reads 80 volts and an a-c ammeter (of negligible resistance) 
in the circuit reads 0.1 amp. Calculate: 

a The impedance of the circuit 

b The power dissipation in the circuit 

c The value of the capacitance 


Show that the average value of a sinusoidal alternating current 
during the positive half-cycle is 2Jo/m, where J is the current am- 
plitude. 


Calculate the rms value of a voltage given by 
V = 50sin wt + 20 sin Qut 


A series circuit as shown in Fig. P10.10 has resistance Ri, Re ohms, 
capacitance C farads, and inductance L henrys. An a-c voltage of 
amplitude V» volts is placed across the circuit. 


Fig. P10.10 


Problems 
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a_ For what frequency will the current in the circuit bea maximum? 

b What will be the value of the maximum current? 

c For what frequencies will the current be one-half its maximum 
value? 

d_ For what frequencies will the current be a minimum? 


10.11 A parallel LCR circuit as shown in Fig. P10.11 has an a-c voltage 

of amplitude Vp applied. 

a_ For what frequency is the current in the capacitance C the same 
magnitude as the current in the inductance L? 

b For what frequency is the current through the a-c source a 
maximum? A minimum? 

c For what frequencies is the current through the a-c source 
twice the minimum value? 


Fig. P10.11 


10.12 The switch in the circuit shown in Fig. P10.12 is closed at t = 0. 

a Make a qualitative plot of the potential Vz across the resist- 
ance F as a function of time. On the same time scale plot Vz, 
the potential across the inductance L. Add the two curves to 
get the sum Vr + Vz. 

b At what time does Ve = Vz? 

What is the characteristic time of this circuit? 


R 
‘= 
Fig. P10.12 bee 


10.13 Suppose that after the switch in the circuit shown in Fig. P10.12 
has been closed for a time long compared with the characteristic 
time of the circuit, the switch is almost instantaneously opened. 
Make a qualitative plot of the voltages Vr and V, versus time. 
Can you see any limitation on the speed with which the current 
can be reduced to zero? 


10.14 a In the circuit shown in Fig. P10.14, find the time after the 
switch is closed when the voltage Vr = Vo. 


10.15 


10.16 
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b What is the maximum current that can flow in the circuit, and 
when does this maximum occur? 

c What is the maximum charge on the capacitance and when does 
this oceur? 

d Show that the current in the circuit drops down to half its 
original value at the same time as the charge on the capacitor 
reaches half its final value. What is the time after closing the 
the switch that these two events occur? 
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An induction coil of inductance 10 henrys and resistance 100 ohms 
is connected to a 20-volt battery. What resistance must be con- 
nected in parallel with the coil in order to prevent the voltage 
across the coil from rising above 100 volts when the battery circuit 
is suddenly opened? What is the initial rate of decrease of current 
in the inductance? 


Design a simple high-pass filter such that the voltage output is 
one-half the voltage input at a frequency of 400 cps (see Fig. 10.22). 
Assume the filter circuit feeds into a much higher impedance circuit. 


A transformer, as shown in Fig. P10.17, has n; primary turns 
and nz secondary turns. Sixty per cent of the magnetic induction 
flux due to current in the primary goes through the shorting branch 
A. Find the ratio of primary to secondary voltage with no load on 
the secondary. 
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11.1 Introduction 

In this chapter we touch briefly on the basic characteristics of 
three devices of primary importance in practical electronics. These 
are the vacuum tube, the transistor, and a special high-frequency 
tube, the klystron. The vacuum tube and transistor are basically 
similar in function in that the current through them can be con- 
trolled by an electric signal. The entire field of electronics depends 
on the control characteristics of these devices. The many special 
types of tubes and transistors allow for a multitude of electronic 
circuits that perform very diverse functions. It is appropriate here 
to discuss only their basic design and a few typical applications. 
The klystron is discussed as one example of devices that operate at 
very much higher frequencies than conventional vacuum tubes. 
They are the most important sources of microwave-frequency 
signals and are becoming of major importance in the communication 
field. The availability of electric power at microwave frequencies 
has allowed the development of many new fields of investigation 
in experimental physics. 
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11.2. The Vacuum Tube 

The principal function of the vacuum tube is to control the flow of 
current in a circuit. This control is possible with negligible expend- 
iture of power. As a result, the vacuum tube can be used to amplify 
an a-c signal or to operate as an oscillator in appropriate circuits 
and thereby produce an a-c signal from a d-c source of power. In 
a vacuum tube, thermionic emission from a hot cathode in a vacuum 
provides a constant source of electrons that carry a negative current 
to a plate or anode, held at a positive potential with respect to the 
cathode. Control of this current is obtained through the operation 
of one or more grids whose potential is controlled by external 
circuits. We begin our considerations with a discussion of the 
relationship between the vacuum current and the potential applied 
between cathode and plate. 

The electron current in a vacuum is limited by the rate at 
which electrons can be emitted by the cathode. This depends on 
the temperature of the cathode, but in practice the controlling 
factor is the space charge in the cathode region. The effect can be 
explained qualitatively as follows: In the absence of electron 
emission, there is a field at the cathode owing to the potential 
difference applied between plate and cathode. When electrons are 
emitted by the cathode, this field accelerates the electrons toward 
the cathode and there is a distribution of electrons in the cathode 
region. Their presence alters the field distribution and lowers the 
field near the cathode, which in turn allows more electrons to collect 
in the cathode region. This process continues until the field at the 
cathode surface actually reverses. In steady state, the kinetic 
energy of the emitted electrons just overcomes the negative field, 
and there exists a steady-state space-charge-limited current. A 
simple quantitative analysis of this situation, which we shall not 
develop here, shows that the current is proportional to V”, where 
V is the plate-to-cathode potential difference. To a good approxi- 
mation this law holds for any electrode geometry. Notice that the 
vacuum tube does not behave as an ohmic resistance, since the 
current is not proportional to the applied voltage. 

We first investigate the properties of a vacuum-tube diode, 
which has only a cathode and plate and which is used primarily as 
a rectifier. Figure 11.1 shows a simple circuit in which a diode is used 
as a half-wave rectifier. In this circuit an a-c voltage input is con- 
verted to direct current. We have shown the cathode heated by a 


heater filament connected to a low-voltage external supply, usually 
a transformer. This supplies the heat to cause the cathode to emit 
electrons. The cathode is usually coated with a metal oxide that 
lowers the temperature required to give electron emission. When- 
ever the plate is positive with respect to the cathode, electrons from 
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Fig. 11.1 Half-wave rectifier. 


the cathode are attracted to the plate, causing a positive current 
from plate to cathode. Thus on the half-cycle of the a-c voltage 
during which the plate is positive, current flows through the tube. 
On the negative half-cycle, however, no current can flow, -smee 
electrons will be repelled by the negative plate voltage. The 
result of this action is the output signal shown, in which the 
negative half-cycles are missing. The average value of the half-wave- 
rectified voltage output is no longer zero, and if a suitable filter 
is added, a net d-c voltage is obtained. The simplest filter would be 
obtained by connecting a capacitor across the output. 

A full-wave rectifier circuit using a center-tapped transformer 


Output voltage 
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is shown in Fig. 11.2. The two tubes required are often placed in 
the same vacuum envelope and use a common cathode. Also 
shown is a more complicated filter circuit such as is used for mini- 
mizing the remaining a-c ripple. On alternate half-cycles the 
current passes through that tube which has a positive potential, 


Fig. 11.2. Full-wave 
rectifier, using center-tapped 
transformer, with filter 
circuit in output. Cathode 
heaters are not shown. 


while the other tube ceases to conduct. The heater connections are 

omitted in the diagram. Such a rectifier circuit is the usual source 

of d-c voltage needed for amplifiers, oscillators, and other electronic 

devices. 5 
In a triode, shown schematically in Fig. 11.3, a single control 

grid is placed between cathode and plate. The control grid is a 


Fig. 11.3 Triode vacuum 
tube, showing (a) heated 
cathode, (b) spirally wound 
grid, and (c) plate. 


very open network of wire through which most of the electrons 
can pass on their way to the positive plate. However, if a negative 
potential (relative to the cathode) is applied to the grid, the field 
set up will modify the space-charge-limited current and tend to 
prevent electrons from reaching the plate, thus reducing the current. 
The magnitude of the plate current can thus be controlled from 
zero to a maximum value-by varying the grid potential. Since 
practically no current goes to the grid, this can be done with a 
very small expenditure of electric power. Figure 11.4 shows a plot 
of plate current versus grid voltage when the plate voltage is held 
constant. This plot shows that some current goes to the plate 
even when the grid is quite negative with respect to the cathode. 
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This is due partly to the open structure of the grid, which allows 
some lines of force to penetrate through the grid from plate to 


Fig. 11.4 Plate current 
versus grid voltage " 

ina triode. Plate voltage held ~16 ~14 -12 -10 -8 

constant. ¥,) vols 


cathode even when the grid is negative. Another factor involved is 
the finite kinetic energy of the electrons evaporated from the 
cathode, which enables them to overcome a small retarding 
potential. Figure 11.5 shows the more conventional plot of the 


16 


Fig. 11.5 Triode plate 
current versus plate 
voltage for various grid 
voltages. (From RCA 
Receiving Tube Manual, 
Copyright 1950, 
Technical Series RCI16, 240 320 400 480 

Fig. 92CM-4771T, page 147.) V,, volts 


characteristics of a triode, from which Fig. 11.4 was obtained. 
The current through the tube depends on both the grid and plate 
potential. 
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Figure 11.6 shows a typical circuit in which a triode is used 
as an a-c amplifier. We use this to give a qualitative picture of the 
process of amplification. Let us imagine an a-c signal (not neces- 
sarily sinusoidal), having an average amplitude of, say, about 0.1 
volt. If the reactance 1/C,w is very small compared with the grid 


D-C voltage 


WM 


Output signal 


Fig. 11.6 A triode used in a 
typical amplifier circuit. — 


resistance R,, most of the voltage will appear across R, and on 
the grid of the tube. The cathode resistance R, and the plate 
resistance R, will have been chosen to put the tube in its operating 
range (where the current is sensitive to the grid voltage). The 
capacitor C, across the cathode resistor is large enough to hold 
the cathode at a nearly constant voltage despite the rapid varia- 
tion of the current through the tube due to the a-c signal. That is, 
the time constant of the R,C, circuit is long compared with the 
period of one cycle at the signal frequency. The small grid signal 
causes a variation in the tube current; this causes the voltage 
drop across the plate resistance R, to vary, and the resulting a-c 
signal at the output becomes perhaps one hundred times the input 
signal, say, 10 volts. By placing a series of tube stages one after the 
other, large amplifications can be obtained. 

A self-excited oscillator is shown in Fig. 11.7. A tank circuit, 
consisting of an inductance and a capacitance and having a natural 
frequency of oscillation, feeds back a small amount of signal to 
the input grid. If the phase of this signal is correct, the consequent 
variation of current in the tube reinforces the oscillations in the 
tank circuit and they become self-maintaining. There are many 
alternative oscillator designs, but in all cases the function of the 


tube is to feed back enough energy to the oscillating circuit to make 
up for the losses that would otherwise cause it to stop oscillating. 

More complicated tubes have extra electrodes that modify the 
characteristics of the tubes for special applications. Discussion 
of such tubes as tetrodes and pentodes is omitted here, though 


Fig. 11.7 A triode used ina 
self-excited oscillator 
circuit. 


they are of great importance in electronic devices. We also omit 
discussions of such special-purpose tubes as beam-power tubes 
and of gas-filled tubes such as thyratrons and voltage regulators. 
The interested student may readily inform himself of the charac- 
teristics of the multitude of types of tubes by studying one of the 
several tube manuals readily available. Our purpose here has been to 
give only the briefest qualitative description of the principles 
involved. 


11.3 Transistors 
The transistor was first developed in 1948, and it has already be- 
come of great importance as a substitute for vacuum tubes in many 
applications. Since transistors involve important electrical prop- 
erties of semiconductors, we discuss them briefly here. Their prin- 
cipal advantage over tubes is their small size and their lack of need 
for a hot cathode. We begin by giving a brief and necessarily crude 
description of a semiconductor, the material of which transistors, 
as well as crystal diodes, are made. 

In order to describe the properties of a semiconductor, we 
are again faced with the difficulty that some of its most important 
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properties can only be explained on a quantum-mechanical basis. 
As in our treatment of metals, we shall simply describe the results 
of the theory without giving arguments or proofs. We begin by 
showing the contrast between the behavior of metals and semi- 
conductors. It was shown earlier that in a metal the conduction 
electrons completely filled the allowed energy levels up toa certain 
maximum value Wp. There are allowed states above this limit, but 
except for a few thermally excited electrons, these higher energy 
states are unoccupied. These empty levels, however, are essential 
for conduction to occur. Suppose, for instance, that in a material 
there is a band of allowed energies completely filled by electrons 
and that above this band of filled states there is an energy region 
for which there are no allowed states. In such a material no current 
flows when an external electric field is applied. In order that elec- 
trons be accelerated in an applied field, and hence contribute to 
conduction, they must be able to move to higher energy levels. 
But since all levels are occupied and since not more than one 
electron is allowed in each state (counting two electrons of opposite 
spin as being in different states), the only process allowed is an 
exchange of position between two electrons in different states. 
This process does not change the total momentum of the electron 
system and therefore does not lead to a conductivity. Such a 
material is classed as an insulator. A semiconductor differs from 
this by virtue of having another band of allowed energy levels whose 
states are normally unoccupied; this is separated from the lower 
filled band by an energy gap in which electronic states are not 
normally allowed. This contrast is shown schematically in Fig. 11.8. 


(a) (6) 


Fig. 11.8 Energy-band diagrams for 
(a) a metal, (b) an insulator, and (c) a 
semiconductor. Energy in plotted vertically. 
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The behavior of semiconductors is easily explained on this 
model. If the forbidden gap W, is large enough, ordinary thermal 
energies or external fields are not able to alter the population in the 
filled band and the material cannot conduct. However, if there is 
some mechanism that can give an energy as great as W, to electrons 
at the top of the filled band, these can be moved up into some of 
the upper levels, where they are free to conduct by moving through 
the various allowed upper levels under the force of an external 
field. In addition, each electron excited into the upper conduction 
band leaves behind an empty allowed state. Since electrons in the 
filled band can now alter their energy by exchanging position 
with the empty level left behind, the presence of such empty levels 
in the lower or valence band allows conductions to occur there also. 
We may concentrate our attention on the effective motion of these 
empty levels and thus think of this kind of conduction as being 
caused by holes in the energy distribution. 

We describe the course of events either in terms of the transfer 
of electrons from one allowed state to another or in terms of actual 
motion of electrons from one position in space to another, This 
is permissible since when the energy state of an electron changes, 
its momentum and velocity change; this produces a change in the 
total momentum of the band of electrons that leads to a net 
shifting of electron positions in space. 

When a semiconductor is raised to a high enough temperature, 
some electrons are thermally excited into the conduction band, 
leaving holes behind, and conduction occurs through the motion 
of electrons in the conduction band and holes in the valence band. 
Another way to produce conduction is to irradiate the material 
with radiation whose quanta have energies in excess of W, in 
which case this energy can excite electrons into the conduction 
band, again leaving holes behind. Holes behave as positively 
charged carriers since their effective motion in space is opposite to 
the net motion of the electrons with which they exchange position. 
The excited state so produced is not an equilibrium state, and 
there is a tendency for electrons to fall back into the valence band 
and combine with holes. 

Our description thus far has been of an ideal semiconductor 
having no impurity atoms, which can alter the behavior of semi- 
conductors in very important ways. We describe these effects using 
Ge or Si as an example. These elements are in Group IV in the 
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periodic table, and both form crystal structures like that of carbon 
in diamond. The special feature of the diamond lattice for our 
purposes is that each atom has four nearest neighbors. Each atom 
shares its four valence electrons with its four nearest neighbors, 
giving a double electron bond between all nearest neighbor atoms, 
as shown schematically in Fig. 11.9. This model accounts for all the 


Fig. 11.9 Schematic 
representation of atoms in a 

silicon crystal, showing 

the four neighboring atoms 

next to each atom, 

The true arrangement is 

° three-dimensional. Bonding 
electron pairs are shown. 


valence electrons as being localized between pairs of atoms. The 
energy states of these electrons comprise the filled valence band 
of the material. It is the excitation of one of these electrons into a 
state in which it is no longer bound and the vacant state left 
behind that constitute the conduction-band electron and the hole 
in the valence band, respectively. 

Consider the effect of two kinds of impurity atoms which, 
when they are introduced into the crystals, replace Si or Ge atoms 
in the lattice. First consider Group V atoms such as P, As, or Sb. 
Since there are five valence electrons rather than four as in Ge or Si, 
one more electron will be required in the vicinity of the atom 
to maintain neutrality than is needed to fill the bonding positions. 
This extra electron is bound to the impurity atom only by the 
coulomb force of attraction to the nucleus, and is held much less 
tightly than the electrons that participate in the electron bonding 
between atoms. As a result, the extra electrons contributed by 
Group V impurity atoms can be raised into the conduction band 
by the absorption of much smaller energies than those required for 
raising electrons from the valence band into the conduction band. 
The situation is shown schematically in Fig. 11.10. The electronic 
levels produced by the impurity atoms are shown near the top of 
the forbidden energy gap. At low temperature, electrons occupy 
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these levels, though relatively low energies of excitation lift 
them into the conduction band. These extra energy levels con- 
tributed by the impurity atoms are called donor levels, and material 
into which this type of atom has been introduced is called n-type 
(for negative) material. 

When, instead, impurity atoms from Group III of the periodic 
table, such as Al, Ga, or In, are introduced into sites normally 
filled by the Si or Ge atoms, the situation is reversed. That is, 


“Donor levels 


Fig. 11.10 Energy-band 
diagram of an n-type 
semiconductor. 


electrical neutrality requires one less than the four electrons 
needed to fill all the bonding positions between the impurity 
atom and its neighbors. It takes relatively little energy to remove 
a nearby bonding electron and place it in the bonding position that 
is lacking an electron at the impurity atom. In effect, such a re- 
moval of a bonding electron amounts to the production of a hole. 
This situation is shown in Fig. 11.11. When the acceptor levels of 


Fig. 11.11 Energy-band 
diagram of a p-type 
semiconductor. 


the impurity atoms are filled with excited electrons, holes are left 
in the valence band and conductivity can occur via the holes. This 
kind of material is called p-type (positive). 

One kind of transistor utilizes sandwich construction in which 
a thin layer of p-type material separates two n-type regions. This is 
called an n-p-n junction transistor, and we now discuss its operation. 
Figure 11.12 shows the design of the transistor. The contacts on 
the surfaces of the emitter, base, and collector regions allow electrons 
to flow between the material and the external circuit. The p region 
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Fig. 11.12 (a) n-p-n 
‘junction transistor; (b) elec- 
tron energies in an 

n-p-n junction transistor 
with no applied voltage. (b) 


Valence band 


is actually very thin. In order to understand the operation of this 
device, we must realize two facts. The first is that we are dealing 
with a dynamic equilibrium in both n- and p-type materials. Thus 
in n-type materials, electrons are constantly being thermally 
excited into the conduction band from donor levels while other 
electrons are returning to the donor levels. In p-type materials, 
there is a flux of electrons up into the acceptor levels and from 
these levels down into holes in the valence band. Occupied donor 
levels are electrically neutral, while when unoccupied there is an 
associated positive charge. Occupied acceptor levels are negatively 
charged, while when unoccupied they are neutral. The second fact 
is that when an n-type and a p-type material come into contact, 
there is a net flow of electrons from the n to the p material and a 
similar flow of holes from p to n material, until there are fields set 
up that bring this net flow of charge to equilibrium. This flow 
results from the diffusion motion of holes in the valence band and 
of electrons in the conduction band. Diffusion brings about a net 
charge transfer because nearly all the conduction electrons are 
generated in the n-type region and nearly all the holes are generated 
in the p-type region. 

Figure 11.12 shows the kind of potential distribution that 
results when all three regions are connected together externally. 
There are conduction electrons and positively charged empty donor 
levels in the n-type regions, and negatively charged filled acceptor 
levels and mobile holes in the p-type material. The net charge 


— = mobile conduction 
electrons 


+ = mobile holes 
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© = filled acceptor 
levels 


transfer due to diffusion produces a dipole layer at each junction. 


Charge diffusion has occurred, as indicated in the diagram by the 
presence of one conduction electron in the p-type region and one 
hole in the n-type region. There is constant recombination of holes 
and electrons in each region, and this is just counterbalanced by 
the diffusion currents. In the diagram given, higher electron ener- 
gies are upward, while higher hole energies are downward. 


Fig. 11.13 Electron energies 
in an n-p-n transistor with 
voltages applied. 


Figure 11.13 shows the modifications in this situation when 
external potentials are applied. Under the influence of the applied 
fields more electrons are able to diffuse to the right from the n 
region to the base; once they enter the base, they are forced into the 
collector region by the applied field. Most of the applied voltage 
appears across the transition layers between n and p regions 
because these have much higher resistivity than do the pure n 
and p regions. A signal placed on the emitter electrode controls 
the flow of electrons in a manner similar to the action of a control 
grid in a triode. At the same time there is a counterflow of holes 
to the left; these combine with electrons at the emitter electrode to 
allow an electron current to flow. Since both flow direction and 
sign of charge are’ opposite for holes compared with electrons, 
both types of carriers give the same direction of current flow. 
The amplified signal is obtained through the variation of current 
through the resistance R. This is only one of several types of 
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transistor design, but it suffices to show the general principles 
involved. In all cases, advantage is taken of the thermal supply 
of charge carriers in a doped or impurity-containing semiconductor. 

Another very important semiconductor device is the crystal 
diode. This has a much longer history than the transistor, although 
the most recent designs now use n-p junctions as in transistors. 
In all cases crystal diodes pass current more easily in one direction 
than in the other as a result of the dipole layer resulting from 
thermal diffusion in a semiconductor. We omit further discussion 
of these very important devices. 


11.4 The Klystron 

During World War II there was a very great development of equip- 
ment utilizing very-high-frequency a-c circuits having frequencies 
from 1,000 to, say, 24,000 megacycles/sec (Me/sec). The develop- 
ment of power sources and detectors of power in this microwave 
frequency range made radar possible and has also opened up many 
new fields in experimental physics. In this section we limit dis- 
cussion to a brief description of one of the most important methods 
of generating these very high frequencies, the klystron tube. 

There are a number of reasons why a conventional vacuum 
tube becomes unsatisfactory as an oscillator or amplifier at fre- 
quencies above a few hundred megacycles per second. A major 
difficulty lies in the small but unavoidable capacitances between 
control electrodes in the tube. Since the impedance of these ca- 
pacitances depends on 1/wC, when frequencies get too high the 
capacitance has the effect of shorting out the high-frequency volt- 
age. A second difficulty arises when the transit time for electrons to 
travel from cathode to plate becomes comparable to a period of the 
high-frequency signal. Under these conditions the rapidly varying 
electron density in the electron beam induces high-frequency cur- 
rents in the grid that prevent effective control of the current. This 
difficulty limits conventional tubes to frequencies below about 100 
Mc/sec. Present-day schemes for getting around this difficulty actu- 
ally take advantage of transit-time effects. As an example we shall 
discuss the reflex klystron, which is shown schematically in Fig. 
11.14. A hollow metal cavity in the shape of a toroid, which at the 
high frequencies involved acts like a resonant LCR circuit, is at- 
tached to a pair of grids through which there travels a beam of 
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electrons from the cathode. A negatively charged repeller electrode 
causes the electrons to be turned around and return through the 
grid system in the opposite direction. We first discuss the operation 
of the cavity and grid system. If we consider the cavity with grids 
as an LCR resonant circuit, the two parallel grid areas act as the 
principal capacitance and the toroidal walls of the cavity act as the 
inductance. At the very high frequencies involved, lumped circuit 
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Fig. 11:14. A reflex klystron 
(schematic). 


elements have little meaning, and it is usually more convenient to 
think of an oscillating electromagnetic wave inside the metal bound- 
ary. (Electromagnetic waves are discussed in Chap. 12.) Thus the 
relative potential between the two parallel grids oscillates as the 
result of currents flowing around the cavity from one grid to the 
other, as caused by the oscillating electromagnetic field. The prob- 
lem is to feed back energy into this oscillating field to compensate 
for losses and for the energy taken out at the output. This is ac- 
complished by means of the electron beam, which gets its energy 
from the d-e voltage drop between cathode and grid. Let us 
imagine that the cavity is oscillating as the electron beam passes 
through the pair of grids. Depending on the phase of the grid-voltage 
oscillation, some electrons are accelerated when they pass through, 
while others are slowed down. This introduces velocity differences 
into the electron beam, which in turn result in a bunching of elec- 
trons at certain positions along the beam. By appropriate adjust- 
ment of the repeller voltage, this bunching can be made to occur 
just as the beam returns through the grids, giving a series of pulses 
of electrons with the time interval between pulses equal to the 
period of oscillation of the grid voltage that caused the bunching 
to occur. If, further, the electron bunches pass through the gap 
between grids at a phase such that they are retarded by the field, 
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the energy loss they suffer goes into the electromagnetic field. 
This is the required mechanism by which d-c power is converted 
into microwave oscillations. Other microwave oscillators include 
magnetrons and traveling-wave tubes, which we shall not discuss. 


PROBLEMS 


11.1 In Fig. P11.1, a tube with characteristics as shown in Fig. 11.5 is 
connected to a 240-volt d-c supply through a plate resistance Rp = 
30,000 ohms. We wish to investigate the effect of a change in the grid 
voltage V, on the plate voltage V>. 

a Using Fig. 11.5, plot the load line for this triode for the given 
values of applied voltage and R,. To do this, we plot two or more 
points on Fig. 11.5 that give the voltage V, across the tube for 
various plate currents. Thus for zero current, there will be no 
voltage drop across the plate resistor, so Vp = 240 volts. Simi- 
larly, when i, = 8 ma, the voltage across the tube will be V,= 
240 — iRp = 240 — (8 X 10-* X 30,000) = 0. The straight line 
between these two points is called the load line. For the circuit 
shown, this tube will operate along this line. 

b Using the load line, find graphically the change in plate voltage 
when the grid voltage is changed from —6 to —4 volts. 


Fig. P11.1 


11.2 Give a qualitative discussion to explain why, in an amplifier circuit 
such as shown in Fig. 11.6, there is a phase shift of 180° between 
input and output signals. 


11.3 Contrast briefly the temperature-dependence of the resistivity of a 
metal and that of a semiconductor. 


114 Explain why an n-type and a p-type semiconductor, brought into 
contact, suffer a change in electrostatic potential. Which becomes 
more positive and why? 
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12.1 Introduction 

The fundamental experimental facts about electricity and mag- 
netism studied so far include all but one of the basic ideas of the 
modern theory of this subject. In this chapter we indicate the revo- 
lutionary work of Maxwell, published in 1865, which took the indi- 
vidual and seemingly unconnected phenomena of electricity and 
magnetism and brought them together into a coherent and unified 
theory. Maxwell’s theoretical work showed up a missing principle 
and led to his postulation of energy transmission by electromagnetic 
waves. Maxwell’s discovery that electromagnetic waves should 
travel with a velocity extremely close to that known experimentally 
for the velocity of light led him to conclude that light itself is an 
electromagnetic wave, as had been suggested earlier by Faraday. 


12.2 The General Theory of Electromagnetism 
We begin by rewriting the experimentally determined equations 
discussed earlier in a more generalized form equivalent to the 
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formulation by Maxwell. For simplicity we consider the vacuum 
case, though it is easy enough to modify the discussion to fake 
account of the presence of dielectric and magnetic materials. 

We begin by writing the equation that comes directly from 
Faraday’s law of induction, 


pe dl [> ds 
pie) hae 


The left-hand term is the line integral of the electric field around 
any closed path in space. This amounts to the work per unit charge 
to take a charge around the path, and it is therefore the induced 
emf & According to Faraday’s law, this emf is the negative of the 
rate of change with time of the magnetic flux through the area 
surrounded by the closed path. But this is just the meaning of the 


right-hand term, since [sas = [rots = 4, and therefore if 


H is changing with time, we can write d/dt = ~no [ an/at-as. 


The integral is to be taken over the area surrounded by the closed 
path we choose. Qualitatively this simply says that an electric field 
is set up in a region of space where the magnetic flux is changing 
with time. Thus Faraday’s law gives a connection between a vary- 
ing H and a resulting E. Nothing new has been added to the previ- 
ous statement of Faraday’s law, but the present formulation em- 
phasizes the fact that this is a property of space and does not de- 
pend on the presence of a conducting loop of wire. 
The next two equations are 


i; D-dS =0 
cs 


and 


i B-dS = 0 
cs 


These are the equations which state that lines of D and B are con- 
tinuous. They tell us that the net flux of lines of D or B is zero 
through any arbitrary volume. The net flux of D is zero because we 
assume a vacuum. As discussed earlier, these equations require an 
inverse-square law of force, since only in this case can fields be 
described in terms of continuous lines of force. 
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(12.2) 


(12.3) 
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We have now written three of the four fundamental relation- 
ships of Maxwell. In the next section we see the way in which 
Maxwell was led to the fourth and final relation, involving the new 
concept of displacement current. 


12.3 Displacement Current 
In the process of unifying electromagnetic theory, Maxwell dis- 
covered the final relationship that leads to the possibility of elec- 
tromagnetic waves. This relationship is the converse of Faraday’s 
law, as given in Eq. (12.1). Maxwell showed that just as a varying 
magnetic field gives rise to an electric field, a varying electric 
field gives rise to a magnetic field. The argument shown here is 
similar to the one given by Maxwell. 

We begin by examining the generalized form of Ampére’s law 
for the production of a magnetic field by a current: 


ppa = pol or pua =i (6.14) 


An equivalent form is 


gua = [i-as 


Here the line integral is taken around any closed path, and the 
surface integral is taken over any surface bounded by the path of 
the line integral. The surface integral of the current density j is 
the total current threading the path of the line integral. When we 
choose the path so that H is constant and parallel to the path, H 
can be evaluated, as we have seen earlier. Figure 12.1 illustrates 
the idea that any surface bounded by the path of the line integral 
gives the same result. In the case of a wire carrying the current, 
we know this is true since the surface integral is always equal to 7 


A 


Fig. 12.1 Twoareas A and A’ 
bounded by the same 
closed line l. 


L 
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as long as the wire threads the path. The figure shows one plane 
surface A and one hemispherical surface A’, both bounded by the 
same line l. 

We now examine the situation when the battery is replaced by 
an a-c source and a capacitor is included in the circuit, as shown in 
Fig. 12.2. An a-c current passes through a capacitor, as we have 


ALL A’ 


Fig. 12.2. The integral 
pu-a over the area A is i; it 


is zero over A’ unless 
displacement current is 
taken into account. 


seen earlier, though no actual charge is transferred between the 
plates. Maxwell’s reasoning involved taking the two areas A and 
A’, bounded by the same path 1. He pointed out that according to 
Eq. (12.4), when the surface integral is taken over A, the integral 


H-dl = 7, but if it is taken over A’, the integral equals 0. This 


contradictory situation can be remedied only if we postulate, with 
Maxwell, an additional term in Eq. (12.4) in which the changing 
electric field occurring in the capacitor takes the place of the real 
current as a producer of the magnetic field. We thus arrive at 
Maxwell’s displacement current and remove the double meaning 
of the mathematics of Eq. (12.4) in the a-c case. 

If we use a simple parallel-plate capacitor, it is easy to arrive 
at the required relationship. Since the currént is the rate at which 
charge accumulates on the capacitor plates (since charge is con- 
served), we can write 


a - fives (12.5) 
But i = dq/dt = A do/dt, or j = do/dt. We have already seen that 


between the plates of a parallel-plate capacitor, D = o, so do/dt 
can be replaced by dD/dt. Then Eq. (12.4) becomes 


pra -{ - -dS (12.6) 
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in the region between the capacitor plates, That is, the displace- 
ment current dD/dt acts like a current density j in that it produces 
a region of magnetic field. The complete expression involving both 
terms, the magnetic effect of the real current in the wire and the 
magnetic effect of the change in D, can be written as 


fava = [jas +f 2 dS 
mt dt 


For most situations involving conducting bodies, the new term in- 
volving the displacement current is trivial compared with the cur- 
rent term at low frequencies. In a vacuum it is the only term. 

Since we show below that this new concept of magnetic field gen- 
eration by displacement current is necessary to account for elec- 
tromagnetic waves, we may consider the proved existence of such 
waves as the final proof of the validity of Maxwell’s reasoning. 

The development of the idea that light is an electromagnetic 
radiation is one of the most dramatic in the history of physics. We 
shall quote below from the introduction to the paper! in which 
Maxwell announced the electromagnetic theory of light. In the 
introduction, Maxwell summarizes the results of his mathematical 
investigations, describing eight relationships, which he calls the 
general equations of the electromagnetic field. These are essentially 
equivalent to the four relationships now called Maxwell’s equa- 
tions. Maxwell then goes on to discuss some of the implications of 
his results in the following paragraphs: 


The general equations are next applied to the case of a magnetic 
disturbance propagated through a nonconducting field, and it is shown 
that the only disturbances which can be so propagated are those which 
are transverse to the direction of propagation, and that the velocity 
of propagation is the velocity v, found from experiments such as those 
of Weber, which expresses the number of electrostatic units of elec- 
tricity which are contained in one electromagnetic unit. 

This velocity is so nearly that of light, that it seems we have 
strong reason to conclude that light itself (including radiant heat, and 
other radiations if any) is an electromagnetic disturbance in the form 
of waves propagated through the electromagnetic field according to 
electromagnetic laws. If so, the agreement between the elasticity of 
the medium as calculated from the rapid alternations of luminous 


1 James Clerk Maxwell, A Dynamical Theory of the Electromagnetic Field, 
Phil. Trans. Roy. Soc. London, 155:459 (1865). 
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vibrations, and as found by the slow processes of electrical experi- 
ments, shows how perfect and regular the elastic properties of the 
medium must be when not encumbered with any matter denser than 
air, If the same character of the elasticity is retained in dense trans- 
parent bodies, it appears that the square of the index of refraction is 
equal to the product of the specific dielectric capacity and the specific 
magnetic capacity. Conducting media are shown to absorb such radi- 
ations rapidly, and therefore to be generally opaque. 

The conception of the propagation of transverse magnetic dis- 
turbances to the exclusion of normal ones is distinctly set forth by 
Professor Faraday in his “Thoughts on Ray Vibrations.” The electro- 
magnetic theory of light, as proposed by him, is the same in substance 
as that which I have begun to develop in this paper, except that in 
1846 there were no data to calculate the velocity of propagation. 


12.4. The Physics and Mathematics of Waves 
Our next task is to see how Maxwell’s general formulation of elec- 
tromagnetism leads to self-propagating waves. Before doing this, 
however, it is useful to review the simple theory of traveling waves. 
We discuss the simple situation of wave propagation on a stretched 
string. 
Figure 12.3 shows a section of a long string tied at both ends, 
under a tension 7. A section of the string has been pulled trans- 


Fig. 12.3 Element on 

a stretched string, used 

for developing traveling-wave i 
equation. x, X 


versely in the direction z and then released. As a result, a wave of 
displacement travels down the string in the x direction. We con- 
centrate our attention on a small segment Az of the string, in order 
to work out the way in which the wave moves along the string. 
The motion of the segment is obtained by applying Newton’s 
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second law, so we first work out the external forces acting on it as a 
result of the tension in the string. 

The diagram shows that the components of force along the x 
direction cancel out for small displacement. Let AF, be the net 
force in the x direction. Then we find 


AF, = T cos 62 — T' cos 6; ~ 0 


since for small displacements cos 62 ~ cos 6;. As a result of this, the 
motion of the segment is only along the z direction. The net force 
along the z direction is given by 


AF, = T sin 62 — T sin 6; (12.8) 
For small displacements, 

sin 6, ~ tan 6; = 8; 

sin 02 ~ tan 02 = 82 
where s; and 82 are the slopes of the line at x; and x9. That is, 

oe (12.9) 

dx 
For small Az, we may write 
ds 


ds 
=8 — Az or 82 — 8; = — Ax 12.10 
82 = 8 + rE 2 i ( ) 


Here it is assumed that the rate of change of slope is linear with x 


over the small distance Az. With this approximation, we may re- 
write Eq. (12.8) as 


AF, = T— Ax (12.11) 


We now apply Newton’s law to the segment, noting that its 
mass can be written as Am = p(x2 — 2) = p Az, where p is the 
mass density of the string: 

dv, ds dv, 


AF, = Am— or T — Ax = p Ax — 
dt dx dt 


When Az is canceled in the last equation, we find 


dv, ds 
YH (12.12) 
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an equation that relates acceleration to the rate of change of slope 
along x. We take the derivative of Eq. (12.12) with respect to time 
to get 
dv, d’s 
Se fe 
dt? dx dt 
Finally, we simplify this by using the following relationships: 
dz dv, dz 


p 


ake dt = dx ~ de dt 
dz ds de 
i<-—— 
dx dt dxdt 
ds dv, 
a de 
When we differentiate Eq. (12.14) with respect to x, we find 
ds dv 
aide dx? 
Substitution in Eq. (12.13) then gives 
dv, dv, 
£ de ode 


This final equation is the differential equation for a transverse 
traveling wave on a string. It is essentially the equivalent of 
F = ma, giving the transverse acceleration in terms of the effective 
force, T d?v,/dzx”. 

We can verify at once that wave motion along the string is im- 
plied by seeing that the differential equation is satisfied by an 
equation for a transverse traveling wave. We take 


Qn 
vz = % ene (a — ut) 


which is a transverse-velocity sinusoidal wave of wavelength \ 
traveling with a velocity u along the positive x direction. Substitu- 
tion of the appropriate derivatives of this equation in (12.16) 
shows that the velocity of travel is given by 


“f 


(12.13) 


(12.14) 


(12.15) 


(12.16) 


(12.17) 
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It is now demonstrated explicitly that Eq. (12.17) represents 
a wave traveling along the z direction, in this case in the positive 
direction, with a velocity u and a wavelength A. The wavelength is 
determined by holding ¢ constant and noting that if we move from 
some position zo to a new position zp +A, the argument of the 
cosine goes from 2m(2 — ut)/A to 2r(xzp + A — ut)/A = Q(xpy — 
ut)/X + 2m. Since the cosine is repetitive with a period 2z, it has 
the same value at these two positions, so V, at these positions has 
the same value. This result holds for all positions xo + nd, where 
n is an integer, so \ is the wavelength of the disturbance. The 
velocity of the wave is determined by choosing a point x along the 
wave at a time ¢ and requiring that this point move along x with a 
velocity such that (2 — ut) = constant. Under this condition the 
cosine remains constant and the point moves with the velocity of 
the disturbance. If the time is increased by dt, the position « must 
increase by dz so that 


a+dzx — u(t+ dt) = (x — ut) 
This requires that dx — udt = 0, or dx/dt = u. We have thus 


shown that u is the wave velocity. For a wave traveling in the 
negative x direction, Eq. (12.17) is written as 


Qn 
2. = Scone + vt) 


We may also use Eq. (12.17) to deduce the relationship be- 
tween frequency f, wavelength \, and u, the velocity of wave propa- 
gation. For this purpose we stay at one position along the z axis 
(at « = 0 for convenience). The argument of the cosine then be- 
comes 2rut/A. The disturbance that propagates along x then results 
in a periodic variation in v, at the point « = 0 we have chosen. 
If we now let time advance from ¢ to t + \/u, the argument of the 
cosine becomes 2rut/d + 27, which gives the same value to v, as for 
i, Thus \/u is the period or u/d the frequency f of the disturbance, 
and we have 


Ww=u 
We could equally well have made this discussion in terms of an 


equation for the displacement of the string z, from its equilibrium 
position, 


, or 
bis agian Sa ey 


(12.18) 


12,5 Electromagnetic Waves 


Use of sine or cosine is of course arbitrary and depends only on the 
choice of initial conditions. With very little more trouble it is 
possible to show that any function of (x + wt) is a solution of the 
differential equation for a traveling wave, so we are by no means 
limited to sinusoidal waves. With these results for a simple mechani- 
cal system we now look at the problem of electromagnetic waves. 


12.5 Electromagnetic Waves 
For convenience, we rewrite here Maxwell's equations for a vacuum 
before showing how they lead to traveling waves. 


pe al ee (12.1) 
ROU ; 
aD 
pra -[2 . dS (12.6) 
at 
/ D-ds = (12.2) 
cs 
Ff B-dS =0 (12.3) 
cs 


In order to simplify this discussion, we consider only the case 
of plane waves, with the direction of propagation along the a axis. 
In Sec. 12.6 we show that for a plane wave, the electric and mag- 
netic fields involved in the wave are directed transverse to the di- 
rection of travel (in the yz plane). In the meantime we assume this 
and further specialize our model by assuming a polarized wave, one 
in which the electric field is along only the y direction. This field Fy 
depends only on x and ¢. We shall see below that H is similarly 
limited and is in the z direction, perpendicular to E. Figure 12.4 is 
a sketch of the E vectors (not lines of force) that might occur. 


Fig. 12.4 E vectors in xy 
plane, showing variation of E 
with x. 
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Only the variation with x is shown. The variation with time could 
be shown by making a number of sketches in which the position of 
the wave along the x axis was different for each time chosen. A 
sinusoidal variation is drawn here, but this is not required. The 
vectors are shown only along the z axis of our coordinate system. 
In this plane wave the same E fields exist for all positions in the 
yz plane having a given value of x. Our demonstration involves the 
use of the first two Maxwell equations to show that such a postu- 
lated time and space variation of E gives rise to a similar time and 
space variation of H (but at right angles to E) and that this H vari- 
ation acts back to cause the postulated variation in E. Thus, once 
such a wave is initiated, it is self-propagating. 

Figure 12.5 is used to show the application of Eq. (12.1) to the 
plane E wave, postulated to be moving along the z direction. A 


Fig. 12.5 Generation of H, 
by a varying E,. z 


convenient closed path is drawn in the zy plane, around which we 
shall take the line integral of E. This is equated through (12.1) to the 
rate of change of flux of H through the plane bounded by the path 
of the line integral. Only the vertical parts of the line integral con- 
tribute since E is in the y direction, so that E-dx = 0. If we go 
around in a counterclockwise direction, the line integral around 
the path chosen becomes 


GP E-dl = Ey)esaedy — (By)edy = (Eyesae — (By)2] dy 


where we are to take the values of Z, at « + dz and z, respectively. 
The difference between these two values of £, at the two positions 
is (@£,,/dx) dx, so we can write the line integral of Eq. (12.1) as 

dL, 


“ dx d oT asa 
— dz dy = —po — dz 
Ox : ral o 
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Since this relationship is true for any area dz dy, we may write 


(12.19) 


The next step is to make the converse calculation of the E re- 


y 


Fig. 12.6 Generation of 
E, by a varying H,. 7 


sulting from a varying H, through Eq. (12.6). Using Fig. 12.6, we 
find by a similar calculation, 


pua 


q 


((Hz)z — (Hz)z4az] dz 


oH, dE, 
= —— da dz = + — dzdz 
ox at 


or 
vee ba (12.20 
i : 
ax oat ) 
Equations (12.19) and (12.20) relate the space variation of one 
field to the time variation of the other, and vice versa. When we 
differentiate the first with respect to z and the second with respect 
to ¢, we can combine the information into one equation as follows: 
PE, 0H, 
at ar at 
H, Ey 
= -@ 
ax dt at? 
wale a 12.21) 
Ts = €o49 —- 
gn ae ¢ 
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When we differentiate in the opposite order, we find that the same 
equation holds for H,: 


PH. PH, (19:29) 
age a 
These last two equations give the result we have been working 
toward. Comparison with Eq. (12.16) for a transverse wave on a 
string shows immediately that we have found a differential equation 
that implies wave propagation. The velocity of propagation along 
the x direction is given by 
; (12.23) 
c= i 
V €oHto 
The two fields are perpendicular to each other and travel to- 
gether in the x direction. The agreement between the experimen- 
tally observed velocity of light (~3 x 10° m/sec) and the caleu- 
lated value based on laboratory measurements of ¢€9 and jo led 
Maxwell to propose the electromagnetic nature of light. 
Using the results of Sec. 12.4, we write the equation for the 
electric field component of the electromagnetic wave, 
_ ar 
E, = Eo sin x (x — ct) (12.24) 


where c is the velocity of travel and \ the wavelength. This is a 


Fig. 12.7. Schematic 
representation of a plane 
electromagnetic wave. 


solution of Eq. (12.21). The magnetic component, which is a solu- 
tion of Eq. (12.22), is given by 


, 26 
HH, = Ho ony A — ct) 
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The program of showing how Maxwell’s equations led to elec- 
tromagnetic waves is now completed. We can use Fig. 12.7 to 
visualize a plane wave. One more step of interest is to show the 
relationship between the magnitudes of the electric and magnetic 
vectors in the wave. We proceed by differentiating Eq. (12.24) for 
a sinusoidal wave, with respect to t. This gives 

dE, 2r 20 


— = —E)— c cos — (x — ct 
at iS x ) 


Substitution in Eq. (12.20) gives 


oH, E 2ae col 1) 
= — cos — (a — ci 
a nN 


which can be integrated with respect to x to give 


_ or @\* , 2x 
H, = cegHo sin — (x — ct) = | — ) Eo sin — (x — et) 
r Ho oN 
We have substituted here the value of ¢ given in Eq. (12.23), This 
gives the result drawn in Fig. 12.7, that 2, and H, are in phase, 
and that 


Vo Hs = Ve By 
If the vacuum is replaced by matter, all these equations must be 
modified by using « and ¢ for wo and €p. 

Unpolarized plane waves are made up of a superposition of 
polarized plane waves in which the directions of E and H are ran- 
domly distributed in the yz plane. The E and H of each com- 
ponent of these plane waves are perpendicular to each other. 


12.6 The Transverse Nature of Plane Waves 

We now show that for a plane wave traveling in, say, the a direc- 
tion, the directions of D or E and B or H are limited to the trans- 
verse direction (in the yz plane). We do this by taking an elementary 
cube of dimensions dz, dy, and dz as shown in Fig. 12.8. We apply 
Eq. (12.2) at some instant to the surface of this cube. This assures 
that the net flux of D through the faces of the cube is zero. Fur- 
thermore, since we are dealing with a plane wave, D does not vary 
with y or z, so the net flux through the faces dx dy and dx dz is 
zero. This leads us to the conclusion that the net flux through the 


(12.25) 
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Fig. 12.8 Elementary cube 
used in proof that D and B 
are transverse in a 

plane wave. ; 


faces dy dz is also zero, since the total flux is zero. Now the flux 
through the left-hand face dy dz is —D,dy dz (the negative sign 
results from the negative sign of the outward normal of this face). 
The flux through the right-hand dy dz is D,dy dz. It follows that 
D, must have the same value at both faces for all times, and there- 
fore it cannot vary with x. Only the space-varying field enters into 
the traveling wave, so the wave has no field component in the direc- 
tion of travel. Any D, which exists is not involved in the wave. 
A similar proof regarding B, is obtained through application of Eq. 
(12.3). We now have shown that both D and B (or E and H) are 
limited to the yz plane and are therefore transverse to the direction 
of propagation. 


12.7 Propagation of Energy, the Poynting Vector 

The propagation of electric and magnetic fields through space im- 
plies the transmission of energy, since E and H fields involve 
stored energy. In this section we define and evaluate the energy 
propagation vector S, called the Poynting vector. This is the rate of 
energy flow across a unit area placed perpendicular to the flow 
direction. In optics this is often called the intensity. Its meaning 
may be understood by considering a volume surrounded by a closed 
surface and writing an expression for the rate of change of energy 
within the volume. Let the electromagnetic energy within the 
volume be U; then the rate of change of this energy is 


aU 
aS -| S-dA 
ot cs 


(12.26) 
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Thus the rate of change of energy within the volume is the surface 
integral of S taken over the surface surrounding the volume. Here 
the usual symbol for an element of surface area, dS, has been re- 
placed by dA to avoid confusion with the Poynting vector S. The 
negative sign is used to allow for the fact that the integral on the 
right-hand side of the equation is negative when energy is entering 
the volume. 

Our problem is to evaluate S for an electromagnetic wave. We 
proceed by considering a volume dz dy dz (Fig. 12.9) through which 


Fig. 12.9 Energy flow 
of a plane wave through an 
elementary cube. 


a plane wave is passing in the z direction. We express the energy 
within the volume in terms of E and H and then relate the rate of 
change of this energy to the flux of S across the surface surrounding 
the volume. From our previous results, the energy in the volume is 


a 


meek 


ae dy dz (12.27) 


and by differentiating with respect to time, we get 


aU ( e cl a mae 
=(« x dy dz 
at a * at 2 

We have chosen, as before, a plane wave with E and H in the y and 
z directions, respectively. We now replace the time derivatives of 
E, and H, by space derivatives, using Eqs. (12.19) and (12.20). 
Hence 


aU oH, OE, 
= E, itt Heine dx dy dz 
“ 


) 
are (£,H,.) dx dy dz (12.28) 
ba 
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We next put [s-aa in the same form as Eq. (12.28) so 


that S may be evaluated in terms of Z, and H,. For a plane wave 
traveling in the z direction, energy flow must be in the z direction 
only (since Z, and H, depend only on and ¢), so the flow of energy 
into and out of the volume is through the dy dz faces only, and S is 
in the z direction. Thus 


S-dA = (Sdy dz)z4az — (Szdy dz)z 
cs 
= [(Sz)z+az — (Sz)aldy dz 


The term in brackets may be written as (dS,/dzx) dz, so the last 
equation may be written 


OS, 
S-dA = — dz dy dz (12.29) 
cs Ox 


We may now compare Eqs. (12.28) and (12.29) through Eq. 
(12.26), to find 


a OS. 
— (E,H,) dx dy dz = — dx dy dz 
Ox ox 


and since this equation holds for any arbitrary volume, it must be 
that 


OS, 
Ox 


° (EH) 
Ox ya ae 


Integration with respect to gives 
S, = E,H, (12.30) 


plus a constant, which may be neglected. 
For the general case, S is given by the vector product 


S=(ExH)__joules/sec-m? = watts/m? (12.31) 


The Poynting vector S-thus gives the magnitude of the energy flow. 
The direction of energy flow is perpendicular to the plane con- 
taining E and H and is in the direction of the vector (E x H). 

In Eq. (12.31), E and H refer to instantaneous values. In the 
case of sinusoidally varying fields, the average value of S is given 
by 


S = Ey X Hy 
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or, since Ex = Eo/ 4/2 and Hey = Ho/+/2, where Ep and Hp are 
amplitudes, 


S = 4 (Ey X Ho) 


In some situations, S = E x H evaluated over some arbi- 
trary area may give rise to misleading results. Suppose, for instance, 
that a charged capacitor is placed between the poles of a permanent 
magnet oriented so that E | H. The Poynting vector S evaluated 
over some area perpendicular to S would then be finite and would 
seem to indicate a flow of energy. However, the only situation in 
which the Poynting vector is associated with a measurable quantity 
is that in which there is a net flow into or out of a volume element. 


For example, we might evaluate jh og aA over a surface sur- 


rounding a radio antenna that is radiating electromagnetic waves, 
in order to determine the total radiated energy. In the case of a 
capacitor with a fixed charge placed in a static magnetic field, the 
surface integral evaluated over a closed surface surrounding any 
volume must always be zero, since no energy is being radiated 
away. 


12.8 Example, Poynting Vector 

The use of the Poynting vector is valid whenever there is a flow of 
energy into or out of a volume. We show an example in which E 
and H are constant in time. Consider a cylindrical resistor (Fig. 
12.10) of length L, radius r, and resistance R, across which a poten- 


Fig. 12.10 Calculation 

of energy flow into a resistor. 
The Poynting vector 

S =E * His directed 
inward at the surface 

of the resistor. 


tial difference V is applied. The rate at which energy is dissipated in 
this resistor is 2. We show that 


[ S-dA=?R 
cs 


(12.32) 
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That is, the flow of energy through the surface of the resistor, as 
measured by the integral of the Poynting vector, accounts for the 
rate of conversion of electric energy to heat within the resistor. 

The calculation involves the determination of E and H over 
the surface of the resistor. E is pointed along the curved surface and 


has the value ‘- ee Lines of H make circles around the 


resistor and, from Ampére’s circuital law, have the value H = 
i/2mr at the surface. Application of S = E x H shows that S is 
pointed inward at the curved surface of the resistor (and is parallel 
to the end surfaces). Evaluation of the integral over the entire re- 
sistor surface then gives 


th: t 
i S-dA = fanaa = ——2rL=?R 
cs L 2er 


Since S is parallel to the end surfaces, the integral over these sur- 
faces is zero. We have proved the statement of Eq. (12.32). 


12.9 Generation of Electromagnetic Waves 

From the results of the last section it follows that the requirement. 
for generating electromagnetic waves is the simultaneous produc- 
tion of an oscillating E and H field oriented so as to give a finite 
value to S = EX H. The simplest arrangement for doing this 
is the oscillating dipole. This is any arrangement that allows for 
the periodic linear displacement of charge along some line so as 
to charge the two ends oppositely and to reverse the charge period- 
ically. It is equivalent to setting up an oscillating sinusoidal 
current in a conducting wire. We can readily see how this will 
produce both E and H fields. It is shown schematically in Fig. 12.11, 


(@) 
Fig. 12.11 Oscillating dipole, showing 
fluctuating Poynting vector during half-cycle. 
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where a wire is sketched at a series of times during half a cycle 
of alternating current. At (a) the wire is neutral, but with an up- 
ward current just beginning. The direction of the H field due to this 
current is found by use of the right-hand rule, and the cutting 
of the plane of the paper by a circular H loop around the wire: is in- 
dicated. At (b) the time is advanced and the current is still upward, 
but now some net charge has collected at the ends of the wire. 
This produces an electric field, and a line of E is sketched to indicate 
its direction. At the same time the Poynting vector S is drawn 
appropriate to E x H, showing that as the charges separate, stored 
energy is increasing in the space around the wire. The next sketch 
(c) shows the instant of maximum charge separation when the 
current and hence H are zero. Finally, at (d) the current has re- 
versed but the charge is not yet reversed in sign. Here the Poynting 
vector is inward, showing the return of the energy stored in the 
field. At a first glance it looks as though the fact that E and H 
are 90° out of phase would result in the periodic reversal of the 
direction of the energy flow and no net energy flow outward. This 
would indeed be true if the field at a point away from the dipole at a 
given instant depended on the current and charge distribution 
at the dipole at that instant. However, there is a time lag, depend- 
ing on the velocity c and on the distance from the dipole, between 
the setting up of a particular current and charge distribution and 
the appearance of the consequent fields at a given point. It is this 
time lag that allows some of the energy in the region around the 
dipole to continue to travel outward even when conditions of 
charge and current at the dipole indicate a Poynting vector 
directed inward to the dipole. This is in many ways remindful 
of the generation of water waves on a pond by an oscillation at a 
point on its surface. If the motion at a point in the pond were 
communicated instantly to the entire pond, there would be no 
waves. 

A rather different way of looking at this problem is to examine 
the fields of a moving charge under two conditions: first, when 
it moves with constant velocity, and second, when it is accelerated. 
We shall find that only when charges are accelerated is there a net 
radiation of energy. Figure 12.12 shows the two cases. In the 
sketch of Fig. 12.12a, a positive charge has been and is moving 
at constant velocity. A few of the radial E lines are shown and also 
some of the H lines coming out of the plane of the paper. Poynting 
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Fig. 12.12 Field and energy 
flow for a moving charge: (a) 
Charge moving with a 
constant velocity; (b) charge 
moving with a sudden 
acceleration, returning to 
constant velocity. (a) 


vectors are also drawn showing a continual flow of energy from 
behind, toward the direction of travel of the moving charge. Detailed 
calculation shows that this flow of energy is just equal to the flow of 
energy implied by the advance of the static field of the moving 
charge, and therefore no radiation is implied. The case of an acceler- 
ated particle as in Fig. 12.12b is very different. Here we assume 
that after traveling at constant velocity, the positive charge is 
suddenly accelerated for a short period, after which it continues 
with an increased but constant velocity. It is thus a distance / 
ahead of where it would have been without this sudden change in 
velocity. This process must put a kink in the lines of E as shown, 
which travel outward. We have shown how the vectors S now 
indicate the generation of a radial flow of electromagnetic energy. 


12.10 Reflection and Refraction of Electromagnetic Waves at a 
Dielectric Boundary 


We give one example of the application of the ideas we have devel- 
oped to an important problem in optics. When a light beam is 
incident on a dielectric boundary, some of the incident energy is 
reflected and the remainder is transmitted (refracted) through 
the second medium. We discuss only the simple case of normal 
incidence here. Our problem is to determine the relative intensities 
of the reflected and refracted waves when the incident wave is 
normal to a plane dielectric boundary. Figure 12.13 shows the 
geometry of the problem and the quantities involved. The boundary 
between the two media is the yz plane at « = 0. The electric, 
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magnetic, and Poynting vectors of the incident (HZ, H, S), reflected 
(E,, Hi, S;), and refracted (Z’, H’, S’) plane waves are shown. 
The regions on either side of the boundary are characterized by 
the indices of refraction n; and ne, respectively. The index of re- 
fraction, usually used in optics to describe the dielectric behavior 


y 


Fig. 12.13 Reflection and H 
refraction of electromagnetic 
waves at a dielectric 
boundary. ", 


of materials, is defined as the ratio of the velocity of light in free 
space, c, to the velocity v in a given medium. Thus 


This can be related to the electric and magnetic properties of a 
material as follows. The velocity of light in free space is c = 
1/(€ouo) 4 and in a medium with permittivity « and magnetic 
permeability u, it isv = 1/ (eu)*. The permeability of most opti- 
cally transparent bodies is very close to po, 80 we can write 


% 4 4 
oo(=)=(S) “ee 
€oHo €oHo €0 
where K is the dielectric constant of the material. 

In the diagram the E; vector, for the reflected wave, is drawn 
out of phase with the incident E, and H, has been made in phase 
with H. Clearly, either the E or the H vector of the reflected wave 
must be reversed in order that the Poynting vector be in the back- 


ward direction. For the moment let us consider our choice arbitrary. 
A further requirement that must be satisfied is that the ratio 
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between the E and H vectors in each wave must have the value 
we worked out earlier, 


% 
Var = Vink W oral Fm n(*) E (12.34) 
Ho 
From this we have 


4 % 4 
iia n(*) Rees ni“) Bo yim n(*) B, 
Ho Ho Ho 


Finally, the boundary conditions must be satisfied: 
Dn = Dna Bar = Bra 
Ey = Ep Hy = Hy 


For the special case of plane waves normal to the surface, the 
conditions on D, and B, are inoperative since these quantities are 
both zero. 

When we apply the boundary conditions on E and H and use 
in addition the relations between E and H in each wave, we can 
write 


E-E,=£' 
H+H,=H' > nE+ mE, = nob’ 


Solution of these equations for Z, and E’ yields 


2: = 
B= ( ae \e and 2, -(2 te 


ng + ny ne + ny 


When we solve instead for H’ and H,, we get, similarly, 


H’ -( =< \a and «i, = (* = "a 
Ne + Ng + ny 

E, and H, are both positive if no > n;. This means that the assump- 
tion we made in assigning directions to H, and H, were correct if 
Nz > mn, and that these directions will be reversed if no < m. The 
flux of energy in, per unit area, is S = E x H = EH. The flux out 
is readily shown by the addition of £,;H, + E’H' to be equal to the 
same quantity. Thus conservation of energy is satisfied by this 
result. 

For non-normal incidence, the polarization direction needs 
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to be taken into account in order to determine the divison of 
energy into reflected and refracted beams. We leave this and other 
boundary-value problems for study in optics. 


12.11 Electromagnetic Waves in Waveguides 

The problem of conveying alternating currents from one place to 
another by using conducting wires becomes increasingly difficult 
as the frequency increases. There are two sources of difficulty. 
The first is the skin-depth effect discussed in Chap. 8. Eddy currents 
tend to confine the a-c current to the outer skin of the conductor, 
causing the effective resistance to increase and resulting in large 
power loss along the wire. The second source of trouble lies in 
the fact that electromagnetic radiation increases as f*, which results 
in much of the energy being radiated away instead of being con- 
ducted to the place where it is wanted. At frequencies above about 
8,000 Mc/sec (at the lower end ofthe microwave frequency range) 
these two effects rule out the practical use of simple wire conductors 
for the transmission of electric energy. One solution to the problem 
of losses by radiation is to use a coaxial line such as shown in Fig. 
12.14. The energy at high frequencies is transmitted as an electro- 


Fig. 12.14 Coaxial 
line used for high-frequency 
transmission. 


magnetic wave passing down the space between the two conduc- 
tors. Since the radiation cannot penetrate the outer conductor, 
no energy is lost by radiation. There is one difficulty at very high 
frequencies, however. It is necessary to support the inner conduc- 
tor somehow, and this is usually done by filling all or part of the 
space between conductors with a dielectric material. The difficulty 
is that at high frequencies most practical dielectric materials are 
lossy; that is, they absorb part of the energy from the electromag- 
netic waves. 
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For the highest microwave frequencies there is an elegant 
solution to the transmission problem. This is the use of hollow wave- 
guides. These are like coaxial lines except that the central conduc- 
tor is omitted. In waveguides a suitable radiator sets up an electro- 
magnetic wave that travels within the guide rather like a plane 
wave in free space. The big difference is that in the guide the wave 
is altered from a plane wave, as is required in order that the electric 
and magnetic boundary conditions at the surface of the conductor 
be satisfied. In general, there are many different modes or shapes 
of electromagnetic waves that can satisfy the boundary conditions 
and propagate energy down a guide. It is possible, however, to use 
a geometry and size of guide that, for a limited range of frequencies, 
allows only one mode of transmission. We discuss the most com- 
monly used mode, in a rectangular guide such as shown in Fig. 
12.15. 


Fig. 12.15 Hollow waveguide 
used for microwave 
transmission. 


It is a straightforward problem in electromagnetic theory to 
determine the possible electromagnetic waves that can propagate 
in such a hollow conducting guide. We need only combine Maxwell’s 
equations with the boundary conditions at the metal surface to 
obtain the possible solutions. We do not attempt this task here 
but instead describe the results in a frequency range for which only 
one solution is possible. We shall call this the dominant mode in the 
guide. Let us first discuss the configuration of the oscillating electric 
field of the wave. This field points in the direction of the smaller 
dimension of the guide, b. This means that the wave is polarized. 
Over any cross section of the guide, # is a maximum along the 
center line of the guide and falls off in intensity to zero next to the 
narrow wall. This fall-off to zero is required to satisfy the condition 
that #) at a surface is zero. (We are making the assumption here that 
the walls are perfect conductors.) This is shown in Fig. 12.16, 
where electric field vectors (not lines of force) are drawn. E varies 
sinusoidally down the guide, as shown in the side view. The electric 
field configuration is thus very similar to that in a polarized plane 
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Fig. 12.16 Electric ays alisine ae yet Lottie 


End view. 


field vectors in waveguide. Gidéview 


wave. The two modifications are that Hy goes to zero and that the 
region of field is limited to the cross section of the guide. The modi- 
fication in the magnetic induction field is more severe. It is still 
everywhere perpendicular to Z, as in a plane wave, but because of 
the boundary condition the B lines form closed loops in planes 
parallel to the broad face of the guide. 

The boundary condition on the lines of varying B is that B, 
at the surface of a conductor goes to zero, This follows at once 
from the condition that Z, goes to zero. We argue that B must be 
perpendicular to 2 (from Maxwell’s equations, as we showed in the 
discussion of a plane wave), so if ZH, goes to zero, so must By. 
Thus the effect of the conducting boundary is to modify the infinite 
plane wave, in which lines of B form closed loops only at infinity, 
in such a way that the B loops are closed within the guide. Lines 
of B and £ of a traveling wave are shown in Fig. 12.17. Use of the 


Fig. 12.17 Lines of E and B { | 
in waveguide: (a) Lines of 


E, side view; (b) lines of 
B, top view. (b) 


Poynting vector S = (1/uo)(E x B) shows that this wave is travel- 
ing to the right. 

Two important features of electromagnetic waves in guides 
are that the velocity with which energy travels along the guide 
is different from c, the velocity of a wave in free space, and that 
for each kind of mode there is a definite cutoff frequency below 
which waves: cannot propagate through the guide. If we measure 
the characteristic of an electromagnetic wave in free space, we find 
that Av = c, where c is the velocity of light. If, however, we measure 
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the wavelength in a waveguide, \,, we find that for a given fre- 
quency », A, is greater than is obtained in free space. (This meas- 
urement can be made by setting up standing waves by reflecting 
the wave at the end of the guide.) For the wave mode involved here, 
dg is related to d in free space by the equation 


aN 
‘= = aaa" 
where a is the broad dimension of the guide. 
At first glance we might be worried that 4, > seems to imply 
a velocity in the guide greater than the velocity of light in free 
space, in direct contradiction to relativity theory. However, the 
relativistic limitation on velocities refers to mass or energy trans- 
port. In a waveguide or in any situation where the velocity depends 
on frequency, we must consider two kinds of velocity. The first is 
the phase velocity vp, obtained by measuring the distance between 
peaks in the wave. This gives us the guide wavelength A,. The 
other is the velocity with which energy propagates, which we could 
obtain by sending a short pulse of energy down the guide and 
measuring the time for the pulse to go a certain distance. This is 
called the group velocity v,,. In free space vp = vgr, but, in general, 


Upder = Cc 


Since the phase velocity in a guide is greater than c, it follows that 
the group velocity is less than c. From Eq. (12.35) we see that when 
the free-space wavelength ) increases to 2a, the guide wavelength 
becomes infinite and v,, goes to zero. That is, energy cannot be 
transmitted down the guide for frequencies lower than that corre- 
sponding to = 2a. This limiting value is called the cutoff frequency. 


PROBLEMS 


12.1 Starting with Eqs. (12.19) and (12.20), which relate time and space 
variations of E and H, show that 


oH, oH, 
oat 9g 


12.2 Show that the differential equation of Prob. 12.1 can be satisfied, for 
example, by a sine wave in H, traveling in the negative x direction, 


(12.35) 


12.3 


12.4 


12.5 


12.6 


12.7 


12.8 


if the velocity is given by 


1 
/ eo 


An a-c generator is connected to a parallel-plate capacitor made of 
circular disks of area A. As a result, the charge q on the plates is 
q = @sinwt. The lines of H induced by the resulting displacement 
current are circles with centers on the axis of symmetry of the ca- 
pacitor. Show that the magnetic field intensity at any point between 
the plates is given by 


H = cos at 


oreo 
A 
where r is the distance from the axis of symmetry. Neglect edge 
effects. 


Find the frequencies of electromagnetic waves having the following 
wavelengths in free space: 

10* m (long-wave radio) 

1 m (short-wave radio) 

3 cm (microwaves) 

10~‘ m (infrared) 

5,000 A (optical) (1 angstrom = 10° m) 

0.1 A (X rays) 

10~* A (gamma rays) 


as“,e7 Ra wa 


A plane radio wave travels in the x direction and is plane-polarized 
with its electric vector in the y direction, Its frequency is 1 Me/sec. 
The average power propagated by the wave is 20 watts/m*. 

a Find the wavelength of the wave. 

6 Find the amplitudes of E and H for this wave. 


Show that if we describe a traveling wave [Eq. (12.24)] by means of 
its wave number k = 2m/\ and its angular frequency w = 2f, the 
wave is described by the equation 


E, = Eosin (kx — wt) 


Sunlight strikes the earth, outside its atmosphere, with ari intensity 
of 2.0 cal/em?-min. Calculate the peak values of E and B for sun- 
light at the earth. 


Find the lowest frequency for which an electromagnetic wave can 
be transmitted through a rectangular waveguide whose inner dimen- 
sion perpendicular to the E field is 1 cm. 


Problems 
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A rectangular guide has a width (perpendicular to the E field) of 
1.0 em, For the dominant mode [for which Eq. (12.35) holds], what 
is the guide wavelength for an electromagnetic wave for which the 
free-space wavelength is 1.25 cm? What is the phase velocity of this 
wave in the guide? What is the group velocity with which energy 
propagates in the guide? 


12.10 Show that for frequencies at which vacuum tubes are ordinarily 


operated, the vacuum displacement current is negligible compared 
with the current carried by electrons. Take, for example, a tube 
with cathode and plate area each 1 cm?, spaced 5 mm apart, pass- 
ing 10 ma (rms) at a frequency of 10° cps, Assume parallel-plate 
geometry and assume that the cathode is at fixed potential and the 
rms a-c voltage across the tube is 100 volts. What is the magnitude 
of the rms displacement current through the tube? 


338 


THIRTEEN 


Conduction of Electricity 


in Gases a 


M agnetohydrodynamics 


13.1 Introduction 
In this chapter we discuss the application of the laws of electricity 
and magnetism to two important fields of physics. We first con- 
sider the conduction of electricity in gases. Whenever ions and 
electrons are present in a gas, currents can flow as a result of an 
externally applied electric field. When fields are high enough, 
electrons may gain enough energy to ionize atoms or molecules in 
the gas‘as a result of collisions, and a number of processes may occur 
that provide a continuous source of ions and electrons. Depending 
on the conditions, there may result a self-maintaining glow or 
corona discharge or a spark breakdown in the gas. We discuss 
the atomic processes occurring in these phenomena and give 
a brief résumé of the conditions under which each type of dis- 
charge occurs. 

The second application is to the field of magnetohydrodynam- 
ics. There can be a strong interaction between the dynamics of a 
highly conducting fluid (such as an ionized gas containing equal 
numbers of positive and negative charges) and magnetic fields. 
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This interaction can affect the mass motion of the fluid, and it 
gives rise to a variety of phenomena of interest in the fields of 
astrophysics and geophysics. It is also of great importance in the 
problem of harnessing thermonuclear fusion energy. We begin by 
a study of the motion of individual charges in a magnetic field, 
extending the discussion of Sec. 6.7. We shall see how the recently 
discovered Van Allen belt of trapped charges in the ionosphere 
can be explained on the basis of magnetic forces. Following this, 
we study the role of magnetic forces in conducting fluids and see 
how they give rise to magnetohydrodynamic waves in the fluid. 
Finally, we shall investigate briefly the way in which fluids can 
be confined by means of magnetic fields, a problem of major impor- 
tance in the development of thermonuclear energy sources. 


13.2 Low Field Processes 
The passage of electricity through gases depends on the presence 
of charge carriers (+ and — ions and electrons). Thus in low 
applied electric fields, the current flowing between electrodes in- 
serted in a volume of gas depends on ions and electrons normally 
present in the gas as the result of the ionization caused by cosmic 
rays or other sources of high-energy radiation. Currents can be 
enhanced by providing an artificial source of ionization such as 
X rays. The drift motion of the charge carriers is interrupted by 
elastic collisions with atoms or molecules of the gas. By elastic 
collisions we mean those which conserve energy and momentum. 

The drift motion of carriers in an applied electric field is con- 
veniently described by the mobility u of the carrier, where y is 
defined by the equation 

vg = we (13.1) 
where vg is the average velocity in the direction of the field FB. 
The mobility depends on the effective cross section for collisions 
between the carriers and gas atoms and on the charge and mass 
of the carriers and gas atoms. The mobility of carriers can be dis- 
cussed in a way very similar to our presentation of the resistivity 
of a metal in Sec. 7.3. We found for electrons in a metal that the 
drift velocity is given by 


va = —TE (7.7a) 
m 


13.2 Low Field Processes 


where 7 is the mean relaxation time. By comparison of Eqs. (13.1) 
and (7.7a), we find for the mobility 
e 
= F 
m 

The mobility of electrons and ions in a gas depends on the 
relaxation time, which in turn depends on collision cross sections 
and on gas pressure. By collision cross section we measure how 
close one particle must approach another in order that its path 
be appreciably deflected. For example, the collision ¢ross section 
between a billiard ball and a small particle (of size negligible com- 
pared with the billiard ball) is the cross-section area of the billiard 
ball. Electric forces between particles modify this simple result. 
The cross section for collisions between electrons and atoms varies 
markedly for different kinds of atoms and also depends strongly 
on electron velocity. The mobility of gas ions also varies with the 
kinds of atoms involved. 

Ion mobilities can be measured directly by studying current 
flow in a gas under low applied fields. One method involves the 
production of ions in the gas close to one electrode as shown in 
Fig. 13.1. A square-wave alternating voltage is applied between 


| 
Fig. 13.1 Apparatus for | 

measuring the mobility | 
of ions in a gas. Ions are 


<= 


produced near one electrode ty 


by an external source of 
ionisation. Square-wave 
applied voltage is shown. 


two electrodes. For low applied voltages, ions produced by X rays 
near one electrode cannot reach the opposite electrode before the 
field is reversed and hence are not collected by the electrode. As 
the voltage of the square wave is gradually increased, the drift 
velocity finally reaches a value that allows the ions to reach the 
collecting electrode. Calculations of E and knowledge of the time 
during which the voltage is applied by the square wave allow the 
drift velocity and the mobility to be calculated. 

Gas mobilities range from a few tenths of a centimeter per 
second per volt per centimeter for heavy molecular ions up to 
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about ten centimeters per second per volt per centimeter for Hy* at 
atmospheric pressure and room temperature. Since at constant 
temperature the time between collisions is inversely proportional 
to gas pressure, mobility varies inversely with pressure. Both 
negative and positive ions are produced by ionizing radiation in a 
gas. The negative ions result from electron attachment to neutral 
molecules. There are a number of processes by which positive and 
negative ions and electrons recombine to form neutral atoms or 
molecules. Since the rate of recombination depends on the density 
of charge carriers, the recombination process is exponential in 
character. 

When a constant source of ionization (say an X-ray beam) is 
present, a current between plane electrodes placed in a gas results 
from the collection of the ions produced when a steady field is ap- 
plied between the electrodes. The current depends on the rate of 
production of ions by the source as modified by recombination in 
the gas and diffusion of some ions out of the field region between the 
plates. With low applied fields the current is proportional to the volt- 
age applied, but with increased voltage the rate of increase of current 

_ with voltage becomes less (Fig.13.2). This saturation effect results 
from the fixed rate of production of ions. Once all the ions produced 
are being collected, the current can no longer increase until second- 
ary processes, as discussed in the next section, begin to play a role. 


13.3 High Field Processes, Ionization by Collision 

When the voltage applied between parallel plates in a gas provided 
with a source of ionization, as discussed above, is increased beyond 
the values shown in Fig. 13.2, the current-voltage curve rises 
steeply, and further increase in voltage leads to a spark or cata- 
strophic current increase, called electrical breakdown. The onset of 
increased current marks the beginning of ionization by collision. 


Fig. 13.2 Saturation of 
current through a gas in low 
fields. Ions and electrons 
that carry the current 

are produced by an 

external source. 
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The voltage at which this occurs depends on the electrode shape 
and spacing and on the kind of gas and its pressure. Conditions for 
the onset of such processes are arrived at when the value of L/p, 
where £ is the applied field and p is the gas pressure, reaches a 
critical value that depends on the kind of gas. A number of kinds 
of processes can be involved, but they all depend on the fact that 
charge carriers in fields above the critical value gain enough 
energy between collisions to initiate some secondary process that 
adds to the number of available ions in the gas. 

We can easily see why the critical condition depends on L’/p. 
Thus, suppose at some pressure the critical applied field has been 
reached, so that ions are sufficiently accelerated between collisions 
that their kinetic energy is enough to initiate some secondary ion- 
producing process. When the pressure is doubled, reducing the mean 
free path between collisions by a factor of 2, twice the field must be 
applied if the ions are to gain as much energy as they did at the 
lower pressure. Thus, whatever the secondary mechanism, the 
critical field depends on the ratio H/p. In air at atmospheric 
pressure, the critical field is about 15,000 volts/em, or #/p = 20, 
where the field is in volts per centimeter and p is in millimeters of 
mercury., Approximate critical values of E/p for other gases are 
given in Table 13.1. 
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Table 13.1 Values of E/p 
in Volts/em/mm Pressure 
Leading to Ionization by 


Collision 


We now discuss the principal mechanisms of secondary ion 
production. The most important secondary process, and the first to 
appear as the applied field is increased, is ionization by electron 
collision. At the critical value of E/p some of the most energetic 
electrons gain enough kinetic energy in the applied field to cause 
ionization when they collide with an atom or molecule. That is, an 
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electron is knocked off the atom, leaving a positive ion and an extra 
electron. If events are fortuitous, both electrons will make ionizing 
collisions during their next free paths, producing two more electrons 
and two more positive ions. This kind of process can continue, giving 
rise to an avalanche of electrons initiated by a single electron. The 
form of this kind of increase is easily derived. Suppose one electron 
makes a electrons by collision in traveling 1 em in the direction 
of the force due to the external field. The increase dn in the number 
of electrons in a distance dz caused by n electrons will then be 


dn = nadx (13.3) 


When we write this as dn/n = a dz and integrate, we find Inn = 
ax + In const. If no is the number of electrons we start with, 
when x = 0, we can evaluate the constant as no and write the 
result in the form 


n 
Lae (13.4) 


no 
Since the current is proportional to the number of electrons 
present, we may also write 


t= ie” (13.5) 


a is called the first Townsend coefficient and gives the increase in 
current caused by ionization. a itself is not constant but varies 
with E/p. 

Two other processes that can occur at higher values of E/p 
are now considered. The first is the liberation of photoelectrons at 
the cathode (negative electrode). We discuss the photoelectric 
effect in detail in Chap. 14. Here it is sufficient to point out that 
electromagnetic waves (light) of high enough energy are able to 
give enough energy to an electron in a metal surface to enable it to 
escape, In the collision process it may be that an electron does 
not ionize an atom but gives it enough energy to leave it in an 
excited state. A very energetic electron’ may not only ionize an atom 
but also leave it in an excited state. An excited state could be one 
in which an orbiting electron is removed from its normal position 
into another orbit of higher energy. When in due course, and 
generally very rapidly, this electron drops back into its normal or 
ground state, the excess energy is given off in electromagnetic 
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energy. If this energy falls on the cathode, an electron can be emit- 
ted that is then able to form its own avalanche of electrons as it 
travels through the gas. Electrons are also emitted at the anode, 
but they are pulled back to the anode by the applied field. 

Another secondary process results from collisions of positive 
ions with the cathode. Some of the kinetic energy of the positive ion 
can be transferred to an electron in the metal surface, allowing it 
in some cases to excape into the gas. As in the former process, this 
electron can then produce others by avalanche formation. 

We show in Appendix E the nature of the current flowing 
when both primary multiplication and secondary processes occur. 
If no is the rate at which electrons are produced near the cathode by 
an external source of ionization, n the total number of electrons 
per second reaching the anode, and y the probability that a second- 
ary electron will be freed at the cathode by a secondary process 
associated with each primary multiplication event, we find 


eat 
= %——— E.2 
er er (E.2) 
or 
eat 
1 = 19 ———_ (E.3) 
1 — ye 


This equation gives the important criterion for self-maintaining 
conductivity in a gas. As the denominator approaches zero, the 
current 7 increases, and finally a situation is reached in which 
current flows regardless of the initial current tp. The criterion for 
voltage breqkdown, or self-maintaining current, is then just 


1— ye" =0 or yew = 1 


This means that, starting with one electron at the cathode, 
enough ion pairs are formed in the multiplication process so that 
secondary processes produce at least one new electron at the 
cathode. The multiplication process is thus  self-maintaining. 
Depending on the type of discharge, this can lead to either a glow 
discharge, a corona discharge, an are, or a catastrophic increase in 
current, or spark, reducing the resistance of the gap essentially to 
zero. 
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13.4 The Glow Discharge 

The glow discharge occurs in gases at less than atmospheric pres- 
sure, from say 0.1 mm Hg up to perhaps 100 mm pressure. This 
kind of process is characterized by a visible glow from the gas in 
the region of the cathode and a less striking illumination of the gas 
between electrodes. The primary multiplication takes place near 
the cathode, and secondary electrons are produced at the cathode 
by positive ion collisions. Details of the glow discharge are rather 
complicated, owing to the distortion of the uniform electric field 
by space-charge effects. In the main body of the gas, positive and 
negative charges are about equal, and fields are low enough so that 
little multiplication takes place. Emission of ultraviolet light is 
characteristic of the glow discharge. Fluorescent lights are glow- 
discharge tubes in which the ultraviolet light is converted to visible 
light by a fluorescent coating on the tube surrounding the gas 
volume. 


13.5 The Corona Discharge 

In the corona discharge, one electrode is sharp. This produces a 
concentrated high electric field in the region of the point, in which 
the active corona process originates. If the point is positive, elec- 
trons pulled into the very high field region near the point ionize 
many atoms, and a high-density space charge results from the 
slowly moving heavy positive ions left behind by the more rapidly 
moving electrons. Thus serious local distortions of the original field 
can occur. In addition, the region of intense ionization emits in- 
tense ultraviolet radiation as a result of excitation processes 
occurring along with the ionization process. Consequently, second- 
ary ionization can occur not only at the opposite electrode but 
also within the gas volume. As a result of this secondary ionization 
and of the large space-charge effects, streamers can propagate out 
into the region of the gap where ionization could not normally 
occur in the original unmodified field. These streamers are lumi- 
nescent linear paths of heavy ionization, resulting from both 
primary and secondary multiplication processes. If conditions 
are such that the streamers can propagate completely across the 
gap, they can provide a highly conducting path that leads to a 
complete voltage breakdown across the gap, and a high-current 
spark or are can result. 
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In a negative point corona, electrons quickly gain energy 
as they leave the point after being released by positive-ion bom- 
bardment or by ultraviolet radiation. In the high field region there 
is heavy ionization both by the primary collision process and by 
secondary ionization in the gas. Under some conditions, visible 
streamers are also formed in the region near the point. The proc- 
esses in these point corona discharges are very complicated; they 
often involve intermittent currents as a result of the relatively slow 
motion of the positive-ion space charge, which can very greatly 
alter the electric field distribution. 


13.6 The Are Discharge 

In contrast with glow or corona discharge, in the are discharge 
the production of secondary electrons at the cathode is usually a 
thermal process. Large currents of positive ions lose kinetic energy 
upon striking the cathode, and as a result the cathode temperature 
can rise to the point where thermionic emission of electrons is pos- 
sible. Are discharges are characterized by very large currents, often 
of many amperes, and relatively low voltage between electrodes. 
They can occur at atmospheric pressure. 


13.7 Particle Motion in a Magnetic Field 
We now turn to the discussion of some aspects of magnetohydro- 
dynamics. Before taking up the study of the motion of an ionized 
fluid, or plasma, in a magnetic field, we discuss the motion of 
individual ions, adding to the simpler cases discussed in Chap. 6." 
We assume that the ions are in a very-low-pressure gas, so that the 
disturbing effects of collisions on ion motion can be neglected. 
The force on a charged particle in a magnetic field was found 
to be 


F = e(v x B) (6.25) 


where e is its charge and v its velocity. This force gives rise to 
circular motion if vy has a component perpendicular to the magnetic 


1 This discussion follows fairly closely that in Lyman Spitzer, Jr., “Physics of 
Fully Ionized Gases,” Interscience Publishers, Inc., New York, 1959. 
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induction field B. The angular velocity in this motion is 
eB 


m 


W = (6.26) 
where w, is called the cyclotron (angular) frequency. In general, 
where the velocity has components both parallel and perpendicular 
to the magnetic field, we can write 


vevtvy 
giving the velocity in terms of two components. The velocity vy is 
not affected by the magnetic field, according to Eq. (6.25), so this 
component is constant. The radius of curvature of the perpendicular 
component is given by r = v,/we or 


so the radius depends only on the perpendicular component of the 
velocity. Combining these two motions, we see that in general the 
motion of a charged particle in a uniform field is a helix with con- 
stant pitch, with the axis of the helix pointed in the field direction. 

We now discuss the motion under a variety of perturbing 
conditions. Since we have seen that the components of motion along 
and perpendicular to the magnetic induction field can be separated, 
we do not consider the simple uniform motion parallel to the field 
in the following discussions. To begin with, we consider the situation 
of a uniform electric field E perpendicular to a uniform magnetic 
induction field B. Let vy be the velocity of the particle perpendicular 
to B. We first write the equation for the total force acting on the 
charged particle, 


F = elE + (v x B)] (13.7) 


This combines the magnetic force of Eq. (6.25) with the electric 
force given by Eq. (2.3). Using Newton’s law, we may rewrite 
this as 


dv 
m ao e[E + (v x B)] (13.8) 
The easiest way to solve this equation is to make the substitution 
EXxB 
v=v+ (13.9) 


B? 
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We do this because we shall find that the motion perpendicular to 
B can be described in terms of a circular motion v’ and a uniform 
translational velocity (E x B)/B?. The procedure is a scheme that 
works only because we are able to guess the proper substitution 
formula, but the fact that it works successfully fully justifies its 
use. We proceed by substituting o’ + (E x B)/B? for v in Eq. 
(13.8) and find 


, 


d 1 
m= B+ (v’ xB) + 5 (E x B) x BI (13.10) 


The meaning of (E x B) x B can be understood by examining 
Fig. 13.3. When E is along the x direction and B is along the 


(EXB) xB 


Fig. 13.3 Diagram 
illustrating the direction of 
the vector (E x B) x B. z 


direction, the vector (E x B) is in the z direction. Taking the 
cross product of this vector with B, we find the resultant vector 
points in the —z direction. Thus (E x B) x B = —B°E or 


1 
Fe 6) SP =e 


This substitution then reduces Eq. (13.10) to 


, 


a ia(v! BI (13.11) 
m—=ev X " 
dt 


Since this has the same form as Eq. (6.25) for the motion of a charge 
in a magnetic field only, we see that v’ describes simple circular 
motion. However, the total velocity is given by this circular motion 
plus a uniform drift velocity perpendicular to both E and B (in the 
z direction in Fig. 13.3). The magnitude of the drift velocity 
(E x B)/B? is E/B. The nature of the total motion is shown in 
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Fig. 13.4 Effect of an electric C) + ae Gm 
field on the circular motion 


of charged particles ina { - 
urtiform magnetic field. iit 
A drift velocity is added to 


the circular motion bw) = i Whalley 
as shown. 


Fig. 13.4. It is notable that an electric field applied in a given 
direction produces a drift in a direction perpendicular to E, In the 
more general case where E has a component parallel to B, this 
component adds an acceleration to the component of velocity 
parallel to B. 

A second case of interest is that of a gravitational field 
perpendicular to the uniform B field. This contrasts with the 
previous electric-field case in that the extra force is changed from 
the sign dependent eE to mg,, where mg, is the gravitational force 
perpendicular to B. When we make this change in the equation 
for the drift velocity vp, we find 


») => = — (13.12) 
eB We 
The drift velocity is in the direction of g, x B for a positive par- 
ticle and is reversed for a negative particle. Figure 13.5 shows 
the nature of the motion. 
Fig. 13.5 Effect of a 
gravitational field on the 
circular motion of charged ie oe me yy 
particles in a uniform 
magnetic field. Contrast with | 
9 


electric-field case results Bou 
from the independence of 


charge sign of the (er = QQ 9 
gravitational force. 


A final case of interest is that of the motion of charges in an 
inhomogeneous field. Figure 13.6 shows the kind of motion that 


Cus) QQQ, 


Fig. 13.6 Drift motion 
is also caused by variation in Bow jz 
the magnetic field intensity 


in a direction a ) Q 
perpendicular to the field. 
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results when B varies linearly in the x direction perpendicular to the 
direction of B. The qualitative nature of this motion is easily 
understood on the basis that the curvature is greater in the region 
of higher magnetic field and less in the lower field region. As a 
consequence, the circular motion in a uniform field is distorted as 
shown. We do not attempt a quantitative discussion of this case. 

Our next task is to discuss the interesting case of particle 
motion in a region in which the lines of force are converging. That 
is, B is increasing as we move along the direction of lines of force. 
Before examining this situation, however, we consider an impor- 
tant theorem regarding circular motion of a charged particle in a 
magnetic field. This theorem states that if B varies slowly in space 
and time, the magnetic moment resulting from particle motion in 
the field is constant. Let the magnetic moment resulting from 
circular charge motion in the field be ». Then 

Gpage Yam se 


= 1A = e—ar 
s 2 B 


We prove the theorem first for the case of B uniform in space but 
varying with time. The time variation of flux within the area of the 
circular path gives rise to an induced emf & according to Faraday’s 
law, and we can write 


dB 
& =f eal =-|—dA (12.1) 
dt 


The rate at which work is done on the moving charge is 


aw ae ‘) | ewe 4 dB 
Buen 


We have evaluated & from Eq. (12.1) and used 7 = ew,/2m for 
the current due to the rotating charge. Comparison with Eq. (13.13) 
shows that 


awd (: ‘) dB 
— = —|-mv = p— 

di di\2  cixa/ad ads 
When we multiply Eq. (13.13) by B, we get uB = 14mv,?. Differ- 
entiation of this with respect to time gives 


_— 8 ipl £4) :) 
Hiak sae Alls an dm inte 
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But in view of the result of Eq. (13.15), the term B du/dt must 
equal zero, so » is a constant, and we have proved the point we 
were after. 

The case of B constant in time but increasing as we 
move along lines of B is now considered. Figure 13.7 shows the 


Fig. 13.7 Helical path of a 
charged particle in a 
converging magnetic field. 

A force (v XB,) acts to 

slow down the drift motion 
along the field direction. 


helical path of a charged particle in a converging magnetic field, 
and we discuss the nature of the motion in this situation, The 
proof that, in this case also, the magnetic moment of the circular 
motion is constant will not be given. It is true, however, as long 
as B changes are small over distances comparable to the radius 
of circular motion, and we use the result in the following discussion. 

Whenever there is a radial component B, pointing toward 
the guiding center of the helical path, there is a force acting to 
decelerate the motion along the axis of the spiral, given by (v x B,). 
This tends to retard the drift velocity in the field direction. We 
show that the motion in the field direction not only is decreased but 
actually goes to zero and then reverses. Converging lines of B can 
thus reflect the motion (whence the term magnetic mirror). How- 
ever, since the total magnetic force is always perpendicular to the 
velocity of the particle, no work is done on the particle and there- 
fore its velocity stays constant in magnitude. Thus, if v is the total 
velocity of the particle and vp is its velocity component along the 
axis of the helix and y, is the velocity perpendicular to the axis, 
we have 


v = const = v, + vp (13.16) 


Thus as vp decreases, v, must increase so as to keep v constant in 
magnitude. From Eq. (13.18) for the magnetic moment of the 
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circular motion, we see also that if u is to remain constant, v Li, B 
must stay constant so that the fractional increase of v,? is propor- 
tional to the fractional increase in B. If we call @ the angle made by 
the helical motion with respect to the axis of the helix, or the angle 


Fig. 13.8 Helical path 

in a converging field showing 
change in angle of advance 
from 0) to 0 when field has 
changed from By to B. 


by which the particle advances along the helix (Fig. 13.8), we can 
write 

VL 2 v ae 

—- =sin@g or —=> = sin’ 6 

v v 
The value of @ changes as the particle moves along the helix. 
When, at some point where the field is Bo, the value of @ is 4, 
and for some point further along, the field is B and the angle is @, 
we can compare the angles of advance in the two locations, using 
Eqs. (13.16) and (13.17), which give 


dekraq Rand 
or sin” @ = — sin” 09 
Bo B Bo 


When the particle has moved far enough along the helix so that 
B il 
Bo sin? 6 
perpendicular to the axis of the helix, and the drift velocity has 
become zero. However, there is still a backward force, so the drift 
reverses after stopping and we find that the particle motion has been 
reflected by the converging lines of B. The kinetic energy of the 
particle remains constant during this reflection process, 

This reflection of particle motion by converging lines of mag- 
netic field is of importance in the explanation of the recently dis- 


, sin? @ = 1. Thismeans that v, = v, soall the motion is 
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covered high density of charged particles called the Van Allen belt, 
which surrounds the earth out to distances four or five times the 
radius of the earth. Information on this region of high radiation 
intensity was obtained in 1958 from the flights of the satellites 
Explorer I, III, and IV and Sputnik III and Mechta.' The existence 
of this high radiation intensity is explained by the trapping of high- 
energy protons and electrons of cosmic origin by the geomagnetic 
field. Figure 13.9 is a sketch of the form of the region, which con- 


Fig. 13.9 The Van Allen belt 
of charged particles 
captured by the earth’s 
magnetic field. The inner 
torus contains protons, 

and the outer one 

contains electrons. 


sists of an inner region of high proton density and a more distant 
region containing electrons. These regions encircle the earth, and 
they tend to follow the curvature of the lines of magnetic field 
around the earth. The trapping of the charged particles is easily 
understood on the basis of the classical mirror effect we have con- 
sidered.’ Figure 13.10 is a sketch (not to scale) of the way in which 
the converging lines of magnetic field out from the earth produce 
reflections of the helical motion of charged particles and hence 
effectively trap them. The theory of this effect has long been 
understood and was available immediately when the experimental 
data were obtained from satellite observations. 

Another application of the mirror effect was postulated by 
Fermi and Alfvén to account for the cosmic acceleration of cosmic- 
ray particles. Fermi suggested that in interstellar clouds the mag- 
netic field could be greater than in the intervening regions. If 
1 Information on this work and further references can be found in J. A. Van 
Allen, The Geomagnetically Trapped Corpuscular Radiation, J. Geophys. Re- 
search, 64:1683-1689 (1959). 

? An extensive treatment of this and other problems in magnetohydrodynamics 
is given in H. Alfvén, “Cosmic Electrodynamics,’ Oxford University Press, 
New York, 1950. 
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Fig. 13.10 Helical path of 
charged particle captured in 
earth’s magnetic field. 
Particle spirals back and 
forth between the two 
magnetic mirrors formed 

by converging field lines. 
Drawing is not to scale. 


that were so, then particles in the region between two clouds 
could be trapped by the converging fields, as we have seen. If the 
two clouds are moving toward each other, it can be shown that 
the particles gain kinetic energy each time they are reflected by 
the magnetic mirror. This mechanism would explain at least one 
of the causes of very-high-energy charged particles in cosmic rays. 


13.8 Magnetohydrodynamic Waves 

We now turn from the discussion of single-particle motion in a mag- 
netic field to a consideration of some of the characteristics of the 
motion of a fluid of such high ion density that it is highly conduct- 
ing. We shall consider the case of a plasma in which the density of 
positive and negative particles is equal. If amagnetic field is present, 
moving charges (hydrodynamic motion) give rise to induced E 
fields, which in turn give rise to current. These currents are acted 
upon by the magnetic field, and the resultant forces change the 
state of motion. This connection between mass motion and electro- 
magnetic fields can set up magnetohydrodynamic waves. 

We can see this by means of a very crude model. Suppose a 
conducting fluid is immersed in a uniform magnetic field. Suppose 
to begin with that all the fluid is at rest except for a column moving 
with constant velocity v in the negative direction, into the paper 
(Fig. 13.11). Consider this column to be of infinite extent along 
the z direction. We wish to show how electric and magnetic forces 
resulting from the motion of this column cause consequent motion 
of other parts of the fluid, and in fact set up waves of motion 
that propagate through the medium. 
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Fig. 13.11 A column of 

highly conducting fluid 

moving perpendicular to a 

magnetic field, showing 

induced electric field E in 
moving column. z 


We have seen in Sec. 8.2 that when a conductor moves with 
a velocity » perpendicular to a magnetic field B, magnetic forces 
tend to separate charges on the two ends of the conductor. These 
forces, given by F = qvB, continue to separate charges until an 
electric field Z is set up in the conductor, which acts in opposition 
to the magnetic forces. In equilibrium, then, there is an electric 
field set up in the conductor given by 


F 
E=—-—-—=-vB 
q 
The exact statement of relative directions is 
E = —(v x B) (18.19) 


As a result of this field, currents are set up in the moving 
conducting fluid as well as in the adjacent stationary fluid, some- 
what as sketched in Fig. 13.12. Though we have considered equal 


u 
Bo 


Fig. 13.12 Current resulting 
from induced electric field 
sets up forces that retard 
moving column and 
accelerate adjacent regions. 
This action sets up magneto- 
hydrodynamic waves. x 
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densities of positive and negative carriers, they move in opposite 
directions to give currents in the same direction. Even though 
the net charge is zero, both signs of charge contribute to the 
current. 

These currents will interact with the magnetic field, and as 
a result there are forces acting on the charges of the fluid. The force 
on each current element is 


F=idlxB (6.3) 


Since the current inside the moving column of fluid is in the positive 
x direction, Eq. (6.3) gives a force in the positive z direction, out 
of the paper, which opposes the original motion in the negative 
z direction. In the adjacent static columns of fluid, above and below 
the moving column in the diagram, the current is in the opposite 
direction, so the force is in the negative z direction. Thus the original 
column tends to be slowed down, and adjacent columns tend to gain 
velocity in the original direction of motion. The events described 
show how this kind of electromagnetic coupling provides a mech- 
anism by which motion in one region is transferred to surrounding 
regions. It is this action which is responsible for magnetohydro- 
dynamic waves. 


13.9 Flow of a Conducting Medium in a Magnetic Field 
We now discuss the interaction between the flow of a conducting 
fluid and a magnetic field. Motion of the fluid perpendicular to 
the lines of magnetic field is seriously impeded by the circular 
motion of the charges, while motion parallel to the field is un- 
affected. In a highly conducting medium, in fact, we can assume 
that the magnetic lines are “frozen” in the fluid and move along 
with any transverse motion of the fluid. In effect, a magnetic field 
tends to contain a plasma and prevent it from diffusing outward. 
A great deal of work is now being done to investigate this 
situation in connection with attempts to produce controlled 
nuclear fusion energy. The problem is to raise the temperature of 
a plasma, which will undergo fusion with a consequent release of 
energy, to a value high enough (~ 108 °K) to allow the process to 
occur. The hope is that by means of a magnetic field, the plasma 
can be confined to a volume away from the surface of the container, 
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so as to prevent the loss of heat that occurs if the plasma is in con- 
tact with the walls. The difficulty is that many possible field con- 
figurations turn out to be unstable and thus are ineffective in 
containing the plasma. It remains to be seen whether or not there 
is a practical solution to this problem. 


FOURTEEN 


Ele 
Quantum Effects _~ 


14,1 Introduction 

In this chapter we depart from our consideration of classical 
electromagnetism, to give a very brief discussion of the impact of 
quantum mechanics on classical electricity and magnetism. We 
find that there are situations in which electromagnetic radiation 
is best described in terms of particles rather than by waves. His- 
torically, it was with great difficulty that physicists attempted to 
reconcile the particle nature of radiation with its wavelike proper- 
ties. Nowadays it is realized that there is no real contradiction 
in these two aspects, though it is to be expected that different 
kinds of experiments bring out different aspects. In the following 
discussion we give some very brief descriptions of certain experi- 
ments. ’urther studies are more appropriate to another course, in 
which a framework of quantum theory can be built up and the 
problem can Ke examined in more detail. 


‘tric and Magnetic 
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14.2. The Photoelectric Effect 

The discovery of the photoelectric effect just before the turn of the 
century gave one of the most direct cases in which classical theory 
failed to give a sensible explanation of the observed phenomena. 
The effect has to do with the ejection of electrons from a metal 
surface when electromagnetic radiation (light) is incident on the 
surface. Hinstein’s explanation of the effect in 1905 was based on 
the quantum theory of Planck, first published in 1900. On the 
basis of what had gone before, there was no indication that the 
very surprising results of the experiments would occur. There 
were at the time, however, quite a number of experiments pointing 
in the same direction as the photoelectric effect. 

At the time of this development the idea of a work function 
was well understood. It was clear that to remove an electron from 
a metal, enough energy has to be given it to allow it to escape over 
the potential barrier that ordinarily keeps it in the metal. There are 
a number of known ways of providing this energy. One method 
of. considerable importance is to heat the metal to such an extent 
that the thermal kinetic energy of the conduction electrons allows 
some of the most energetic electrons to escape from the surface. 
This is called thermionic emission and is the usual source of electrons 
in vacuum tubes at present. Another method is called secondary 
emission. When the surface of a metal is bombarded by atoms, 
ions, or electrons, there are conditions under which a conduction 
electron can be given enough kinetic energy to allow it to escape. 
Finally, if a.very high negative potential is applied to a metal, the 
electric field produced at the metal surface may be sufficient to 
pull the electron over the potential barrier and give what is called 
field emission. This: requires fields of the order of 10° volts/em at 
the surface. 

It might be expected that if an electromagnetic wave were 
incident on a metal surface, there would be conditions under which 
the oscillatory E field of the wave could impart enough energy to an 
electron to allow it to escape. This is indeed the photoelectric effect, 
but the details are surprisingly different from those which can be 
predicted by any classical theory. The first observations of this 
effect were made in 1887 by Hertz, who found that the sparking in 
air between two highly charged electrodes occurred at lower voltage 
when the electrodes were illuminated. However, these experiments 
were not carried far, since at that time electrons were not yet known 
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and the background of knowledge was not far enough advanced 
to allow the experiments to be carried to a useful conclusion. 

An experiment like the later one of Lenard in 1902 brings 
out the contrast between the expected and actual behavior of 
electromagnetic waves. Figure 14.1 shows two electrodes placed 


Light 


Fig. 14.1 Apparatus used in 
photoelectric-effect Vv 
experiment. = 


in a glass envelope that can be evacuated. One electrode is grounded 
and the other is connected to an electroscope that measures the 
potential of the second electrode with respect to ground. When 
the first electrode is illuminated, energy is imparted to some 
electrons, which allows them to escape from the metal with some 
remaining kinetic energy W = 44mv?. Those electrons which hap- 
pen to be traveling toward the second electrode travel through 
the vacuum and are collected on it. This process continues until 
the charge collected builds up a potential that prevents the elec- 
trons from arriving. Figure 14.2 shows a time plot of the way in 


Fig. 14.2. Buildup of charge 
to equilibrium value in 
photoelectric-effect 
experiment, 


which equilibrium is reached. This occurs when the initial energy 
of the emitted electrons, W = }4mv”, just equals the potential 
energy eV, which they must gain to reach the second electrode. 
Thus, 


Yam? 


Vo 


(14.1) 


where Vo is the equilibrium potential of the electrode. [Actually, 
the applied potential necessary to stop the electrons is modified 
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by the work functions of the electrodes. Thus if the potential as 
read on a voltmeter connected between the two plates is called 
V,, the effective potential difference is Vo = V, + (2 — %:)/e, 
where ®, and , are the work functions of the emitter and collector 
plates, expressed in electron volts.] On a classical basis we expect 
that if the brightness of the illumination is increased, giving a 
larger magnitude to the electric field vector in the electromagnetic 
wave, the electrons will get more initial energy and Vo will be 
increased. The fact is that the only result of increasing the illumina- 
tion intensity is that the equilibrium value is reached more rapidly. 
That is, more electrons are emitted in a given time, but their 
energy is unchanged. This result is perhaps only a little less sur- 
prising than the further discovery that the only factor that pro- 
duces a change in Vo is the frequency f of the incident light. 
Figure 14.3 shows a plot of the potential Vo related to the frequency 


Fig. 14.3 Electron energy 
versus frequency of 
illuminating light in photo- 
electric experiment. 


of the illumination on a given metal. This result means that the 
kinetic energy given the electrons is proportional to the difference 
in frequency from some minimum frequency fo. 

fo is found to vary from metal to metal, but the slope of the 
curve is the same for all metals. At frequencies below fo no elec- 
trons are emitted. Thus not only is 44mv” « (f — fo) but the 
proportionality constant is independent of the metal used. We may 
write 

Yamv? = h(f — fo) 
where h is the constant of proportionality. This is found to be 
Planck’s quantum constant (h = 6.62 X 107*4 joule-sec). When 
we let hfo = Wo, we may write this relationship as 

hf = Yom? + Wo 


This may be interpreted as follows: An amount of energy hf is 
given up by the radiation, of which one part Wo depends on the kind 
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(14.2) 


(14.3) 
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of metal; this is used in getting the electron out of the metal 
while the rest is converted into kinetic energy of the liberated 
electron. The energy Wo is the work function for the metal. We 
are thus entitled to think of the energy in the electromagnetic 
waves as consisting of discrete quanta, each having an energy 


W=h 


The discrete or particle-like nature of the energy content is forced 
on us if we are to understand how the electromagnetic wave is able 
to impart its energy to a single electron in the metal rather than to 
share it among many. The experiment indicates that the radiation 
energy either is not imparted to the electron or gives up the entire 
quantity hf to a single electron. It is usual to speak of these quanta 
of radiation as photons. In so doing, we are emphazing their par- 
ticle-like properties. 


14.3 Atomic Radiation 

The result of the photoelectric effect—that electromagnetic energy 
is in quanta of size hf—is in complete agreement with the known 
facts of atomic radiation and fits in completely with the atomic 
model of quantized energy levels. Thus when an electron falls 
from one allowed energy level in an atom to a lower vacant level, 
the energy released is radiated electromagnetically as a photon and 
satisfies the relation 


AW = hf 


where AW is the energy difference between the two states. It is the 
application of this idea which, in the study of spectroscopy, has 
allowed the untangling of the great mass of data giving the fre- 
quencies of radiation from atoms and has given us the basis for the 
modern model of the atom. 


14.4 X rays and y rays 

In 1895 a very energetic kind of radiation was discovered by 
Roentgen and was found to penetrate matter that is opaque to 
ordinary light. These X rays are produced when a high-velocity 
beam of electrons impinges on a metal electrode. A tube for the 
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(14.4) 


(14.5) 
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production of X rays is shown in Fig. 14.4. Potential differences 
of from 30 up to 100 kv or more are applied between the electron 
source and the metal anode. The tube is evacuated so that the 
electrons reach high energies before they collide with the anode. 
X rays emerging through the glass walls of the tube were at first 


Electron source 


(cathode) 


Fig. 14.4 X-ray tube. 


studied by their ability to ionize gases and to produce exposure 
on a photographic plate, and their absorption by various materials 
was investigated. 

One process which occurs is that a high-energy electron can 
knock an electron from a deep-energy level in an atom of the metal 
completely out of the atom. When another electron falls back into 
this level, the energy released by this sudden decrease in potential 
energy is emitted as a quantum of electromagnetic energy, and an 
X ray is the result. Another process producing X rays is the sudden 
stopping of the high-energy electrons by impact with the metal. 
This sudden deceleration can result in the direct transfer of the 
kinetic energy of the electron into an electromagnetic quantum 
or X ray. 

In 1913, von Laue reasoned that if X rays were electromagnetic 
waves, they should exhibit interference effects typical of waves, as 
observed in the diffraction of light through a grating. He therefore 
sent a beam of X rays through a salt crystal, in which the periodic 
spacing between atoms allowed it to act as a diffraction grating. 
He found a diffraction pattern on a photographic film placed in the 
beam beyond the crystal that not only showed the expected pattern 
due to wave interference but also made possible a measurement of 
the wavelength of the X rays. The necessary knowledge of the 
spacing between atoms in the crystal (the lattice constant) he 
obtained from the density of the crystal and Avogadro’s number. 
Whereas the wavelength range of visible light lies between the 
limits of about 4,000 and 7,000 A (one angstrom is equal to 10~!° 
meter), X rays lie in the wavelength range between about .01 and 
100 A. Use of the relation Af = c, where A is the wavelength, f the 
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frequency, and ¢ the velocity of travel of the waves, gives fre- 
quencies between approximately 10° and 101° eps for X rays. 

The use of diffraction patterns of single crystals not only has 
provided an accurate tool for measuring X-ray wavelengths but 
also has given very detailed information about the spacing and 
arrangement of atoms in solids. 

Another process that releases high-energy quanta occurs in nu- 
clei of atoms. One of the processes by which energy is given off by 
unstable nuclei is the emission of y rays. These are like X rays ex- 
cept that they result from nuclear events and are often of still 
higher energy. 


14.5 The Compton Effect 

There is a kind of interaction between X rays and matter that ex- 
hibits very clearly the particle-like nature of electromagnetic radia- 
tion. This interaction was first observed by A. H. Compton in 1923. 
When X rays are incident on a thin foil of metal, some of the energy 
of the X ray can be given to an electron and cause it to be ejected 
from the metal. It can happen that not all the energy is transferred 
to the electron, and as a result, the X ray proceeds with less than 
its original energy (and therefore has a lower frequency). The 
special feature here is that if we treat the X ray as a particle, with 
energy hf and momentum p = hf/c, then the event is completely 
described as a particle collision process between a photon and an 
electron. That is, both momentum and energy are conserved, and 
if direction and energy of the emitted electron are known, the 
direction and frequency of the scattered X rays can be calculated. 
The relatively small energy used to free the electron from the metal 
is insignificant compared with the very much greater energy of the 
incident X ray, and so may be neglected in making the energy and 
momentum balance. 


14.6 Electron Waves 

Present knowledge of atomic structure indicates that in the atom 
and in solids, it is useful to attribute wavelike properties to particles. 
The experiments of Davisson and Germer and of G. P. Thomson 
in 1927 have demonstrated this for electrons in a very revealing 
way. In these experiments, a beam of electrons is incident on a thin 
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film of matter, and the pattern of electrons that comes through the 
film is found to exhibit the typical diffraction pattern of waves, 
exactly like the diffraction patterns of X rays. Another case in 
which the wavelike properties of electrons are made apparent is 
the electron microscope. Since electrons can be deflected by electric 
or magnetic fields, it is possible to focus a beam of electrons by 
means, of appropriately shaped electric fields and magnetic coils, 
much as a lens focuses light. Such electric or magnetic lenses are 
used in the electron microscope to produce highly magnified images 
of thin films through which a high-energy electron beam passes. The 
fact that the wavelength of sufficiently high-energy electrons is 
less than the wavelength of light allows higher resolution; also, 
the wavelike properties of the electrons allow the internal struc- 
ture of the matter to be inferred from the diffraction patterns 
observed. Various kinds of crystal imperfections in thin sheets of 
metals are being studied by this method. Particles as small as 
viruses, which are much too small to be resolved in ordinary light, 
are resolved in electron microscopes. 


14.7 Magnetic Quantization, the Stern-Gerlach Experiment 
During the period of growth of the quantum theory, there were 
a series of surprises for physicists, which have perhaps not been 
equaled before or since. We have given short discussions of a few 
of these and now turn to another, which relates to atomic mag- 
netism. We have already described the sources of magnetism in 
atoms, the orbital motion of electrons, electron spin, and nuclear 
magnetism. The experiments of Stern and Gerlach in 1921 were 
set up to measure the magnetic moments of individual atoms. 
Prior to this, magnetic measurements had been confined to sus- 
ceptibility measurements on bulk matter. The principle of the 
experiment is to measure the deflection of a beam of neutral atoms 
due to a nonhomogeneous magnetic field through which they pass. 
Figure 14.5 shows a schematic drawing of the experimental arrange- 
ment 

This experiment can be used to measure the magnetic moments 
of atoms. A highly collimated beam of atoms is emitted from the 
oven source at one end of the apparatus. The atoms travel through 
an evacuated chamber in a divergent magnetic field produced by 
appropriately shaped poles of an electromagnet. After passing 
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Fig. 14.5 Atomic-beam 
apparatus. 


through the field, the beam hits a fluorescent screen or a photo- 
graphic plate, which records its position. There is a net force on a 
magnetic dipole in a nonuniform magnetic field. It is convenient 
to describe this effect using the polar model of a magnetic dipole 
(the equivalent of an electric dipole in a divergent electric field). 
Such a dipole is shown in Fig. 14.6, using gm for the effective pole 


Fig. 14.6 Force 
on a magnetic moment in a 
divergent field. 


strength (where qm is defined as in Sec. 9.13) and / for the pole sep- 
aration. The upward components of the field at the two poles are 
H, and Hp, respectively. Now since the force on each pole is 
QmUoH, and —gmuoHe, the net force is dmuo(H,; — Ho), in this case 
in the downward direction. With the dipole oriented in the opposite 
direction, the force would be upward. For other orientations, the 
net force is less since there is less difference between H; and Ho if 
the dipole is not aligned along the direction of maximum field 
gradient. The effect of the divergent field is thus expected to be a 
lengthening of the spot made on the screen by the beam in the 
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absence of the field. Some atoms would be deflected upward and 
some downward, to a greater or lesser extent, depending on their 
orientation in space when they travel through the magnetic field. 
Figure 14.7 shows three patterns on the screen, the first with no 


Fig. 14.7 Atomic-beam 
traces: (a) Beam in absence 
of magnetic field; (b) classical 
expectation for beam after 
passing through divergent 

H field; (c) experimental 
result for beam after passing 

through divergent H field. (a) (b) 


field, the second the expected pattern with the field turned on, and 
third, the actual pattern observed with, say, lithium atoms. Instead 
of all possible orientations, only two occur, one parallel to the field 
and one antiparallel. 

This result is another of the phenomena explained by quantum 
theory. It results from the quantization of the possible orientations 
of a magnetic dipole in a magnetic field. Another description that 
amounts to the same thing is to say that the energy levels allowed 
for the dipole in a field are quantized. Since it takes work to turn 
a dipole from the direction in which it is aligned with the field into 
the antiparallel direction, its orientation is expressible in terms 
of an energy, and it is this energy which is quantized. In the example 
shown, only two orientations are allowed, although in other situa- 
tions there may be more. This same technique has been applied 
to magnetic nuclei by Stern and Rabi and is at present much used 
in the exact determination of nuclear magnetic moments. 

The quantum-mechanical behavior of magnetic dipoles of 
electrons and nuclei is the basis of an active field of research in 
solid-state physics at the present time. Samples are placed in a 
magnetic field where radiation in the high-frequency or microwave 
region is present. Transitions of the magnetic dipoles from one mag- 
netic state to another are induced by the radiation and result in 
energy loss from the radiation field to the sample. Results of these 
experiments give information about the dipoles themselves and 
about the matter in which they occur. These are called magnetic 
resonance experiments. 
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Units of Measu 


15.1 Introduction 

In this book we use the meter-kilogram-second (mks) system of 
units, which is rather well known and has certain convenient 
features. However, since much of the important literature in physics 
and in engineering has been written in electrostatic and electro- 
magnetic cgs units, it is essential for the student to have some knowl- 
edge of these systems, Furthermore, a considerable amount of cur- 
rent writing is in the egs system, so there is a continuing need for an 
understanding of both systems. 

The important features of the mks system as we have used it 
are as follows: 

1. All experiments, whether purely electric, purely magnetic, 
or a combination, use the same units. In contrast with this, in the 
egs system two subsystems are developed, requiring conversion 
from one to the other in some situations. 

2. In most cases the quantities used in the mks system are 
identical with the practical quantities of electricity and magnetism, 
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such as amperes, volts, ohms, and farads, which have been for a 
long time the most common units in practical measurements in 
both physics and engineering. In the egs system, the absolute 
quantities derived from the basic equations must usually be con- 
verted to practical units. 

3. We have used the rationalized mks system, which brings the 
factor 47 into the fundamental equations. Its presence there 
gives a somewhat simpler form to many of the frequently used 
derived equations. 

4. The mks system uses meters and newtons instead of centi- 
meters and dynes as in the egs systems. 

In this chapter we examine the cgs system and contrast it 
with the mks system, showing how to convert from one to the 
other system. 


15.2 The Absolute Electrostatic System of Units (ESU) 
The basic force equation is written as 


in esu, this equation being used to define the absolute unit of 
charge in esu. When two equal charges g; and gz are separated by 
1 cm in a vacuum, if the force between them is 1 dyne, the charges 
are each 1 electrostatic unit (esu). Another name for this charge 
unit is the statcoulomb. 

In the mks system, the equation is written 


a (1.5) 


F= 
4rey r° 


and the factor 1/49 = kischosen as 9 X 10° newton-m?/coulomb”. 
This factor makes the charge unit used in electrostatics, the cou- 
lomb, agree with the unit of charge as obtained from the magnetic 
force between current elements. The coulomb is determined from 
magnetic-force experiments by defining the unit of current as one 
ampere, equal to one coulomb per second. 

We compare the esu or statcoulomb with the coulomb. Con- 
fusion is avoided by thinking of two equal charges separated by a 
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given distance and then using the two equations to evaluate the 
charge quantity. Thus in the mks system we write 


F (newtons) r? (meters?) 
k 


¢ (coulombs*) = 
In the esu system we have 
¢ (esu?) = F (dynes) r? (cm?) 


In order to compare these two statements of the same physical 
situation, we think of the changes required in Eq. (15.2) if we 
measure F and r in dynes and centimeters. Since 10° dynes is equal 
to one newton, the numerical value of / measured in dynes must 
be divided by 10° in order to get the correct value of coulombs. 
Similarly, r? measured in square centimeters must be divided by 
10* to give the correct value. Thus we may rewrite Eq. (15.2) as 


F (dynes) r? (em?) 


lems) ia ee 
# (coulombs’) = TOTO x9 x 10° 


Substituting from Eq. (15.3) and taking the square root, we get 
for Eq. (15.4) 


q (coulombs) X 3 X 10° = q (esu) 


This means that an esu unit of charge is very small compared with a 
coulomb since a given charge is measured as many more esu than 
coulombs. An alternative expression having the same meaning as 
Eq. (15.5) is 


1 coulomb = 3 X 10° esu 


Equation (15.5) tells how to convert a given answer in coulombs 
to the same quantity expressed in esu, while Eq. (15.6) gives the 
ratio between the two kinds of units. 

Other quantities derived from the fundamental force equation 
have units that follow logically from it. We need merely to replace 
€) by 1/4 in the mks equations in which «9 appears (so that 1/479 
goes to 1) and to measure length and force in centimeters and dynes, 
in order to get the equivalent expression in esu. Thus the electric 
field in esu is given in dynes per esu or dynes per statcoulomb. 
Potential difference is in ergs per statcoulomb. An alternative 
expression for electric field is statvolts per centimeter. The ratios 
between these derived quantities in the mks and esu systems are 
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(15.2) 


(15.3) 


(15.4) 


(15.5) 


(15.6) 
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obtained as explained above. We work out a few examples, but 
merely list the results for other cases. 
The electric field is given in both systems by 


F 
E=- 
qd 
In the mks system this is in newtons per coulomb, and in the egs 
system it is in dynes per statcoulomb. A given electric field in the 
mks system is given by 


R F (newtons) F (dynes) /10° 
ae q (coulombs) ry q (statcoulombs)/3 X 10° 
= Eos X 3 X 10* 


Thus the field is given by fewer mks than esu units, so the esu is 
3 X 10* larger than the mks unit. 
For potential we may use 


work (joules = newton-m) 


4 Its) = 
mia (volts) charge (coulomb) 


dyne-cm/107 
~ stateoulomb/3 X 10° 
The esu unit of voltage is called the statvolt. It is larger than the 


volt by a factor of 300. 
Another way to arrive at this result is to use the equation 


= 300V esu 


1 st (coulombs) 
4mreg rr (meters) 
which becomes 
q (statcoulombs) 

Veewu = er eee 

r (em) 
in the esu system. Use of these equations gives the same ratio as 
above between the units of the two systems. 

Similarly, as given in Example 3.5d, the potential difference 
between two points in a field due to a line of charges, 


o TA 
Vaz (volts) = ——In— 
2re69 TB 
| becomes 


. 
Vaz (statvolts) = 2c In 
TB 
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(15.9) 
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For capacitance, using C = Q/V, we find that in esu the unit 
of capacitance is the centimeter. This is also often called the 
statfarad. The relationship between units is 


1 farad = 10'! em (15.10) 


Equations involving «9 are different in the two systems. Thus 
the capacitance of parallel plates in the mks system is 


a, Ae 


Cc farads 


and in the esu system it is 


A 
C=-_— 
4nd 


When matter is present, ¢9 is replaced by ¢ in these capacitance 
equations in the mks system, where « = Keo and K is the dielectric 
constant. In the esu system we replace ¢ by Keo and replace the 
€ as usual by 1/47. K has the same value in both systems. 

Further differences and similarities are listed in Table 15.1. 


Table 15.1 
mks * esu * 
Gauss’ law: no differences except for E-dS = ne E-dS = 4x2q 
4m and €o factors €0 
Relations between field quantities: D=eE+P D=E-+ 4rP 
slightly different definitions result P = XE P=xE 
in some modifications + D=c«E D=KE 
€ = ek 
K=1+x K=1+ 41x 
Energy stored in the electric field €oE* Hey Ee 
(unit volume) 2 libs! 8r Sree, 


* In each case, Z must be measured in appropriate units. 

+ The absence of «9 from the esu equations eliminates the use of permittivity (¢), 
leaving only the dielectric constant K. Since the dielectric constant relates to the ratio 
of capacitance of a capacitor with and without a dielectric filling, it is the same in all 
units. As a result, the susceptibility of a dielectric per unit volume (cubic meter) in the 
mks system is just 4x times the susceptibility per unit volume (cubic centimeter) in esu. 
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15.3 The Absolute Electromagnetic System of Units (EMU) 
The fundamental equation in this system involves the magnetic 
effects of currents. We may use the equation giving the magnetic 
force between two parallel current elements for defining unit 
current in both the mks and the emu systems. For parallel elements, 
Kq. (6.6) becomes 

pea 1; dlytz dly 


4n T12 


where yo/4x = 107" henrys/m. This equation is modified in the 
emu system by replacing the constant by 1 and making the usual 
changes from newtons and meters to dynes and centimeters. Unit 
current (ampere) in the mks system is obtained by setting the 
quantities in Eq. (15.11) equal to unit value. When we solve 
for 7, we find 


4 
7 (amp?) = PF (newtons) 
Ho 


In emu we have 
a (emu*) = F (dynes) 
Making the usual comparison, we find 


? (amp”) = 10’ F (dynes)/10° = 10:? (emu?) 
or 
10 amp = 1 emu or abampere 


Thus the abampere is ten times larger than the ampere. Emu 
quantities are identified by the prefix ab- just as esu quantities have 
the prefix stat-. This same ratio holds between the coulomb and 
abcoulomb, since they are both related to the current through 
the same unit of time (second). 

The magnetic induction field relationship is obtainable through 
the fundamental equation 

uo (i dl x #) 


GR iees ca oa (6.2) 


In the emu system the constant is again taken as 1. The mks unit 
of field we found to be the weber per square meter. In emu the 


(15.11) 


(15.12) 
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unit of field is the gauss. Comparison shows that 
1 weber/m? = 10* gauss (15.13) 


In Table 15.2, we give some comparisons between mks and 
emu equations. 


Table 15.2 

mks emu * 
B = (H+ M) B=H+ 4M 
w= mol + x) w=1+ 41x 
B= uh B= pH 


*Inemu, prac = 1 and Byac = Hvac 


15.4 Combining ESU and EMU 

There are many situations where both electrostatic and magnetic 
measurements are involved. An important case is the motion of 
a charged particle in both electric and magnetic fields. The usual 
procedure in this situation is to convert all quantities to the appro- 
priate system. As a first step we obtain the relationship between 
the statcoulomb and the abcoulomb. We have already shown that 


3 X 10° statcoulombs = 1 coulomb 
and 
1 abcoulomb = 10 coulombs 
We can write at once 
3 X 10!° statcoulombs = 1 abcoulomb (15.14) 


In all the relationships we have found, where the factor 
3 X 10'° appears, this is the velocity of light c, and its correct 
value is (2.997930 + 0.000003) X 10!° cm/sec. We have used 
3 X 10'° for this number, though corrections are easily made if 
necessary. 

In the mks system, the force in newtons on a charge moving 
in a combined £ and B field is given by 


F = cE + e(v x B) (15.15) 
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using mks units for all quantities. This equation is correct in the 
egs system when esu is used for the first e and emu for the second 
e, using # in esu and B in emu. 


15.5 Conversion Table 

To convert a quantity that has been calculated or measured in 
practical (or mks) units to esu (or emu), multiply it by the corre- 
sponding factor given in the appropriate column of Table 15.3. 
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Table 15.3 
Factor 
Practical 

Quantity (or mks) unit esu emu 
Charge Coulomb 3 x 10° 10-" 
Current Ampere 3 x 10° 10-! 
Potential Volt 1/300 108 
Power Watt 10° 107 
Resistance Ohm 1/9 x 10") 10° 
Inductance Henry 1/9 x 10") 10° 
Capacitance Farad 9 x 10"! 10-° 


Thus if a measured quantity is 1 volt, this is 1/300 of the 
(larger) esu units of voltage (1/300 statvolt), or 10° emu units 
(or abvolts). Similarly, if a calculated quantity were, say, 20 stat- 
volts, this would be 6,000 volts. 

The mks and cgs systems represent the major classifications of 
unit systems, but it must be pointed out that there are a number of 
other minor variants in tHe literature. The mks system we have 
used is called the rationalized mks system. The unrationalized mks 
system is obtained from the rationalized system by making the 
following substitutions: 


4irey is replaced by € 
4me is replaced by 


Og replaced by uo 
4dr 


Een replaced by « 
4n 


15.5 Conversion Table 377 


D 
D is replaced by — 
An 
H 
H is replaced by — 
4dr 


In addition, the definitions of some of the derived quantities 
such as x, D, and P, M, and H may be different by factors of yo or 
€) in some literature. 
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APPENDIX A 


Poisson’s and Laplace’s 
Equations 


In the most general situation, where the electric field in a region 
may be due both to the presence of distant charges and to a distri- 
bution of charges in the region, Gauss’ law gives certain limits to 
the way in which the potential can vary from point to point. We 
‘derive the expression for these limitations here and give an example 
of its application to a particular problem. Let the charge density at 
every point in the region be given by p coulombs/m*, where p has a 
particular value for every value of x, y, and z of a rectangular- 
coordinate system. We now apply Gauss’ law to an element of 
volume and derive from this a differential expression for the limita- 
tions on V. A 

Figure A.1 shows an element of volume dz dy dz, whose center is 
at x = a, y = b, and z = c. When we apply Gauss’ law, we have 


E-dS = “dzdy dz 
cs €0 


We can evaluate the Gaussian integral E-dS over the volume 
cs 
dz dy dz by taking the sum of the normal components of # times the 
surface areas of each of the six cube sides. That is, we compute the 
flux of # through each cube side. We examine first the two sides in 
the yz plane. The x coordinates of these two faces are x} = a — Y4gdx 
and r2 = a + dz. The x component of £ is FE, = —dV/dx. We 
may now write the Gaussian integral for the flux through these two 
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sides. The left-hand face contributes dy dz (V/dx)q—1gaz and the 
right-hand face contributes —dy dz (0V/x)a41az- Here the sub- 
scripts mean that the dV/dz is to be evaluated at the two faces. 
The sum of these two terms is the net flux through the yz faces. This 
may be written as 


av av Vv 
- ~~) - (=) dy dz = — —> dx dy dz 
Ot / a4 Mae 02 / q—r4dz. Oa’ 


This relationship results from the fact that the difference between 
the values of dV /dzx at the two faces is just the rate of change of 


y 


Fig. A.l_ Elementary volume 

used in obtaining Poisson’s 

and Laplace’s equations 
from Gauss’ law. z 


aV/ax along x (ie., 8°V/ax? times the separation dx between the 
two positions). 
Similar reasoning can be applied to the other two pairs of cube 
faces, and we get from Gauss’ law: 
ee av av 
Or! dye on 


) ae dy de == da dyids 
© 


Since this relation holds for any small volume dz dy dz, it follows 
that 


Vv . ev Vv p 

ax? ay?” € 
Thus the inverse-square law puts this limitation on the second de- 
rivatives of V with respect to x, y, and z. Vector notation for this 


quantity is V’V, called del squared V. Any static electric field must 
satisfy this relationship, which we rewrite in vector notation as 


p 
VV =-— 
€0 
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(A.1) 


(A.2) 


1 yet 


OT thd te desl 


Some insight can be given into the meaning of this by taking 
the important case of a region in which there is no net charge. Then 
Poisson’s equation becomes the equation of Laplace, 

Vy =0 
Suppose the field configuration is such that the flux of # through the 
volume is zero except through the dz dy faces. The equation then 
tells us that the value of # is the same at both faces or that the net 
flux through the volume is zero. But this is just what we know from 
Gauss’ law or from the idea that lines of force are continuous and 
originate and end only on charges. The field we have just described 
is one that is uniform and in the z direction. 
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APPENDIX B 


Conducting Sphere 
in a Uniform Field 


We examine here, as an example of the general electrostatic bound- 
ary-value problem, the case of an uncharged conducting sphere 
placed in an otherwise uniform field. 
A useful way of formulating the problem is to look for a solu- 
» tion having the following attributes: (1) It obeys Poisson’s or La- 
place’s equation, depending on whether or not there is space charge. 
We limit ourselves to a case involving conductors in a vacuum, so 
v°V = 0 (see Appendix A). (2) It gives equipotential surfaces as 
required by the problem, (3) It behaves appropriately at infinity. 
According to the uniqueness theorem,! which we are stating 
without proof, we have a guarantee that any solution that does all 
these things is the only solution. As shown in Fig. B.1, we let the 
field far from the sphere be Ep (this is also the field in the absence 
of the sphere) and the radius of the sphere be a, and we assume the 
net charge on the sphere to be zero. There is an equipotential plane 
cutting through the middle of the sphere and perpendicular to the 
electric field direction. We define this plane to be at zero potential. 
The problem now is to find an expression for the potential such that 
v°V = 0, the sphere is an equipotential surface, and at points far 
away the potential is the same as in the absence of the perturbing 
effects of the sphere, i.e., the potential consistent with a uniform 
1A proof of the uniqueness theorem for static electric and magnetic fields is 


given, for example, in W. V. Houston, “Principles of Mathematical Physics,” 
2d ed., MeGraw-Hill Book Company, Inc., 1948, pp. 271-273. 
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field. Using cylindrical coordinates for convenience, at points far 
away from the sphere, V = —Hpox, or V = —Eor cos 0. Thus, what- 
ever our final expression for V, it must reduce to this for large r. 
Another consideration is that the surface of the sphere must be at a 
constant potential of zero. Thus an added term must also contain 
cos 6, so that for all positions on the sphere, the sum of the terms can 
be zero. However, for large r this second term must approach zero. 
An expression to try is one containing cos 6/r?. We try V = 
—Eor cos @ + (A/r?) cos 6, where A is a constant to be determined. 
Both terms are harmonic functions, all of which are solutions of 


Fig. B.1_ Conducting sphere 
in a uniform external field. v=o 


v?V = 0. When we set V = 0 for r = a, to satisfy the boundary 
condition at the surface of the sphere, we find A = Ea*, so the ex- 
pression becomes V = —Eor cos @ + (Hoa°/r) cos 6. This expres- 
sion is valid for allr > a. Boundary conditions are satisfied if we use 
for the second term in the potential (Za?/r) cos 6. However, this 
term would not satisfy Laplace’s equation and therefore is ruled out. 
Discussion and development of the possible forms of solutions to 
Laplace’s equation are found in more advanced treatments of this 
subject. Since this expression fits the boundary conditions at r = a 
and at r = » and satisfies Laplace’s equation, it must be the solu- 
tion to the problem. 

The second term, (Zoa*/r?) cos 6, amounts to the perturbation 
of the original uniform field by the conducting sphere. It corresponds 
to the effect of a dipole of dipole moment p = Eoa* placed at the 
position of the center of the sphere, with its axis along z. 
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The field at the surface of the sphere is obtained by taking the 
appropriate derivative of V. Since the field is normal to a conduct- 
ing surface, it is along r for a conducting sphere. Thus, 


ov 2Eoa* 
£= == Hoses ti 5 
Ir 


) cos 8 = 3K cos 6 
r r=a 


Along the x axis the field at the surface is 34. At points on the 
sphere where 6 = 90°, both V and £ are zero. 


APPENDIX C 


Dielectric Sphere 
in a Uniform Field 


Here we discuss, partly without proof, the way in which a dielectric 
body perturbs a uniform field in which it is placed. We begin with 
the study of a dielectric sphere placed in a uniform field Ep as shown 
in Fig. C.1. This is related to the problem of the spherical conductor 


Fig. C.1 Dielectric sphere 
inserted in a uniform electric 
field. Lines of D are shown, 


in a uniform field as discussed in Appendix B. However, the bound- 
ary condition at the surface of the sphere is now different, and the 
field inside the dielectric sphere is not zero as it was in the conduct- 
ing sphere. We keep the problem general by assigning dielectric con- 
stant K, to the sphere and K¢ to the region outside the sphere. The 
potential functions are V; inside the sphere (r < a) and V» outside 
(r > a). The solution to this problem must satisfy the following re- 
quirements: 

1. VV, = 0 and V?V2 = 0; that is, both inside and outside, 
Laplace’s equation must be satisfied. As in the case of the conduct- 
ing sphere studied in Appendix B, the potential function required is 
made up of harmonic functions. 


2. V2 + Eor cos @ must remain finite at infinity. The original 
uniform field has a potential given by — Hox or — Eor cos 6 when we 
assume zero potential at the center of the sphere. V,; must therefore 
contain this negative term. The requirement is then simply that the 
additional term or terms due to the presence of the sphere must be- 
come negligible at large distances. 

3. V, must remain finite for all r < a (inside the sphere). 

4. Vz = V;, for r = a at all angles 6. If this were not true, V 
would be a step function at the surface. This sudden change in V 
would require the rate of change of. V to be infinite at the discon- 
tinuity. This would require infinite field. 

5. K,0V,/dr = K20V2/dr at r = a for all 6. This is simply the 
boundary condition Dz; = Dy2, which can be written K,E,, = 
Ke2Eno. 

On the basis of our earlier result for the conducting sphere, we 
try the following solutions, which are made up of harmonic func- 
tions and which therefore are guaranteed to satisfy Laplace’s equa- 
tion. 


A 
V2 = = Bich cos'6 008 
V, = Br cos é 


Even without specifying the constants A and B, these solutions 
satisfy requirements | to 3. In order to satisfy (4) and keep V single- 
valued at the surface, we set 


A 
ST Ba 


: avy aVe 
In order to satisfy (5), we take K, ae = K, ae to get 
r ir 


2A 
1 (—m—%4) = x 


If we solve (C.3) and (C.4) for A and B, we find 
K, — Ky 
~ Ky + 2Ke 
—3K2 
~ Ki + 2Ke 


oa 


0 


For a sphere in a vacuum we put Ky = 1, and for a spherical cavity 
in a dielectric we put K; = 1. For all cases, the potential inside the 
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(C.1) 
(C.2) 


(C.8) 


(C.4) 


sphere can be written as V; = Bz. This means that the field inside 
the sphere is uniform. For the dielectric sphere in a vacuum, the 
original uniform field Zp has been reduced to a value [3/(K; + 2)]Eo. 
This reduction is due to the uniform field of the polarization charges 
on the surface of the sphere acting in opposition to the original field. 
The size of this depolarization field Ley, which acts in opposition to 
the original field Zo, is given for this case by 


E, Bo—F (1 : Ve Gast 
dep = &0 | hes eee) 1 ec K, +2 0 


This opposing field may be expressed in terms of a depolarizing 
factor L relating the field to the state of polarization of the dielectric, 


€oE arp = LP 


€) is included in order to satisfy dimensional requirements. 
The value of L for a sphere is obtained when we note that 


P=6(K—1)E 


where the subscript on K is omitted for convenience, and where 2 
is the macroscopic field inside the dielectric. This equation follows 
from (5.3) and (5.9). Substitution in Eq. (C.6) gives 


_ (K-1/(K +2) _1 
aueeyiate) «8 


In this case the potential V2 outside the dielectric sphere con- 
sists of a term —Zor cos @ from the original unperturbed uniform 
field, plus a term (A/r?) cos 6. This latter term gives rise to a dipole 
field, the same as we found for a dipole in Example 3.7b. Thus the 
field outside a uniformly polarized dielectric sphere in an originally 
uniform field is just the original uniform field, superposed on which 
is a dipole field due to the polarized sphere. 

For convenience we have drawn lines of D rather than lines of 
E in Fig. C.1, since lines of D are continuous across the boundary of 
the dielectric, while lines of E are not. Although D inside the dielec- 
tric sphere is increased over the value in the original uniform field, 
Eis decreased, as a result of the depolarization field. 

In choosing a sphere, we have taken one of the few shapes to 
which a depolarization factor accurately applies, since in general 
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(C.5) 


(C.6) 


(C.7) 


(C.8) 


Appendix C 


the field inside a dielectric body immersed in a uniform field is not 
uniform inside the body. Using isotropic material, only specimens 
having the shape of a general ellipsoid have uniform internal fields. 
If one of the principal axes of the ellipsoid is parallel to the applied 
field, the polarization and the depolarizing field are along the same 
line as the original external field (assuming an isotropic dielectric). 


388 


APPENDIX D 


Complex Numbers 


For the benefit of those students who have been introduced to the 
methods of complex numbers, we discuss briefly their use in solving 
a-c cireuit problems. Complex notation for these problems is very 
attractive since it greatly simplifies their solution. 

Complex notation is particularly indicated whenever sine or 
cosine functions are involved. We show this by considering the two 
sinusoidal functions that can be used for the instantaneous voltage 
of an a-c source, either 


v = Vo cos wt (10.2) 
or 

v = Vosin at (10.1) 
A-c problems can be solved using either of these functions, and the 
physical results will be identical since the only difference between 
the two is their value at ¢ = 0. It requires only a shifting of the time 
axis by +/2, or 4 cycle, to convert one expression into the other. 


[Thus cos (wt + 7/2) = sin wt] 
In complex notation both functions are included in the single 


expression 
» = Voeist 
where j = (—1)". To obtain this result, we need merely to write the 
series expansion for the exponential e”, 
ahinggsihe as 


a 
Cote eas aii 


(D.1) 
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and note that 


ae ge 
sinz =x —-—+———+::- 
3! OB! nt 
and 
oe ne “od 
Cat a a 


are series expansions for sin z and cos x. We then substitute jut for 
x [note that (—1)'#(—1)’* = —1], to obtain 


et = cos wt + Jj sin wt (D.3) 


eis a complex number because it is the sum of two terms, one real 
and the other imaginary, that is, containing 7. 

It is useful to consider complex numbers as plotted in the com- 
plex plane, shown in Fig. D.1. Here the complex number N = 


Imaginary 


Fig. D.1 A complex number 
N plotted in the complex 
plane, showing real and 
imaginary components 

A and B. 


A + JB is plotted: the real part A, along the real (horizontal) axis; 
the imaginary part B, along the imaginary (vertical) axis. The 
complex number N is given by the vector sum as shown. Knowledge 
of A and B is equivalent to a knowledge of the magnitude of N and 
the angle 0. 

Let us now use the complex notation for obtaining the solution 
to the series LCR circuit. We write the differential equation that re- 
lates the sinusoidal generator voltage to the sum of the instanta- 
neous voltages across R, C, and L: 


V = Voi =iR +L = me : fi dt (D.4) 
ad C 


The angle @ is included in the exponent to allow for the phase angle 
between current and voltage. Since the current 7 is sinusoidal, we 
can write 


i = Ineit = Ip (cos wt + j sin wt) (D.5) 


Appendix D 391 


At this stage we need not commit ourselves to the real or imaginary 
part but can carry both parts. At the end we can pick either the real 
part (appropriate to 7 = Zo cos wt) or the imaginary part (appro- 


priate to7 = Jo sin wt), Next we obtain di/dt and } i dt as required 


above: 
ln A A (D6 
ea ”) 
; : ar 
| ee / et dt = Ip — et (D.7) 
jw 


Substitution in Eq. (D.4) gives 


: ; ; lien 
Voeit—) = V =Iq (Reis + joel! + — a) 
joC 


1 : 
= ( + jol + —) Toe" 
Jo 
When we take, say, the real part of this equation, we find 


E Vo cos (wt — 6) 
(= (D.8) 
[R + j(L — 1/#C)) 

essentially as in Eq. (10.16). The complex expression in the de- 

nominator has the same meaning as the impedance Z obtained 

earlier. This may be seen by comparison with ig. 10.12, if we as- 

sociate the real part & with the x axis in that figure and the imagi- 

nary part j(wl — 1/wC) with the y axis. It is also apparent that the 
» phase angle is given, as in our earlier treatment, by 


oL — 1/wC 
tan @ = i (10.17) 


We have thus seen that the a-c series LCR circuit is very easily 
handled if we write the three impedance terms as R, jwL, and 1/jwC. 
The parallel LCR circuit can be solved in exactly the same way. We 
leave to the student the problem of showing that the parallel LCR 
circuit equation (10.26) can be obtained by using complex notation. 


APPENDIX E 


Effect of Primary and Secondary 


Multiplication Processes 


on Electric Conductivity in Gases 


Figure E.1 shows parallel-plate electrodes in a gas volume. We con- 
sider the following processes. An external source of radiation pro- 
duces no electrons per second very close to the cathode. Additional 
n, electrons per second are emitted from the cathode by secondary 
processes resulting from the primary multiplication process in the 


Fig. E.1_ Multiplication of 
electrons in a gas discharge. 
The number of electrons 
formed near the cathode 
by an external source is no, 
the enhanced number 
arriving at the anode is n, 
and the secondary electrons 
produced at the cathode is 
n,. Primary and secondary 
multiplication processes 
together can allow self- 
maintaining discharge. 


Cathode 


gas. These may be both photoelectrons and electrons resulting from 
positive-ion collisions at the cathode. The total flow of electrons 
from the cathode region, (mo + n,)/sec, is then multiplied by the 
avalanche process and results in n electrons per second reaching the 


n 
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anode. We can write 
n = (no + Ng)e** 


using Eq. (13.4). We now define a quantity y as the probability that 
a secondary electron will be freed at the cathode by a secondary 
process associated with each primary multiplication event. Now the 
number of primary processes per second that take place is just the 
difference between the number of electrons per second arriving at 
the anode and the number per second starting at the cathode. This 
is 


n — (1m + Ms) 
The number of secondary electrons per second produced at the 
cathode is then given by 

n, = yn — (rm + ns)| 


From this last equation, with a little rearranging, we can write the 
expression for the total number of electrons per second leaving the 
cathode, 


yn + No 
Sig ate Tig a ea 
iby 
When we substitute this in Eq. (E.1) and solve for n, we find 
a 
nem ye — 1) 


Now e®” is normally much greater than 1, so we can use the approxi- 
mate equation 
eat 

n = %—_— 
1 — ye%* 
Since the current is proportional to the number of electrons per sec- 
ond, this can be written as 

ent 
i=i 


0 —— 
1— ye* 
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(E.1) 


(E.2) 


(E.3) 
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Some Important Physical Constants 


Electron charge 


Permittivity constant 


Permeability constant 


Magnetic induction field 
Speed of light 
Electron rest mass 


Proton rest mass 


Electron charge to mass ratio 


Magnetic moment of electron 
Planck’s constant 
Boltzman’s constant 


Electron volt 


e 1.60 X 107'® coulomb 


€ 8.85 x 1071? coulomb?/newton-m? 


— 9X 10° newton-m?/coulomb? 


Mo 1.26 X 10~® = 4x X 1077 weber/amp-m 


= 10~? weber/amp-m 


B 1 weber/m? = 10,000 gauss 
(44 3.00 X 10® m/sec = 1.86 X 10° miles/sec 
me 9.11 X 107° kg 


Mp ‘1.67 X 107” kg 
— 1.76 X 10! coulombs/kg 


Me 9.29 < 10718 joule-m?/weber 
h 6.63 X 10~*4 joule-sec 

k 1.38 X 107% joule/°K 

eV 1.60 X 107° joule 
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Answers to Odd-numbered Problems 


11 Q2 = — 4Q1 


1.3 (a) F=0 
(b) F = 9 X 10'°Q? newtons 
1.5 (a) F=0 


(b) F = 2.88 X 10’ newtons 
1.7 4.27 x 10" 
2.1 (a) B= a 


@ B= pass) 
= 2.2 x 10'"Q newtons/cou- 
loa 
# 
Bis a 
23 —177 X wc coulomb 
2.5 %u X 10° newtons/coulomb 
2.7 (a) E=0 
() B= 12.5Q 


—— newtons/coulomb 


newtons/coulomb 


(c) H= 280 serau/culomb 


so 


(d) E = — _ new tons/.coutomnb 


1 ag 
29 E= ar newtons/coulomb 
2.11 0 


2.13 F = KaQ = Kp newtons 


ae 8 
2.15 E = Gre2R? newtons/coulomb 


eee ae 
GNM Ameo (a? — 17/4) gh 


W = QV, volts 


2p 
E= res volts 


3.3 Vin = 2 (3R? — 1°) volts 
6e0 
is 
Vout = is volts 
3eor 


En = or volts/m 
3e0 


Four = eee volts/m 


3.5 V = 10? volts 
3.7) (a) Qoue = 4r€0Vib 


Qin = -— Qi 
(bt) r<a:E=0 
V = Vi t2G—2 volt 
Arregab 
a<r<b:E= Q volts/m 
Ameor® 
Q(b — 7) 
Uae ig dreorb 
volts 
r>b:E= VA volts/m 
Ve= rs volts 


_ Qumors 
3.9 Vo= ret 7, volte 


3.11 V = 1.87 X 10’ m/sec 
3.13 V2 = 2*°V, volts 
397 


3.15 (b) x = 32.3 cm, — 7.65 em, — 20 
em 
(c) Equilibrium at zc = —20 cm, 


stable for — charge, unstable for 
+ charge 
317 B, = 00088 yO tts 
r r 
Eo = aunt volts/m 
2reql 
41 C= in@/a Inga 
_— (Ci + C2)Cs 
43 C= Gt +0; farads 
45 Co= os farads 
d-—a 
2 
47 F= Ae -newtons 
49 C= Seed farads 
4.11 V; = 150 volts 
V2 = 50 volts 
Qi = Q2 = 3 X 10~* coulomb 
Qe. 
4.13 (a) U Sek joules 
(b) r= 2R 
4.15 Q = ee coulomb 
C2 
4.17 AU = 5 Oot GP + Os joules 
5.1 o= —P 
= 
o3; = Psin@ 
Vi 
5.3 Ve= K volts 
Se 
U2 = K joules 
Slab pulled in 
5.7 P= -—oy 
pe 
Vi 
5.9 Ve= T+k volts 
CViK 
AQ = i+K coulombs 
5.11 By = 24°28" 
cr 
6.1 a ee x 10-4 newton/m 
1 2ra 


(attractive) 


63 B= bag webers/m? r<a 


2 
poa?y 
B= oe webers/m? r>a 
65 B= us webers/m? 


= Hair 2 
6.7 B nat webers/m’ r<a 


Bea i series a<r<b 

Be yee (1-55 webers/m? 
b<r<e 

B=0 r>e 

69 (a) j= wt = 3 X 10‘ amp/m 

() By = HON = 0 x 10-8 

Pa 
nat 
B, = a 
() Ba ba 9 Wee weber/m? 


(d) b= Be = 48° X 10-7 weber 
(e) ® = BoA = 240? X 1077 weber 
Moowa* 
6.11 B= 3 
6.13 + = Sr X 10~* B sin@ newton-m 
6.15 ® = 1.1 X 10-7 weber 
6.17 Ry = 6.25 X 10-" 
N = 10% electrons/m* 
6.19 (a) w = 4.8 X 107 radians/sec 
(b) W = 1.92 x 10-” joule 
= 12 X 10’ ev 
(c) n = 300 revolutions 
6.23 m = 7.2 X 10-* Kg 


webers/m? b>a 


6.27 By = < LE xobee ie 
1 1 
Ba= mtd + x) webers/m? 
r\4 0 Qn 
6.29 B= He webers/m? 


2r 
7.1 i = %4njoa* amp 
7.3 v = 0.0625 m/sec 
7.5 R=1.7 X 107 ohm 
7.7 R, = 1 ohm 
7.9 R= \ xX 10-* ohm 
7.11 Ro =(1 + V3)R ohms 


7.13 


7.17 


7.19 


81 


8.3 
8.5 
8.7 


8.11 


8.13 
8.15 


8.17 
91 


9.3 


(a) 1 = 2 amp 
(6) % = 2 amp 
i¢ = lamp 
is = lamp 
ts = % amp 
te = 4 amp 
(c) Pi = 4 watts 
P, = 4 watts 
= 53 watts 
Ps = 8 watts 
Py. = 44 watts 
P,; = 4 watts 
(d) P = 24 watts 
(e) V = 10 volts 
(a) R, = 9,990 ohms 
(b) Ra = 1.111 ohms 
R, = 0.0278 ohms 


Ry = 0,250 ohms 
Rs = 2.50 ohms 
(a) F = evB newtons 
upward on electrons 
(b) E = vB volts/m upward 
(c) V = BL volts 


@ i =F amp 


(e) & = vBL volts 

L’ = 3L henrys 

& = YwL?B volts 

Emax = WfR?B volts 

imax = 10-*r*fR*B amp 

freq = f 

potab V 
“On Ula) 

hs poN?A 

l 

© = 0.5 X 10-4 weber 

W = 10 joules 

(a) j tree = 13,333 amp/m 

(o) H = 13,333 amp/m 

(c) w = 1.28 X 10~® weber/amp-m 

(d) M = 267 amp/m 

(e) B = 17.1 X 10-* weber/m? 

(a) L = 1.8 henry 

(b) H = 2.39 X 104 amp/m 


&= volts 


henrys 


9.5 
9.7 


9.9 


10.1 


10.3 


10.5 


10.7 


10.9 


10.11 
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(c) jie = 2.39 X 104 amp/m 
(d) M = 2.39 X 107 amp/m 
(e) jmay = 2.39 X 107 amp/m 
(f) U = 22.5 joules 

2 = (2 cot 0)—* 

x = 3.28 x 10-3 

Dm = 2.61 X 10~* amp-m? 
M = 1.8 X 10° amp/m 
Pm = 18 amp-m? 

7 = 1.8 X 10~* newton-m 
qm = 180 unit poles 


N%PA (lL, 2x)? 
= ~ + =) joul 
Ho G 3 . ae 


(a) i= Caran (wt + &) 


R+ 

_,eL 
R 

(bt) Ab =0 

(c) Ab = —90° 


Veoh Ts volts 


Vr lags Vi 


@ Ve= ary 


Vow 
Vi= waar? volts 
(a) X_ = 755 ohms 
(b) X, = 53 ohms 

(c) f = 15.9 eyeles/sec 
(a) Vrms = 85 volts 
(b) Ip = 6 amp 

(c) Iw = 0 

(d) Irms = 4.25 amp 
(e) p = 360 watts 

(a) Z = 800 ohms 

(b) P = 4 watts 

(c) C = 3.84 uf 

Vime = 38 volts 


1 , 
(a) w = ao# radians/sec 
(b) @max = 0, © 


Onin = ) amy Tadians/sec 


ae 


V/3/R + (8/R? + 4€/L)* 


Oya 20 


radians/sec 


10.15 R; = 500 ohms 


‘ = —120 amp/sec 
Vi _ 5m 
10.17 Ve aoa 


11.1 (b) AV, = 25 volts 
12.5 (a) \ = 300m 


12.7 


12.9 


Answers 


(b) Eo = 122.6 volts/m 
Ho = 0.325 amp/m 
Eo = 1,020 volts/m 
By = 3.4 X 10-® weber/m? 
dA, = 2.04 em 
Vp = 4.9 X 108 m/sec 
V, = 1.83 X 108 m/sec 
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A-c circuits, capacitance in, 262, 
263 

capacitative reactance in, 262, 
262, 267 

complex notation in, 390, 391 

current-voltage relations, 259- 
263 

effective values of current and 
voltage, 277, 279 

filter circuits, 275-277 

generating vector, 260 

impedance, 266 

inductance, 260-262 

inductive reactance in, 261, 
267 

parallel LCR circuit, 268, 269 

phase, 266, 391 

power in, 278-280 

power factor, 280 

resistance, 259, 260 

resonance, 270 

series LCR circuit, 263-268, 
390, 391 


A-c circuits, transformer, 282- 
285 
transients, 271-275 
Acceptor levels in semiconduc- 
tor, 304 
Ammeter, 159, 160 
hot-wire, 280 
Ampére, A. M., 108 
quotation from, 109 
Ampere (unit), 120 
Ampére'’s circuital law, 121 
generalized form, 312 
Amperian surface current, 214, 
248 
Angular frequency, 258 
Anode, 295 
Antiferromagnetism, 234 
Are discharge, 347 
Armature, 193 
Atomic polarizability, 100, 101 
Atomic radiation, 363 


Back emf in motor, 191, 192 


Ballistic galvanometer, 200-203 
Bar magnet, torque on, 245 
Base region, transistor, 304 
Boltzmann constant, 168 

value of, 395 
Boundary conditions, at dielec- 

tric surface, 91-93 

at magnetic boundary, 219, 220 
Breakdown, electrical, 342, 345 
Bridge, Wheatstone’s, 162, 163 


Capacitance, 62-65 
in a-c circuits, 262, 263 
between concentric spherical 
conductors, 65 
conducting sphere, 63 
surrounded by conducting 
shell, 66 
with dielectric slab, 90 
parallel plates, 64 
with two dielectric slabs, 91 
Capacitances, in parallel, 68 
in series, 67, 68 
401 


Capacitative reactance, 263, 267 
Capacitor, 63-65 
combinations of, in parallel, 67 
in series, 68 
dielectric field, electric field in, 
90 
plates, force between, 71, 95- 
97 
stored energy in, 68-70 
Capacity (see Capacitance) 
Cathode, 295 
Cathode-ray oscilloscope, 281, 
282 
Characteristic time, 272 
Charge, electric, 2-4 
and matter, 12 
self-energy of, 71 
polarization, 81 
Chemical cell, electromotive 
force of, 166-168 
Circuital law, Ampére’s, 121, 312 
Circuits, electrical, 153-157 
filter, 275-277 
magnetic, 249-251 
tank, 299 
triode, 299 
Coercive force, 234 
Coil, flip, 200, 203 
Collector region, transistor, 304 
Collision, ionization by, 342, 343 
table, 343 
Collision cross section, 341 
Collisions, elastic, 340 
Commutator, 191 
Complex numbers, 389 
Compton effect, 365 
Condenser (see Capacitor) 
Conduction band in semiconduc- 
tors, 302 
Conduction electrons, 12, 142- 
145, 164, 165 
in semiconductor, 302 
Conductors, 2, 26 
Conservation of energy, in elec- 
tric field, 46, 47, 68, 69 
in generator, 182 
in magnetic field, 181 
Conservative system, 45-48 
Constants, table of, 395 
Contact potential, 168-171 
Contact potential difference, 167 
Corona discharge, 346, 347 


Coulomb, C. A., 5, 6 
quotation from, 5 
Coulomb’s force law, 2-9 
Coupled circuits, mutual induc- 
tance in, 188, 189 
Current, 140-142 
displacement, 312-314 
eddy, 203-205 
magnetic field of, 112, 114 
solenoidal surface, 248, 249 
space-charge-limited, 295 
Current density, 141 
solenoidal, 119, 212 
Current elements, magnetic 
force between, 108-114 
Current loop, magnetic field on 
axis of, 116,117 
sign convention, 117 
torque on, 125, 126 
Current measurement, 157-162 
Current-voltage relations, a-c 
circuits, 259-263 
Cyclotron, 133 
Cyclotron equation, 130 


Demagnetization factor, 241, 
242 
(See also Depolarization 
factor) 
Demagnetizing field, 240 
Density of lines, magnetic, 119 
Depolarization factor, 98-100, 
387 
(See also Demagnetization 
factor) 
Diamagnetism, 215-217, 226- 
229 
Dielectric boundary conditions, 
91-93 
Dielectric constant, 78, 86 
Dielectric medium, energy 
stored in, 95 
force between charges in, 94, 
95 
Dielectric sphere in uniform 
field, 385 
Diode, 295-297 
Dipolar polarizability, 103 
Dipole(s), electric, field of, 55, 
128 
in matter, 101-103 
torque on, 24 
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Dipole(s), magnetic, 125 
field of, 128 
induced, 226 
in matter, 212 
permanent, 222 
Dipole moment, electric, 24 
of conducting sphere, 383 
per unit volume, 81, 82 
magnetic, 117, 126 
magnetic atomic, 228, 224 
Discharge, are, 347 
corona, 346, 347 
gas, multiplication processes 
in, 392, 393 
glow, 346 
Displacement, electric, 87-93 
Displacement current, 312-314 
Dissipation of energy in resist- 
ance, 149, 150 
Domain walls in ferromagnetism, 
232 
Domains in ferromagnetism, 
231, 232 
Donor levels in semiconductor, 
304 
Doped semiconductor, 303, 307 
Dot product, 30, 31 
Drift velocity, 349 
Dynamometer, 280, 281 


Earth’s field, source of, 246 
Eddy currents, 203-205 

losses, 284 
Effective current, a-c, 277, 279 
Effective voltage, a-c, 277, 279 
Elastic collisions, 340 
Electric charge (see Charge) 
Electric current (see Current) 
Electric dipole (see Dipole) 
Electric displacement, D, 87-93 
Electric field, 17 

average in dielectric, 85 

in dielectric filled capacitor, 90 

of dipole, 22, 128 

from potential, 55 
inside hollow conductor, 38-40 
of linear charge distribution, 
21 
by Gauss’ law, 35 
local, 101 
of plane charge distribution, 
24, 25 
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Electric field, of plane charge dis- 
tribution, by Gauss’ law, 36, 
37 
of point charges, 18, 20 
by Gauss’ law, 34 
from potential, 54, 55 
of point charge, 54 
stored energy in, 70 
Electric quadrupole, 42 
Electric susceptibility, 83 
Electrical breakdown, 342, 345 
Electrical circuits (see Circuits) 
Electrical conductivity in gases, 
multiplication processes in, 
392, 393 
Electromagnetic waves, 319-323 
energy propagation in, 324-327 
generation of, 328-330 
intensity of, 324 
reflection of, 330-332 
refraction of, 330-332 
transverse nature of, 323, 324 
velocity of, 322 
in waveguides, 333-336 
Electrometer, Kelvin’s absolute, 
73 
Electromotive force, 150-152 
back, 191, 192 
of chemical cell, 166-168 
of generator, 190, 191 
motional, 176-178 
thermal, 171 
Electromotive force series, table, 
167 
Electrophorus, 13 
Electroscope, 13, 72 
Electrostatic charge, 2-4 
Electrostatic generators, 15 
Electron(s), 56 
charge of, 57 
conduction in semiconductor, 
302 
e/m, determination of, 132 
value of, 395 
magnetic moment of, 395 
mass of, 395 
self-energy of, 71 
Electron bunching in klystron, 
308 
Electron microscope, 366 
Electron spin, 225, 231 
in metals, 229 


Electron volt, 57, 58 
Electron waves, 365, 366 
Electronic polarizability, 102 
e/m, determination of, 132 
value of, 395 
Emission, field, 360 
secondary, 360 
thermionic, 360 
Emitter region, transistor, 304 
Energy, self-, of electron, 71 
stored, in dielectric medium, 
95 
in electric field, 70 
in magnetic field, 196-199 
in magnetic matter, 221, 
222 
Energy dissipation in resistance, 
149, 150 
Energy gap in semiconductors, 
301, 302 
Energy propagation in electro- 
magnetic waves, 324-327 
Excited state, 344 


Farad, 62 
Faraday, M., quotation from, 
180 
Faraday induction (see 
Induction) 
Fermi level, 169 
Ferrimagnetism, 234 
Ferrites, 235, 285 
Ferroelectric materials, 103 
Ferromagnetism, 216, 217, 230- 
234 
coercive force in, 234 
in domain walls, 232 
domains in, 231, 232 
hysteresis loop in, 234 
hysteresis losses in, 235-237 
remanence in, 234 
saturation in, 233 
Field, electric (see Electric field) 
magnetic (see Magnetic field) 
versus potential, 54, 55 
Field emission, 360 
Figure of merit, galvanometer, 
159 
Filter circuits, 275-277 
Flip coil, 200, 203 
Flux of magnetic induction, 123 
Flux linkage, magnetic, 185 
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Force, between capacitor plates, 
71 
with dielectric, 95-97 
between charges in dielectric 
medium, 94, 95 
between current elements, 
108-114 
due to linear charge distribu- 
tion, 10 
magnetic, on moving charge, 
128-130 
on magnetic pole, 245 
between point charges, 10 
Fourier analysis, 277 
Frequency, angular, 257 


Galvanometer, 157-160 
ballistic, 200-203 
figure of merit of, 159 
rectifier, 281 

Galvanometer constant, 158, 202 

Gamma rays, 365 

Gap, energy, in semiconductors, 

301, 302 


Gauss (unit), 119 


Gauss’ law, 30-34 
applied, to B, 217 
to charges in dielectric 
medium, 94, 95 
to D, 87, 88 
to E, 34-39, 379 
to H, 238 
in dielectrics, 84 
Generating vector, a-c circuits, 
260 


Generation of electromagnetic 


waves, 328-330 


Generator, 285-287 


conservation of energy in, 182 

electromotive force of, 190, 
191 

self-excited, 285, 286 

three-phase, 286 


Glow discharge, 346 


Grid, 295 


Group velocity, 336 


Hall effect, 133, 134 


to measure carrier density, 165 


Harmonic functions, 383 


Heat, mechanical equivalent of, 
150 


Henry, Joseph, 187 

Henry (unit), 187 

Hertz, Heinrich, 360 

Holes in semiconductor, 302 

Hot-wire ammeter, 280 

Hysteresis loop, 234 

Hysteresis losses, 235-237 
in transformer, 284 


Image charge, 60 
Impedance, 266 
parallel LCR circuit, 269 
series LCR circuit, 266 
Induced magnetic moment, 229 
Inductance(s), in a-c circuits, 
260-262 
mutual, 185-187 
calculation of, 193-194 
in parallel, 196 
self-, 187-188 
calculation of, 190 
in series, 195 
Induction, Faraday, 178-180 
in diamagnetism, 226 
electric field from, 199, 200 
in electromagnetic waves, 
311 
in hysteresis losses, 235 
in mutual inductance, 185 
related to motional electro- 
motive force, 179 
in self-inductance, 187, 188 
Inductive reactance, 261, 267 
Insulator, 2 
Intensity in electromagnetic 
wave, 324 
Internal resistance, 150-153 
in generator, 287 
Inverse-square law, 3-9, 113 
Ion mobility, 341 
Ionic polarizability, 103 
Ionization by collision, 342, 343 
table, 343 
Tons, secondary, 343-345 


Kirchhoff’s rules, 155-157 
Klystron, 307, 308 
electron bunching in, 308 


Laplace’s equation, 56, 379, 381 
Larmor frequency, 227 
Laue, M. von, 364 


LCR circuit, complex notation 
in, 390, 391 
parallel, 268, 269 
resonance, 270 
series, 263-268, 390, 391 
Lenard, Philipp, 361 
Lenz's principle, 180, 181 
induced dipole moment, 228 
in transformer, 284 
Line integral, 44, 45 
Linear charge density, 11 
Lines, of force, electric, 26-29 
magnetic, 113 
Linkage, magnetic flux, 185 


Magnetic atomic dipoles, 212, 
223, 224 
Magnetic circuit, 249-251 
Magnetic contributions of 
matter, 211-215 
Magnetic dipole (see Dipole) 
Magnetic energy, stored, in 
matter, 221 
in vacuum, 196-199 
Magnetic field, on axis of current 
loop, 116, 117 
of current, 112, 114 
from Ampére’s circuital 
law, 124 
of dipole, 128 
of earth, 246 
energy stored in, 196-199 
flow of conducting medium in, 
357 
mechanical work done in moy- 
ing coil in, 183, 184 
particle motion in, 129, 130, 
347-355 
of permanently magnetized 
rod, 246 
of solenoid, 118, 119 
from Ampére’s circuitah 
law, 124 
of thin plate, 246 
of uniformly magnetized 
sphere, 247, 248 
Magnetic field intensity, 215 
Gauss’ law for, 238 
Magnetic flux linkage, 185 
Magnetic force, between current 
elements, 108-114 
on moving charge, 128-130 
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Magnetic induction field, of long 
wire carrying current, 115- 
116, 124 

properties of, 119-122 

Magnetic induction flux, 123 

sign convention, 117, 125 

Magnetic lines, 113 

Magnetic matter, energy stored 
in, 221, 222 

Magnetic mirror, 352 

Magnetic moment, induced, 229 

of electron, 225, 231 
value, 395 

of neutron, 234n. 

nuclear, 225 

Magnetic parameters in matter, 
216, 217 

Magnetic permeability, of free 
space, 110 

of matter, 216 
relative, 216 
Magnetic pole, 240 
force on, 245 
north, 245 
south, 245 

Magnetic potential, 122, 123 

Magnetic quantization, 366 

Magnetic reluctance, 251 

Magnetic resonance experi- 
ments, 368 

Magnetic sphere, 242, 243 

Magnetic susceptibility, 216 

table, 230 

Magnetism in metals, 229 

Magnetization, 212, 223 

Magnetized bodies, 237-243 

Magnetohydrodynamic waves, 
355-357 

Magnetomotive force, 251 

Magnets, permanent, 243-246 

Maxwell, James Clerk, 310 

quotation from, 314, 315 

Maxwell's equations, 319 

Mechanical equivalent of heat, 
150 

Mechanical work done in moving 
coil in magnetic field, 183, 
184 

Metals, electron spin in, 229 

magnetism in, 229 
resistivity of, 163-166 
Microscope, electron, 366 


Mirror, magnetic, 352 
Mobility, 340 
ion, 341 
Motional electromotive force, 
176-178 
related to Faraday induction, 
179 
Motor, back emf in, 191, 192 
elementary, 184, 185 
induction, 289 
series-excited, 288, 289 
shunt-excited, 288, 289 
synchronous, 289, 290 
three-phase, 287 
Mutual inductance, 185-187 
calculation of, 193, 194 
in coupled circuits, 188, 189 


n-type semiconductors, 304 

Neutron, magnetic moment, 
234 n. 

North pole, magnetic, 245 


Nuclear magnetic moment, 225 


Oersted, H. C., 231 
Ohm, G. S., 142 
Ohm’s law, 142-149 


Oscillator, self-excited, 299, 300 


Oscilloscope, 281, 282 


p-type semiconductor, 304 

Parallel LCR circuit, 268, 269 

Paramagnetism, 215-217 
calculation of, 222-225 

Peltier effect, 171 

Permanent magnets, 243-246 


Permeability, magnetic, of free 


space, 110 

of matter, 216 

relative, 216 
Permittivity, of free space, 8 

of matter, 86 

Phase, a-c circuits, 266 
Phase velocity, 336 
Photoelectric effect, 360-363 
Photoelectrons, liberation of, 

344 
Photon, 363 
Physical constants, 395 
Planck, Max, 362 
Planck’s constant, 362 
Plasma, 347, 355 


Plate, 295 
Poisson’s equation, 56, 379, 380 
Polarizability, atomic, 100, 101 
dipolar, 103 
electronic, 102 
ionic, 103 
Polarization of matter, 79 
Polarization charge, 81, 82 
Pole, magnetic, 240 
force on, 245 
north, 245 
south, 245 
Potential, 48, 49 
contact, 168-171 
due to several point charges, 
51 
magnetic, 122, 123 
around point charge, 50 
related to electric field, 52, 53 
Potential difference, 48, 49 
contact, 167 
in region of line charge, 51, 52 
Potential energy, 48 
Potential problems, general 
solution of, 72 
Potentiometer, 161, 162 
Power in a-c circuits, 278-280 
Power factor, 280 
in transformer, 284 
Poynting vector, 324-328, 331 
Proton mass, 395 


Quantization, magnetic, 366 
Quantum, 363 
Quantum mechanics, 359 
Quasi-statie process, 46 
Quotation, from Ampére, 109 
from Coulomb, 5 
from Faraday, 180 
from Maxwell, 314, 315 


Rabi, I., 368 
Radiation, atomic, 363 
Reactance, capacitative, 263, 
267 
inductive, 261, 267 
Rectifier, 295-297 
full-wave, 296-297 
half-wave, 295, 296 
Rectifier galvanometer, 281 
Reflection of electromagnetic 
waves, 330-332 
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Refraction of electromagnetic 
waves, 330-332 
Relative permeability, 216 
Relaxation time, 145, 164, 340, 
341 
Reluctance, 251 
Remanence, 234 
Resistance(s), 142-149 
in a-c circuits, 259-260 
dissipation of energy in, 149, 
150 
high, measurement of, 275 
internal, 150-153 
in generators, 287 
in parallel, 147 
in series, 146, 147 
shunt, 159 
temperature variation of, 164, 
165 
(See also Resistivity) 
Resistivity, 145 
of metals, 163-166 
(See also Resistance) 
Resistivity ratio for metals, 
table, 165 
Resonance, 270 
magnetic, experiments, 368 
Right-hand rule, 113 
Rms voltage and current, 277, 
279 


Saturation in ferromagnetism, 
233 
Scalar product, 30, 31 
Secondary emission, 360 
Secondary ions, 343-345 
Seebeck effect, 171 
Selector, velocity, 131 
Self-inductance, 187, 188 
calculation of, 190 
Semiconductor, 300-307 
acceptor levels in, 304 
conduction band in, 302 
conduction electrons in, 302 
donor levels in, 304 
doped, 303, 307 
energy gap in, 301, 302 
holes in, 302 
n-type, 303, 304 
p-type, 304 
valence band in, 302 


Series LCR circuit, 263-268 
use of complex numbers in, 
390, 391 
Shunt resistance, 159 
Sinusoidal voltage, 257, 258 
Skin effect, 205, 206 
Solenoid, 118 
magnetic field of, 118, 119 
from Ampére’s circuital 
law, 124 
toroidal, 124, 214 
Solenoidal current density, 119, 
212 
effective in magnetized matter, 
212, 248, 249 
Solenoidal surface current, 119, 
212 
effective, 248, 249 
Solid angle, 30, 31 
South pole, magnetic, 245 
Space charge, 295 
Space-charge-limited current, 
295 
Specific inductive capacity, 78, 
86 
Sphere, magnetic, 242, 243 
Spin, electron, 225, 231 
Statfarad, 373 
Statvolt, 372 
Stern, Otto, 368 
Stern-Gerlach experiment, 366—- 
368 
Stored energy, in dielectric 
medium, 95 
in electric field, 70 
in magnetic field, 196-199 
in magnetic matter, 221, 222 
Streamers in corona discharge, 
346 
Surface integral, 30, 31 


Susceptibility, electric, 83 
magnetic, 216 
negative, 226 
table, 230 


Table of physical constants, 395 
Tank circuit, 299 
Thermal electromotive force, 171 
Thermionic emission, 360 
Thomson, J. J., 132 
Thomson effect, 171 
Time constant, 272-274 
Toroidal solenoid, 124, 214 
Torque, on bar magnet, 245 

on current loop, magnetic, 

125, 126 

on electric dipole, 24 

on magnetic dipole, 125, 126 
Townsend coefficient, 344 
Transformer, 282-285 
Transients, 271-275 
Transistor, 300-307 

base region in, 304 

collector region in, 304 

emitter region in, 304 
Traveling wave, 315-318 
Triode, 297-299 

circuit, 299 
Tube, vacuum, 295-300 


Uniqueness theorem, 72, 382 
Units, conversion, 376, 377 
electromagnetic, 374, 375 
electrostatic, 370-373 
mks, 369, 370 
practical, 370 
table, 373, 375, 376 


Vacuum tube, 295-300 
Valence band in semiconductors, 
302 
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Van Allen belt, 354 
Van de Graaff generator, 287 
Vector, Poynting, 324-328, 331 
unit, 7 
Vector cross product, 111 
Vector field, 19 
Vector notation, 7, 8 
Velocity, drift, 349 
of electromagnetic waves, 322 
group, 336 
phase, 336 
Velocity selector, 131 
Voltage, sinusoidal, 257, 258 
Voltage breakdown, 342, 345 
Voltage measurement, 157-162 
Voltmeter, 160 


Wattmeter, 280, 281 
Wave equation, transverse wave 
on string, 317 
Waveguide, cutoff frequency, 
335, 336 
electromagnetic waves in, 
333-336 
Waves, 315-318 
electromagnetic (see Electro- 
magnetic waves) 
electron, 365, 366 
magnetohydrodynamic, 
357 
propagation on stretched 
string, 315-318 
Weber, 119 
Wheatstone’s bridge, 162, 163 
Wimshurst machine, 287 
Work function, 169, 170 
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X-rays, 363-365 
Compton effect with, 365 
generator, 287 
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